I

Il

Tutorial on

26 June 2000
Dublin, Ireland
In conjunction with ECCV 2000

H}H\

Organizer & Lecturer
Marc Pollefeys

'miu
ar

L ecdure Notes




Acknowledgments

At this point | would like to thankthe peoplewho contributeddirectly or indirectly to the text for this
tutorial. First of all I would like to expressmy gratitudetowardsprofessorLuc Van Gool, headof the
Industrial Image Processinggroup (VISICS/PSI/ESA) of the K.U.Leuven. | am very gratefulto my
colleaguedMaartenVergauwenandKurt Corneliswho arenot only doing greatresearchwork (of which
you'll nd mary examplesin this text), but alsoproofreadthe wholetext. Next | would alsolik e to thank
JanTops,ReinhardKoch, Tinne TuytelaarsandBennoHeigl who have contributedto thework presented
in this text. |1 would alsolike to acknavledgethe Fundfor Scienti ¢ Research Flanders(Belgium) for
grantingmea PostdoctoraFellovship. Lastbut notleast,| would lik e to thankMonikawho didn't seeme
alot duringthelastweeks.






Notations

To enhancehereadabilitythe notationsusedthroughouthetext aresummarizedere.

For matricesboldfacefontsareused(i.e. ). 4-vectorsarerepresentetly and3-vectorsby . Scalar
valueswill berepresenteds .

Unlessstateddifferentlytheindices , and areusedfor views,while and areusedfor indexing
points,lines or planes.The notation indicatesthe entity ~ which relatesview to view (or going
fromview toview ). Theindices, and will alsobeusedto indicatethe entriesof vectors,matrices
andtensors.Thesubscripts , , and will referto projective, af ne, metricand Euclideanentities
respectiely

camergprojectionmatrix ( matrix)
world point (4-vector)

world plane(4-vector)

imagepoint (3-vector)

imageline (3-vector)

homographyor plane fromview toview ( matrix)
homographyrom plane toimage ( matrix)
fundamentamatrix ( rank2 matrix)
epipole(projectionof projectioncenterof viewpoint intoimage )
trifocal tensor( tensor)

calibrationmatrix ( uppertriangularmatrix)
rotationmatrix

planeatin nity (canonicarepresentation: )
absoluteconic

(canonicafrepresentation: and )
absolutedualquadric( rank 3 matrix)
absoluteconicembeddedh the planeatin nity ( matrix)
dualabsoluteconicembeddedh the planeatin nity ( matrix)
imageof theabsoluteconic( matrices)

dualimageof the absoluteconic ( matrices)
equivalenceupto scale( )
indicateshe Frobeniushormof  (i.e. )
indicateshematrix  scaledto have unit Frobeniusorm
(.e.— )

is thetranspos®f

istheinverseof (i.e. )

is the Moore-Penrospseuddnverseof
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Chapter 1

Intr oduction

In recentyearscomputergraphicshasmadetremendougprogressn visualizing3D models. Many tech-
nigueshave reachednaturityandarebeingportedto hardware. This explainsthatin theareaof 3D visual-
ization performancas increasingevenfasterthanMoore's law!. Whatrequireda million dollar computer
afew yearsagocannow beachievedby agamecomputercostinga few hundreddollars. It is now possible
to visualizecomplex 3D scenesn realtime.

This evolution causesan importantdemandfor more complex andrealisticmodels. The problemis
that even thoughthe tools that are available for three-dimensionainodelingare getting more and more
powerful, synthesizingealisticmodelsis dif cult andtime-consumingandthusvery expensve. Many
virtual objectsareinspiredby real objectsandit would thereforebe interestingto be ableto acquirethe
modelsdirectly from thereal object.

Researcherbave beeninvestigatingmethodsto acquire3D informationfrom objectsand scenedor
mary years. In the pastthe main applicationswere visual inspectionand robot guidance. Nowadays
however the emphasiss shifting. Thereis moreandmoredemandor 3D modelsin computergraphics,
virtual reality andcommunication.This resultsin a changen emphasidor the requirementsThe visual
quality become®neof the mainpointsof attention.Thereforenot only the positionof a smallnumberof
pointshaveto bemeasuredvith highaccurag, butthegeometryandappearancef all pointsof thesurface
have to bemeasured.

The acquisitionconditionsandthe technicalexpertiseof the usersin thesenew applicationdomains
can often not be matchedwith the requirement®f existing systems. Theserequireintricate calibration
proceduresvery time the systemis used. Thereis an importantdemandfor e xibility in acquisition.
Calibrationprocedureshouldbe absenor restrictedto a minimum.

Additionally, the existing systemsareoftenbuilt aroundspecializechardware(e.g. laserrange nders
or stereorigs) resultingin a high costfor thesesystems.Many new applicationshowever requirerobust
low costacquisitionsystems.This stimulatesthe useof consumeiphoto-or video cameras.The recent
progressn consumedigital imagingfacilitatesthis. Moore's law alsotells usthatmoreandmorecanbe
donein software.

Dueto the corvergenceof thesedifferentfactors,mary techniqgueshave beendevelopedover the last
few years.Many of themdo not requiremorethana cameraanda computerto acquirethree-dimensional
modelsof realobjects.

Thereareactive andpassve techniquesTheformeronescontrolthelighting of thescendge.g. projec-
tion of structuredight) which on the onehandsimpli es the problem,but on the otherhandrestrictsthe
applicability The latter onesare oftenmore e xible, but computationallymoreexpensve anddependent
onthestructureof the scendtself.

Someexamplesof state-of-the-artictive techniquesarethe simple shadev-basedapproachproposed
by BouguetandPerong16] or thegrid projectionapproactproposedy Proesmanstal.[160, 174 which
is ableto extractdynamictextured 3D shapegthis techniqueis commerciallyavailable,see[174]). For
thepassie techniquesnary approachesxist. Themaindifferencedetweertheapproachesonsistof the

IMoore's law tells usthatthe densityof silicon integrateddevicesroughly doublesavery 18 months.
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2 CHAPTER1. INTRODUCTION

Figurel.1l: An imageof ascene

requiredlevel of calibrationandthe amountof interactionthatis required.

For mary yearsphotogrammetrf179] hasbeendealingwith the extraction of high accurag mea-
surementgrom images. Thesetechniquesnostly requirevery precisecalibrationandthereis almostno
automation.The detailedacquisitionof modelsis thereforevery time consuming.Besideghetools avail-
ablefor professionalssomesimplertoolsarecommerciallyavailable(e.g. PhotoModelef129)).

Sincea few yearsresearchersn computervision have tried to both reducethe requirementgor cali-
brationandaugmenthe automatiorof the acquisition. The goalis to automaticallyextracta realistic3D
modelby freely moving a cameraaroundanobject.

An early approachwas proposedby Tomasiand Kanade[192]. They usedan af ne factorization
methodto extract 3D from imagesequencesAn importantrestrictionof this systemis the assumptiorof
orthographigrojection.

Anothertype of systemstartsfrom anapproximate8D modelandcamergposesandre nes themodel
basedon images(e.g. Facadeproposedby Debevecet al. [34]). The adwantageis that lessimagesare
required. On the otherhanda preliminary model mustbe available and the geometryshouldnot be too
comple.

In this text it is explainedhow a 3D surfacemodelcanbe obtainedfrom a sequencef imagestaken
with off-the-shelfconsumeicameras.The useracquireshe imagesby freely moving the cameraaround
the object. Neitherthe cameramotion nor the camerasettingshave to be known. The obtained3D model
is a scaledversionof the original object(i.e. a metricreconstruction)andthe surfacealbedois obtained
from the imagesequencaswell. This approacthasbeendevelopedover the lastfew years[132, 133
135 137,141,139 88, 142 143. Thepresentedystenusedull perspectie camerasnddoesnotrequire
prior models.It combinesstate-of-the-aralgorithmsto solve the differentsubproblems.

1.1 3D fromimages

In this sectionwe will try to formulateananswerto the following questionsWhatdoimagestell usabout
a 3D sceneHow canwe get 3D informationfrom theseimagesVhatdo we needto know beforehand?
A few problemsanddif culties will alsobepresented.

An imagelike in gure 1.1 tells us a lot aboutthe obsened scene. Thereis however not enough
informationto reconstructhe 3D scene(at leastnot without doing animportantnumberof assumptions
on the structureof the scene).This is dueto the natureof theimageformationprocesswvhich consistsof
aprojectionfrom athree-dimensionaceneonto a two-dimensionalmage.During this processhe depth
is lost. Figure1.2illustratesthis. Thethree-dimensiongboint correspondindgo a speci ¢ imagepointis
constrainto be on the associatedine of sight. Froma singleimageit is not possibleto determinewhich
pointof thisline correspond$o theimagepoint. If two (or more)imagesareavailable then-ascanbeseen
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Figurel.2: Back-projectiorof a pointalongtheline of sight.

from gure 1.3-thethree-dimensiongboint canbe obtainedastheintersectionof the two line of sights.
This processs calledtriangulation.Note, however, thatanumberof thingsareneededor this:
Correspondingmagepoints
Relatve poseof the camerdor thedifferentviews
Relationbetweertheimagepointsandthe correspondindjne of sight

Therelationbetweeranimagepointandits line of sightis givenby thecameramodel(e.g. pinholecamera)
andthecalibrationparametersTheseparameterareoftencalledtheintrinsic camergparametersvhile the
positionandorientationof the cameraarein generakalledextrinsic parametersin thefollowing chapters
we will learnhow all theseelementsanbe retrieved from the images. The key for this aretherelations
betweenmultiple views which tell us that correspondingsetsof points mustcontainsomestructureand
thatthis structures relatedto the posesandthe calibrationof the camera.

Note that differentviewpointsare not the only depthcuesthat are availablein images.In gure 1.4
someotherdepthcuesareillustrated.Althoughapproachebave beenpresentedbasedn mostof thesejn
this text we will concentraten the useof multiple views.

In gure 1.5afew problemsfor 3D modelingfrom imagesareillustrated. Most of theseproblems
will limit the applicationof the presenteanethod. However, someof the problemscanbe tackledby the
presentedipproach.Anothertype of problemsis causedvhenthe imaging processdoesnot satisfy the
cameramodelthatis used. In gure 1.6 two examplesare given. In the left image quite someradial
distortionis present. This meansthat the assumptiorof a pinhole camerais not satis ed. It is however
possibleto extendthe modelto take the distortioninto account.The right imagehowever is muchharder
to usesincean importantpart of the sceneis not in focus. Thereis also somebloomingin thatimage
(i.e. over ow of CCD-pixel to thewhole column). Most of theseproblemscanhowever be avoidedunder
normalimagingcircumstance.

1.2 Overview

The presentesgystemgraduallyretrievesmoreinformationaboutthe sceneandthe camerasetup.Images
containa hugeamountof information (e.qg. color pixels). However, a lot of it is redundant
(which explainsthe succes®f imagecompressioralgorithms).The structurerecovery approachegequire
correspondencdsetweenthe differentimages(i.e. imagepointsoriginatingfrom the samescenepoint).
Dueto the combinatorialnatureof this problemit is almostimpossibleto work on theraw data. The rst
stepthereforeconsistsof extracting features. The featuresof differentimagesarethencomparedising
similarity measuresnd lists of potentialmatchesare established.Basedon thesethe relation between
the views arecomputed.Sincewrong correspondencesanbe presentyobustalgorithmsareused. Once
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Cl

Figurel.3: Reconstructiomf three-dimensiongboint throughtriangulation.

Figure 1.4: Shading(top-left), shadevs/symmetry/silhouetté&op-right), texture (bottom-left) and focus
(bottom-right)alsogive somehintsaboutdepthor local geometry
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Figure 1.5: Somedif cult scenes:moving objects(top-left), complex scenewith mary discontinuities
(top-right),re ections (bottom-left)andanothehardscengbottom-right).

Figure 1.6: Someproblemswith image acquisition: radial distortion (left), un-focussedand blooming
(right).
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consecutre views have beenrelatedto eachother, the structureof the featuresandthe motion of the cam-
erais computed.An initial reconstructionis thenmadefor the rst two imagesof the sequenceFor the
subsequenimagesthe cameraposeis estimatedn the framede ned by the rst two camerasFor every
additionalimagethatis processedt this stage the featurescorrespondindo pointsin previousimages
arereconstructedre ned or corrected. Thereforeit is not necessaryhat the initial points stay visible
throughoutheentiresequenceTheresultof this stepis areconstructiorf typically afew hundredfeature
points.Whenuncalibrateccamerasareusecthis structureandmotionis only determinedipto anarbitrary
projective transformation. The next stepconsistof restrictingthis ambiguityto metric (i.e. Euclideanup
to anarbitraryscalefactor)throughself-calibmtion. In a projective reconstructiomot only the sceneput
alsothe camerds distorted. Sincethe algorithmdealswith unknavn scenesit hasno way of identifying
thisdistortionin thereconstructionAlthoughthe camerds alsoassumedo beunknown, someconstraints
ontheintrinsic camergparameterge.g. rectangulaor squarepixels, constantaspectatio, principal point
in themiddle of theimage,...) canoftenstill beassumedA distortionon the cameramostlyresultsin the
violation of oneor moreof theseconstraintsA metricreconstruction/calibratiois obtainedby transform-
ing the projective reconstructioruntil all the constrainton the camerasntrinsic parametergaresatis ed.
At this pointenoughinformationis availableto go backto theimagesandlook for correspondencder all
theotherimagepoints. This searclis facilitatedsincetheline of sightcorrespondingo animagepointcan
beprojectedo otherimagesrestrictingthesearclrangeto onedimension By pre-warpingtheimage-this
processs calledrecti cation- standardsteleo matcing algorithmscanbe used. This stepallows to nd
correspondencedsr mostof the pixelsin theimages.Fromthesecorrespondencdbe distancefrom the
pointsto the cameracentercanbe obtainedthroughtriangulation.Theseresultsarere ned andcompleted
by combiningthe correspondencdsom multiple images.Finally all resultsareintegratedin atextured3D
surfacereconstructiorof the sceneunderconsiderationThemodelis obtainedby approximatinghe depth
mapwith atriangularwire frame. Thetexture is obtainedfrom theimagesandmappedonto the surface.
An overview of thesystemss givenin gure 1.7.

Throughouttherestof thetext the differentstepsof the methodwill be explainedin moredetail. An
imagesequencef the Arenbeg castlein Leuvenwill beusedfor illustration. Someof theimagesof this
sequenceanbeseenin Figurel.2. Thefull sequenceonsistof 24imagesecordedvith avideocamera.

Structur e of thetext Chapter2 and3 give the geometridoundationto understandhe principlesbehind
the presentedpproachesThe formerintroducesprojective geometryandthe strati cation of geometric
structure. The latter describeghe perspectie cameramodel and derivesthe relation betweenmultiple
views. Theseareat the basisof the possibility to achiese structureandmotionrecovery. This allows the
interestedeaderto understandvhatis behindthe techniquegpresentedn the otherchaptersbut canalso
beskipped.

Chapte# dealswith theextractionandmatchingof featuresandtherecovery of multiple view relations.
A robusttechniqués presentedo automaticallyrelatetwo views to eachother

Chaptelb describehow startingfrom therelationbetweerconsecutieimageghestructureandmotion
of the whole sequenceanbe built up. Chapter6é brie y describessomeself-calibrationapproacheand
proposes practicalmethodto reducethe ambiguityon the structureandmotionto metric.

Chapter7 is concernedvith computingcorrespondencdsr all the imagepoints. First an algorithm
for stereamatchingis presentedThenrecti cation is explained.A generaimethodis proposedvhich can
transformevery imagepair to standardstereocon guration. Finally, a multi-view approachs presented
which allows to obtaindenseidepthmapsandbetteraccurag.

In Chapte it is explainedhow theresultsobtainedn the previouschaptersanbecombinedo obtain
realisticmodelsof theacquiredscenesAt this pointalot of informationis availableanddifferenttypesof
modelscanbe computed The chapterdescribediow to obtainsurfacemodelsor volumetricmodels.Even
plenopticmodelsandmodelsusablefor augmentedeality arebrie y discussed.
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Figure 1.8: All evenimagesof the Arenbeg castlesequencdi.e. ). This sequenceés used
throughouthistext to illustratethe differentstepsof thereconstructiorsystem.



Chapter 2

Projective geometry

“

experienceprovesthatanyonewho hasstudiedgeometryis in nitely quickerto graspdif cult subjects
thanonewho hasnot
Plato- The Republic,Book 7,375B.C.

2.1 Intr oduction

The work presentedn this thesisdraws a lot on conceptof projectve geometry This chapterandthe
next oneintroducemostof the geometricconceptausedin the restof thetext. This chapterconcentrates
on projective geometryand introducesconceptsas points, lines, planes,conicsand quadricsin two or
threedimensions. A lot of attentiongoesto the strati cation of geometryin projective, afne, metric
andEuclideanlayers. Projective geometryis usedfor its simplicity in formalism,additionalstructureand
propertiecanthenbeintroducedwvereneededhroughthis hierarchyof geometricstrata.This sectionwas
inspiredby the introductionson projective geometryfoundin Faugerasbook[42], in thebookby Mundy
andZissermar(in [124]) andby thebookon projectve geometryby SempleandKneebond172).

2.2 Projective geometry

A pointin projectve -space, ,isgivenbya -vectorof coordinates . At least
oneof thesecoordinateshoulddiffer from zero. Thesecoordinatesrecalledhomaeneousoordinates.
In thetext the coordinatevectorandthe point itself will be indicatedwith the samesymbol. Two points

representedy -vectors and areequalif andonly if thereexistsa nonzeroscalar suchthat
, for every . Thiswill beindicatedby
Oftenthe pointswith coordinate aresaidto beat in nity . Thisis relatedto theafne space

. This concepiis explainedmorein detailin section2.3.

A collineation is a mappingbetweenprojective spaceswhich preseres collinearity (i.e. collinear
points are mappedto collinear points). A collineationfrom to is mathematicallyrepresented
by a -matrix . Pointsaretransformedinearly: . Obsenethatmatrices

and with anonzeroscalarrepresenthe samecollineation.

A projectivebasisis the extensionof a coordinatesystemto projectve geometry A projective basisis

a setof pointssuchthatno of themarelinearly dependentThe set for
every , Wherel is in the th positionand is the standardprojectve
basis.A projectvepointof ~ canbedescribedsalinearcombinatiorof any pointsof thestandard

9



10 CHAPTERZ2. PROJECTIVEGEOMETRY

basis.For example:

It canbe shawvn [44] thatary projective basiscanbe transformedvia a uniquelydeterminedcollineation
into the standardprojective basis.Similarly, if two setof points and bothform
a projective basis,thenthereexists a uniquely determineccollineation  suchthat for every

. Thiscollineation describeshechangeof projective basis.In particular is invertible.

2.2.1 The projective plane

The projective planeis the projectve space . A pointof  is representedy a 3-vector
A line isalsorepresentetly a 3-vector A point islocatedonaline if andonly if

(2.1)

Thisequationcanhoweveralsobeinterpretedasexpressinghattheline passeshroughthepoint . This
symmetryin theequatiorshovsthatthereis noformal differenceébetweerpointsandlinesin theprojective
plane.Thisis known asthe principle of duality. A line passinghroughtwo points and is givenby
theirvectorproduct . Thiscanalsobewritten as

with (2.2)

Thedualformulationgivestheintersectiorof two lines. All thelinespassinghrougha speci ¢ pointform
apenciloflines If twolines and aredistinctelement®f thepencil,all theotherlinescanbeobtained
throughthefollowing equation:

(2.3)

for somescalars and . Notethatonly theratio — is important.

2.2.2 Projective 3-space

Projectve 3D spacestheprojectvespace . A pointof  isrepresentetly a4-vector .
In  thedualentity of a pointis a plane,whichis alsorepresentetly a 4-vector A point is locatedon
aplane if andonly if

(2.4)

A line canbe given by the linear combinationof two points or by the intersectionof two
planes

2.2.3 Transformations

Transformationin theimagesarerepresentetly homayraphiesof . A homographyf
isrepresentetly a -matrix .Again and representhesamehomographyor all nonzercscalars
. A pointis transformedsfollows:
(2.5)

The correspondindgransformatiorof a line canbe obtainedby transformingthe pointswhich areon the
line andthen nding theline de ned by thesepoints:
(2.6)

Fromthepreviousequatiorthetransformatiorequatiorfor aline is easilyobtainedwith
):
(2.7)
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Similarreasoningn  givesthefollowing equationdor transformationsf pointsandplanesn 3D space:

(2.8)
(2.9)
where isa -matrix.
2.2.4 Conicsand quadrics
Conic A conicin isthelocusof all points satisfyingahomogeneouguadraticequation:
(2.10)
where isa symmetricmatrix only de ned up to scale.A conicthusdepend®n veindependent

parameters.

Dual conic  Similarly, thedualconceptexistsfor lines. A conicervelopeor dual conicis thelocusof all
lines satisfyingahomogeneouquadraticequation:

(2.11)

where isa symmetricmatrix only de ned up to scale. A dual conicthusalsodependn ve
independenparameters.

Line-conic intersection Let and betwo pointsde ning aline. A point on this line canthenbe
representedly . Thispointliesonaconic if andonly if

which canalsobewritten as
(2.12)

where

Thismeanghataline hasin generakwo intersectiorpointswith aconic. Theseintersectiorpointscanbe
realor complex andcanbe obtainedby solvingequation(2.12).

Tangentto a conic Thetwo intersectionpoints of a line with a conic coincideif the discriminantof
equation(2.12)is zero. This canbewritten as

If thepoint is consideredx ed,this formsa quadraticequationin the coordinate®f  whichrepresents
thetwo tangentdrom to theconic. If belongsto the conic, andthe equationof thetangents
becomes

whichis linearin the coefcients of . Thismeanghatthereis only onetangentto the conicat a point of
theconic. Thistangent is thusrepresentedy :

(2.13)
Relation betweenconic and dual conic When variesalongthe conic, it satis es andthusthe
tangentline to theconicat satis es . This shaows that the tangentso a conic  are

belongingto adualconic (assuming is of full rank).
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Transformation of a conic/dual conic The transformatiorequationgfor conicsand dual conicsunder
ahomography canbe obtainedin a similar way to Section2.2.3. Using equationg2.5) and(2.7) the
following is obtained:

andthus

(2.14)
(2.15)

Obsenrethat(2.14)and(2.15)alsoimply that

Quadric In projective 3-space  similar conceptsxist. Thesearequadrics.A quadricis thelocusof
all points  satisfyinga homogeneougquadraticequation:

(2.16)

where isa symmetricmatrix only de ned upto scale.A quadricthusdepend®nnineindependent
parameters.

Dual quadric  Similarly, the dual conceptexistsfor planes.A dual quadricis the locusof all planes
satisfyingahomogeneouguadraticequation:

(2.17)

where isa symmetricmatrix only de ned up to scaleandthusalsodepend®n nineindependent
parameters.

Tangentto aquadric  Similarto equation(2.13),thetangentplane toaquadric throughapoint of
the quadricis obtainedas

(2.18)
Relation betweenquadric and dual quadric When variesalongthe quadric,it satis es and
thusthetangentplane to at satises . This shaws thatthe tangentplanesto a quadric

arebelongingto adualquadric (assuming is of full rank).

Transformation of aquadric/dual quadric Thetransformatiorequationdor quadricsanddualquadrics
underahomography canbeobtainedn asimilarway to Section2.2.3. Usingequationg2.8)and(2.9)
thefollowing is obtained

andthus

(2.19)
(2.20)

Obsenre againthat
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2.3 The strati cation of 3D geometry

Usuallytheworld is percevedasa Euclidean3D spaceln somecaseqe.g.startingfrom images)it is not
possibleor desirableo usethefull Euclideanstructureof 3D spacelt canbeinterestingo only dealwith
the morerestrictedandthussimplerstructureof projective geometry An intermediatdayeris formedby
theaf ne geometry Thesestructurescanbethoughtof asdifferentgeometricstratawhich canbe overlaid
ontheworld. Thesimplestbeingprojective,thenaf ne, next metricand nally Euclideanstructure.

This conceptof strati cation is closelyrelatedto the groupsof transformationsacting on geometric
entitiesandleaving invariantsomepropertieof con gurationsof theseelementsAttachedo theprojective
stratumis the group of projectie transformationsattachedo the afne stratumis the group of afne
transformationsattachedo the metric stratumis the group of similaritiesandattachedo the Euclidean
stratumis thegroupof Euclideartransformationslt is importantto noticethatthesegroupsaresubgroups
of eachother, e.g.themetricgroupis asubgroumf theaf ne groupandbotharesubgroup®f theprojective
group.

An importantaspectelatedto thesegroupsaretheir invariants. An invariantis a propertyof a con-

guration of geometricentitiesthat is not alteredby ary transformatiorbelongingto a speci c group.
Invariantsthereforecorrespondo the measurementhatonecando consideringa speci ¢ stratumof ge-
ometry Thesenvariantsareoftenrelatedto geometricentitieswhich stayunchanged- atleastasawhole
— underthe transformation®f a speci ¢ group. Theseentitieswill play a very importantrole in this text.
Recoveringthemallows to upgradethe structureof the geometryto a higherlevel of the strati cation.

In the following paragraphshe differentstrataof geometryare discussed.The associatedroupsof
transformationstheir invariantsand the correspondingnvariant structuresare presented. This idea of
strati cation canbefoundbackin [172] and[43].

2.3.1 Projective stratum

The rst stratumis theprojective one.lt is thelessstructuredbneandhasthereforetheleastnumberof in-
variantsandthelargestgroupof transformationgssociateith it. Thegroupof projectivetransformations
or collineationds the mostgeneralgroupof lineartransformations.

As seenin the previous chaptera projective transformatiorof 3D spacecanberepresentethy a
invertible matrix

(2.21)

This transformatiomrmatrix is only de ned up to a nonzeroscalefactorand hasthereforel5 degreesof
freedom.
Relationsof incidencecollinearityandtangeny areprojectively invariant. Thecross-ratias aninvari-
antpropertyunderprojective transformationsswell. It is de ned asfollows: Assumethatthefour points
and arecollinear Thenthey canbe expresseds (assumenoneis coincident
with ). Thecross-ratids de ned as

(2.22)

The cross-ratids not dependingon the choiceof thereferencepoints and andis invariantunderthe
group of projective transformation®f . A similar cross-ratioinvariantcan be derived for four lines
intersectingn a pointor four planesintersectingn acommonline.

Thecross-raticcanin factbe seerasthecoordinateof afourth pointin thebasisof the rst three,since
threepointsform a basisfor the projectve line . Similarly, two invariantscould be obtainedfor ve
coplanamoints;and,threeinvariantsfor six points,all in generaposition.
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2.3.2 Afne stratum

Thenext stratumis theaf ne one.In thehierarchyof groupsit is locatedin betweerthe projective andthe
metricgroup. This stratumcontainsmorestructurethanthe projective one,but lessthanthe metricor the
Euclideanstrata. Af ne geometrydiffersfrom projectve geometryby identifying a specialplane,called
theplaneat in nity .

This planeis usuallyde ned by andthus . Theprojective spacecanbe seenmas
containingtheaf ne spaceunderthe mapping . Thisis aone-to-one
mapping. The plane in canbe seenascontainingthe limit pointsfor , Sincethese
pointsare — — — — . This planeis thereforecalledthe planeat in nity
Strictly speaking this planeis not part of the af ne spacethe pointscontainedn it can't be expressed
throughthe usualnon-homogeneou3-vectorcoordinatenotationusedfor af ne, metricandEuclidear3D
space.

An af ne transformatioris usuallypresentecsfollows:

with

Usinghomogeneousoordinatesthis canbe rewritten asfollows with

(2.23)

An afne transformationcounts12 independentlegreesof freedom. It can easily be veri ed that this
transformatiorieavesthe planeat in nity unchangedi.e. or ). Note,
however, thatthe positionof pointsin theplaneatin nity canchangeunderanafne transformationput
thatall thesepointsstaywithin the plane

All projective propertiesarea fortiori af ne properties.For the (morerestrictve) af ne groupparal-
lelismis addedasa new invariantproperty Linesor planeshaving theirintersectiorin theplaneatin nity
arecalledparallel. A new invariantpropertyfor this groupis theratio of lengthsalonga certaindirection
Notethatthis is equivalentto a cross-ratiovith oneof the pointsatin nity .

From projectiveto af ne  Up to now it wasassumedhatthesedifferentstratacould simply be overlaid
ontoeachother assuminghatthe planeatin nity is atits canonicalposition(i.e. ). This
is easyto achieve whenstartingfrom a EuclidearrepresentationStartingfrom a projective representation,
however, the structureis only determinecup to an arbitraryprojectie transformation As wasseenthese
transformationslo—in general notleave theplaneatin nity unchanged.

Therefore,in a speci c projective representatiornthe planeat in nity canbe arnywhere. In this case
upgradingthe geometricstructurefrom projective to af ne impliesthatone rst hasto nd thepositionof
theplaneatin nity in the particularprojective representationnderconsideration.

This canbe donewhensomeaf ne propertiesof the sceneareknown. Sinceparallellinesor planes
areintersectingn the planeatin nity , this givesconstraintn the positionof this plane.In Figure2.1a
projectiverepresentationf acubeis given. Knowing thisis acube threevanishingpointscanbeidenti ed.
Theplaneatin nity is the planecontainingthese3 vanishingpoints.

Ratiosof lengthsalongaline de ne thepointatin nity of thatline. In this casethepoints ,
andthecross-ratio areknown, thereforethepoint ~ canbecomputed.

Oncethe planeatin nity is known, onecanupgradehe projective representatioto anaf ne one
by applyinga transformatiorwhich bringsthe planeatin nity to its canonicalposition. Basedon (2.9)
this equatiorshouldthereforesatisfy

or (2.24)
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Figure2.1: Projective(left) and af ne (right) structueswhich are equivalentto a cubeundertheir re-
spectiveambiguities. The vanishingpoints obtainedfrom lines which are parallel in the af ne stratum
constain the positionof theplaneat in nity in the projectiverepresentation.Thiscanbeusedto upgrade
the geometricstructuie fromprojectiveto af ne.

Thisdetermineshefourthrow of . Since,atthislevel, theotherelementsrenotconstrainediheobvious
choicefor thetransformatioris thefollowing

(2.25)

with the rst 3 elementof whenthelastelements scaledto 1. It is importantto note,however,
thatevery transformatiorof theform

with (2.26)

maps to

2.3.3 Metric stratum

Themetricstratumcorrespondso thegroupof similarities. Theseransformationsorrespondo Euclidean
transformationgi.e. orthonormaltransformationt+ translation)complementedvith a scaling. Whenno

absoluteyardstickis available, this is the highestlevel of geometricstructurethat canbe retrieved from

images. This propertyis crucial for specialeffectssinceit enableghe possibility to usescalemodelsin

movies.

A metrictransformatiorcanberepresentedsfollows:

(2.27)



16 CHAPTERZ2. PROJECTIVEGEOMETRY

Figure2.2: Theabsoluteconic andtheabsolutedualquadric  in 3D space

Figure2.3: Theabsoluteconic and dual absoluteconic representedn the purely imaginary part
of the planeatin nity

with  thecoefcients of anorthonormalmatrix. Thecoefcients  arerelatedby 6 independenton-

straints with  the Kronecler deltal. This correspondso
the matrix relationthat andthus . Recallthat is a rotationmatrix if
andonly if anddet . In particular anorthonormalmatrix only has3 degreesof freedom.
Usinghomogeneousoordinates(2.27)canberewritten as , with

(2.28)

A metrictransformatiorthereforecounts7 independentiegreesof freedom,3 for orientation,3 for trans-
lation and1l for scale.

In this casetherearetwo importantnew invariantproperties:relativelengthsandangles Similar to
theaf ne casethesenew invariantpropertiesarerelatedto aninvariantgeometricentity. Besidedeaving
theplaneatin nity unchangedimilarity transformationglsotransformaspeci c conicinto itself, i.e. the
absoluteconic. This geometricconceptis moreabstracthanthe planeatin nity . It couldbe seenasan
imaginarycircle locatedin the planeatin nity . In this text the absoluteconicis denotecby . It will be
seenthatit is oftenmorepracticalto representhis entity in 3D spaceby its dualentity . Whenonly the
planeatin nity is underconsideration, and  areusedto representhe absoluteconicandthedual
absoluteconic (theseare 2D entities). Figure2.2 andFigure2.3illustratetheseconcepts. The canonical
form for theabsoluteconic  is:

and (2.29)

for

1TheKronecler deltais de ned asfollows for
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Note thattwo equationsareneededo representhis entity. The associatedlual entity, the absolutedual
qguadric , however, canberepresentedsasinglequadric. Thecanonicaform is:

(2.30)
Notethat isthenull spaceof . Let beapointof theplaneatin nity ,
thenthatpointin theplaneatin nity is easilyparameterizeds . In this casetheabsolute
coniccanberepresentedsa 2D conic:
and (2.31)
Accordingto (2.28),applyinga similarity transformatiorto resultsin . Using

equationg2.14),(2.15\nd(2.20),it cannow beveri ed thatasimilarity transformatiodeavestheabsolute
conicandits associate@ntitiesunchanged:

(2.32)

and
(2.33)

Inverselyit is easyto provethatthe projective transformationsvhich leave theabsolutequadricunchanged
form the groupof similarity transformationgthe samecould be donefor the absoluteconicandthe plane
atin nity):

Therefore and which areexactly the constraintdor a similarity transformation.

AnglescanbemeasuredisingLaguerresformula(seefor example[172]). Assumetwo directionsare
characterizethy theirvanishingpoints and intheplaneatin nity (i.e.theintersectiorof aline with the
planeatin nity indicatingthe direction). Computethe intersectiorpoints and betweernthe absolute
conicandtheline throughthe two vanishingpoints. The following formulabasedon the cross-raticthen
givestheangle(with )

— (2.34)

From projective or af ne to metric In somecasest is neededo upgradethe projective or af ne rep-
resentatiorto metric. This canbe doneby retrieving the absoluteconic or one of its associateentities.
Sincetheconicis locatedin theplaneatin nity , it is easielto retrieveit oncethis planehasbeenidenti ed
(i.e. theaf ne structurehasbeenrecovered). It is, however, possibleto retrieve both entitiesat the same
time. Theabsoluteguadric  is especiallysuitedfor this purposesinceit encodedothentitiesatonce.

Everyknown angleor ratio of lengthsimposesa constrainon theabsoluteconic. If enoughconstraints
areathand the coniccanuniquelybe determinedln Figure2.4the cubeof Figure2.1is furtherupgraded
to metric (i.e. the cubeis transformedso that obtainedanglesare orthogonalandthe sidesall have equal
length).

Oncetheabsoluteconichasbeenidenti ed, the geometrycanbe upgradedrom projective or af ne to
metricby bringingit to its canonicalmetric) position.In Section2.3.2theprocedureo go from projective
to af ne wasexplained. Therefore we canrestrictourseheshereto the upgradefrom af ne to metric. In
this casetheremustbe anaf ne transformatiorwhich bringsthe absoluteconicto its canonicalposition;
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Figure 2.4: Afne (left) and metric (right) representatiorof a cube Theright anglesand the identical
lengthsin thedifferentdirectionsof a cubegive enoughinformationto upgradethe structute fromaf ne to
metric.

or, inverselyfrom its canonicapositionto its actualpositionin theaf ne representationCombining(2.23)
and(2.20)yields

(2.35)

Underthesecircumstancethe absoluteconicandits dual have the following form (assuminghe standard
parameterizatioof theplaneatin nity , i.e. ):

and (2.36)

Onepossiblechoicefor thetransformatiorto upgraddrom af ne to metricis
(2.37)

whereavalid canbe obtainedfrom by Cholesly factorization. Combining(2.25) and (2.37) the
following transformations obtainedo upgradethe geometryfrom projective to metricatonce

(2.38)

2.3.4 Euclideanstratum

For the sale of completenessEuclideangeometryis brie y discussed. It doesnot differ much from
metric geometryas we have de ned it here. The differenceis that the scaleis x ed andthat therefore
notonly relative lengths but absolutdengthscanbe measuredEuclideantransformationfiave 6 degrees
of freedom 3 for orientationand3 for translation A Euclideantransformatiorhasthefollowing form

(2.39)

with  representinghe coefcients of anorthonormalmatrix, asdescribecpreviously. If  is arotation
matrix (i.e. det ) then,thistransformationmrepresents rigid motionin space.

2.3.5 Overview of the differ ent strata

The propertiesof the differentstrataarebrie y summarizedn Table2.1. The differentgeometricstrata
arepresentedThe numberof degreesof freedom transformationsindthe speci ¢ invariantsaregivenfor
eachstratum. Figure 2.5 givesan exampleof an objectwhich is equivalentto a cubeunderthe different
geometricambiguities.Notefrom the gure thatfor purpose®f visualizationat leasta metriclevel should
bereachedi.e. is percevedasacube).
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| ambiguity | DOF | transformation invariants

projective

15

cross-ratio

relative distances
alongdirection

afne 12 )
parallelism
planeat in nity
relative distances

metric 7 angles
absoluteconic

Euclidean| 6 absolutedistances

Table2.1: Numberof degreesof freedom transformationsand invariants correspondingo the different

geometricstrata (the coefcients

form orthonormalmatrices)

Projective

Metric
(similarity)

Ty

Euclidean

Te

VIR

Figure2.5: Shapesvhich are equivalentto a cubefor the differentgeometricambiguities
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2.4 Conclusion

In this chaptersomeconceptsof projectve geometrywere presented.Thesewill allow us, in the next
chapterto describedheprojectionfrom ascendnto animageandto understandheintricaterelationships
whichrelatemultiple views of ascene Basedon theseconceptsnethodssanbe concevedthatinversethis
processandobtain3D reconstructionsf the obsenedscenesThis is the main subjectof this thesis.



Chapter 3

Cameramodeland multiple view
geometry

3.1 Intr oduction

Beforediscussinchow 3D informationcanbe obtainedfrom imagesit is importantto know how images
areformed.First,thecameramodelis introducedandthensomeimportantrelationshipetweermmultiple
views of a scenearepresented.

3.2 The cameramodel

In this work the perspectie cameramodelis used. This correspondgo an ideal pinhole camera. The
geometrigprocesdor imageformationin a pinholecamerahasbeennicely illustratedby Direr (seeFig-
ure 3.1). The procesds completelydeterminedoy choosinga perspectie projectioncenteranda retinal
plane. The projectionof a scenepoint is thenobtainedasthe intersectionof a line passingthroughthis
pointandthe centerof projection with theretinal plane

Most camerasredescribedelatively well by this model. In somecasesadditionaleffects(e.g.radial
distortion)have to betakeninto account(seeSection3.2.5).

3.2.1 A simplemodel

In the simplestcasewherethe projectioncenteris placedat the origin of the world frameandthe image

planeis theplane , the projectionprocessanbe modeledasfollows:
— — (3.1)
For aworld point andthe correspondingmagepoint . Usingthe homogeneourepresen-
tation of the pointsalinearprojectionequationis obtained:
(3.2)

This projectionis illustratedin Figure3.2. The opticalaxis passeshroughthe centerof projection andis
orthogonato theretinalplane . It'sintersectiorwith theretinalplaneis de ned astheprincipalpoint .

21
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Figure3.1: Man Drawinga Lute (TheDraughtsmarof the Lute), woodcutl525,Albrecht Dirrer.

optical axis

v

Figure3.2: Perspectiveprojection
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Figure3.3: Fromretinal coordinatesto image coominates
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3.2.2 Intrinsic calibration

With anactualcamerahefocal length (i.e. the distancebetweerthe centerof projectionandtheretinal
plane)will bedifferentfrom 1, the coordinate®f equation(3.2) shouldthereforebe scaledwith  to take
thisinto account.

In additionthe coordinatesn the imagedo not correspondo the physicalcoordinatesn the retinal
plane.With aCCD cameraherelationbetweerbothdepend®nthesizeandshapeof thepixelsandof the
positionof the CCD chip in the camera With a standardhotocamerat depend®n the scanningorocess
throughwhich theimagesaredigitized.

Thetransformations illustratedin Figure3.3. Theimagecoordinates@reobtainedthroughthefollow-
ing equations:

where and arethewidth andthe heightof the pixels, is the principalpointand the
skew angleasindicatedin Figure 3.3. Sinceonly theratios — and — areof importancethe simpli ed
notationsof thefollowing equationwill beusedin theremaindeof this text:

(3.3)

with  and beingthefocallengthmeasuredh width andheightof thepixels,and afactoraccounting
for the skew dueto non-rectangulapixels. The above uppertriangularmatrix is calledthe calibration
matrix of the camera;andthe notation  will be usedfor it. So, the following equationdescribeghe
transformatiorfrom retinalcoordinate$o imagecoordinates.

(3.4)

For mostcameraghepixelsarealmostperfectlyrectangulaandthus is very closeto zero.Furthermore,
theprincipalpointis oftencloseto the centerof theimage.Theseassumptionsanoftenbe used certainly
to getasuitableinitialization for morecomplex iterative estimationprocedures.

For acamerawith x edopticstheseparameterareidenticalfor all theimagestakenwith the camera.
For camerasvhich have zoomingandfocusingcapabilitiesghefocal lengthcanobviously changeput also
the principal point canvary. An extensve discussiorof this subjectcanfor examplebefoundin thework
of Willson [219, 217, 218 220.

3.2.3 Cameramotion

Motion of scenegpointscanbe modeledasfollows

(3.5)
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with  arotationmatrixand atranslationvectotr
Themotionof the cameras equivalentto aninversemotionof thesceneandcanthereforebe modeled
as

(3.6)

with and indicatingthe motionof thecamera.

3.2.4 The projection matrix

Combiningequationg3.2), (3.3) and(3.6) the following expressionis obtainedfor a camerawith some
speci ¢ intrinsic calibrationandwith a speci ¢ positionandorientation:

which canbesimpli ed to
- (3.7)

or even
(3.8)

The matrix is calledthe camer projectionmatrix.
Using (3.8) the plane correspondingo a back-projectedmageline canalso be obtained: Since

(3.9)

Thetransformatiorequatiorfor projectionmatricescanbe obtainedasdescribedn paragrapt?.2.3.1f the
pointsof a calibrationgrid aretransformedoy the sametransformatiorasthe cameratheirimagepoints
shouldstaythe same:

(3.10)

andthus
(3.11)

Theprojectionof theoutlineof aguadriccanalsobeobtained Foraline in animageto betangento the
projectionof the outline of a quadric,the correspondingplaneshouldbe on the dual quadric. Substituting
equation(3.9) in (2.17)the following constraint is obtainedfor to betangentto the
outline. Comparingthis resultwith the de nition of a conic (2.10), the following projectionequationis
obtainedfor quadricg(this resultscanalsobefoundin [83)]). :

(3.12)

Relation betweenprojection matrices and imagehomographies

The homographieshatwill be discussedereare collineationsfrom . A homography de-
scribesthe transformatiorfrom oneplaneto another A numberof specialcasesareof interest,sincethe
imageis alsoa plane. The projectionof pointsof a planeinto animage canbedescribedhrougha ho-
mography . Thematrixrepresentationf thishomographys dependentn thechoiceof the projective
basisin theplane.

As animageis obtainedby perspectie projection,therelationbetweerpoints  belongingto a plane

in 3D spaceandtheir projections  in the imageis mathematicallyexpressedy a homography

Thematrix of thishomographys foundasfollows. If theplane is givenby andthe point
of isrepresenteds ,then belongsto if andonlyif . Hence,

(3.13)
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Now, if the camergprojectionmatrixis , thentheprojection of ontotheimageis
(3.14)
Consequently .
Notethatfor thespeci ¢ plane thehomographiegaresimply givenby

It is alsopossibleto de ne homographiesvhich describethe transferfrom oneimageto the otherfor
pointsandothergeometricentitieslocatedon a speci ¢ plane. The notation will be usedto describe
sucha homographyfrom view to for aplane . Thesehomographiegan be obtainedthroughthe

following relation andareindependento reparameterizatiorsf the plane(andthusalso
to achangeof basisin ).

In themetricandEuclideancase, andtheplaneatin nity is . In thiscase,
thehomographieor theplaneatin nity canthusbewrittenas:

(3.15)
where is therotationmatrix thatdescribesherelative orientationfromthe  camerawith
respectopthe  one.

In the projective andafne case,onecanassumehat (sincein thiscase is un-
known). In thatcasethehomographies for all planes;andthus, . Therefore
canbefactorizedas

(3.16)
where is theprojectionof the centerof projectionof the rst camera(in this case, ) in image

. Thispoint is calledtheepipolg for reasonsvhichwill becomeclearin Section3.3.1.

Notethatthisequationcanbeusedto obtain and from ,butthatduetotheunknonnrelative
scalefactors  can,in generalhot be obtainedfrom and . Obsenre alsothat,in theafne case
(where ), thisyields .

Combiningequationg3.14)and(3.16),o0neobtains

(3.17)
This equationgivesan importantrelationshipbetweenthe homographiegor all possibleplanes.Homo-
graphiescanonly differ by aterm . This meanghatin the projective casethe homographies
for theplaneatin nity areknown upto 3 commonparametergi.e.the coefcients of in theprojective
space).

Equation(3.16)alsoleadsto aninterestingnterpretatiorof the camergprojectionmatrix:

(3.18)
(3.19)

(3.20)

In otherwords,a point canthusbe parameterizedsbeingontheline throughthe optical centerof the rst
camerdi.e. ) andapointin thereferenceplane . Thisinterpretatioris illustratedin Figure3.4.

3.2.5 Deviations from the cameramodel

The perspectie cameramodel describegelatively well the imageformation processfor mostcameras.
However, whenhigh accurag is requiredor whenlow-endcamerasreused,additionaleffectshave to be
takeninto account.



26 CHAPTER3. CAMERA MODEL AND MULTIPLE VIEW GEOMETRY

I‘REF

.c
Figure3.4: A point can be parameterizedas . Its projectionin anotherimage canthenbe
obtainedby transferring  accoding to (i.e. with ) to image and applyingthe samelinear

combinatiorwith the projection  of  (i.e.

Thefailuresof the optical systemto bring all light raysreceved from a point objectto a singleimage
pointor to a prescribedyeometricpositionshouldthenbetakeninto account.Thesedeviationsarecalled
aberrations.Many typesof aberrationsxist (e.g. astigmatismchromaticaberrationssphericalaberra-
tions, comaaberrationscurvatureof eld aberratioranddistortionaberration).lt is outsidethe scopeof
this work to discussthemall. The interestedreaderis referredto the work of Willson [219] andto the
photogrammetryiterature[179].

Marny of theseeffectsare negligible undernormalacquisitioncircumstancesRadialdistortion, how-
ever, canhave a noticeableeffect for shorterfocal lengths. Radial distortionis a linear displacemenof
imagepointsradially to or from the centerof theimage,causedy thefactthatobjectsat differentangular
distanceérom thelensaxisundego differentmagni cations.

It is possibleto cancelmostof this effect by warpingtheimage. The coordinatesn undistortedmage
planecoordinates canbe obtainedfrom the obsenedimagecoordinates by the following
equation:

(3.21)

where and arethe rst andsecondharametersf theradialdistortionand

Note thatit cansometimeshe necessaryo allow the centerof radial distortionto be differentfrom the
principal point[220Q].

Whenthefocal lengthof the camerachangegthroughzoomor focus)the parameters and  will
alsovary. In a rst approximatiorthis canbe modeledasfollows:

(3.22)

Dueto the changesn thelenssystemnthisis only anapproximationexceptfor digital zoomswhere(3.22)
is exact.
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Figure 3.5: Correspondencéetweertwo views. Evenwhenthe exact positionof the 3D point  corre-
spondingto theimage point is not known,it hasto be on theline through which intersectsthe image
planein . Sincethisline projectsto theline in the otherimage, the correspondingpoint  shouldbe
locatedon this line. More geneally, all the pointslocatedon the planede nedby , and havetheir
projectionon and

3.3 Multi view geometry

Differentviews of a sceneare not unrelated. Several relationshipsexist betweentwo, threeor moreim-
ages.Thesearevery importantfor the calibrationandreconstructiorirom images.Many insightsin these
relationshipsave beenobtainedn recentyears.

3.3.1 Two view geometry

In this sectionthe following questionwill be addressedGivenan image pointin oneimage, doesthis
restrictthe positionof the correspondingmage pointin anotherimage? It turnsout thatit doesandthat
this relationshipcanbe obtainedrom the calibrationor evenfrom a setof prior point correspondences.

Althoughtheexactpositionof thescenepoint is notknown, it is boundto beontheline of sightof the
correspondingmagepoint . Thisline canbe projectedin anotherimageandthe correspondingpoint
is boundto beonthisprojectedine . Thisisillustratedin Figure3.5. In factall thepointsontheplane
de ned by thetwo projectioncentersaand havetheirimageon . Similarly, all thesepointsareprojected
onaline inthe rst image. and aresaidto bein epipolarcorrespondencé.e. the corresponding
pointof every pointon islocatedon , andviceversa).

Every planepassinghroughboth centersof projection and resultsin sucha setof corresponding
epipolarlines,ascanbeseenin Figure3.6. All thesdinespasghroughtwo speci ¢ points and . These
pointsarecalledthe epipoles andthey arethe projectionof the centerof projectionin the oppositeimage.

This epipolargeometrycanalsobe expressednathematicallyThefactthatapoint isonaline can

beexpresseds . Theline passingrough andtheepipole is
(3.23)
with theantisymmetric matrix representinghe vectorialproductwith
From (3.9)the plane correspondindo is easilyobtainedas andsimilarly
Combiningtheseequationgyives:
(3.24)
with  indicating the Moore-Penrosgseudo-imerse. The notation is inspiredby equation(2.7).

Substituting(3.23)in (3.24)resultsin
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Figure3.6: Epipolar geometry Theline connecting and de nesa bundleof planes.For every oneof
theseplanesa correspondindine canbefoundin ead image, e.g. for theseare and . All 3D points
locatedin projecton and andthusall pointson havetheir correspondingpointon  andvice
versa. Thesdinesare saidto bein epipolarcorrespondenceAll theseepipolarlinesmustpassthrough
or ,whicharetheintersectionpointsoftheline  withtheretinalplanes and respectivelyThese
pointsare calledtheepipoles.

De ning , We obtain
(3.25)

andthus,
(3.26)

This matrix  is calledthe fundamentaimatrix. Theseconceptswereintroducedby Faugerag44] and
Hartley [60]. Sincethenmary peoplehave studiedthe propertiesof this matrix (e.g.[102, 103)) andalot
of effort hasbeenputin robustly obtainingthis matrix from a pair of uncalibratedmageq195, 196, 225|.
Having thecalibration, canbecomputedandaconstrainis obtainedor correspondingoints.When
the calibrationis notknown equation(3.26) canbe usedto computethe fundamentamatrix . Every pair

of correspondingointsgivesoneconstrainbn . Since isa matrix which is only determinedup
to scalejt has unknowns. ThereforeB pairsof correspondingpointsaresufcient to compute
with alinearalgorithm.

Note from (3.25)that , because . Thus,rank . Thisis anadditionalconstraint

on andtherefore? point correspondencesresufcient to compute througha nonlinearalgorithm. In
Sectiond.3therobustcomputatiorof thefundamentamatrix from imageswill bediscussedéh moredetail.

Relation betweenthe fundamental matrix and imagehomographies

Therealsoexists animportantrelationshipbetweerthe homographies  andthe fundamentamatrices
. Let beapointinimage . Then is thecorrespondingpoint for theplane inimage .
Therefore, islocatedonthecorrespondingpipolarline; and,

(3.27)
shouldbe veri ed. Moreover, equation(3.27) holds for every imagepoint . Sincethe fundamental
matrix mapspointsto correspondingpipolarlines, andequation(3.27)is equialentto

. Comparinghis equationwith , andusingthattheseequationsnusthold

for allimagepoints and lying on correspondingpipolarlines, it followsthat:

(3.28)
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Let bealineinimage andlet betheplaneobtainedby back-projecting intospacelf isthe
imageof apointof this planeprojectedn image , thenthecorrespondingointin image mustbelocated
on the correspondingepipolarline (i.e. ). Sincethis pointis alsolocatedon theline it canbe
uniquelydeterminedastheintersectiorof both (if thesdinesarenot coinciding): . Therefore,
thehomography s givenby . Notethat, sincetheimageof theplane is alinein image ,
this homographys not of full rank. An obviouschoiceto avoid coincidenceof  with theepipolarlines,
is sincethis line doescertainlynot containthe epipole(i.e. ). Consequently

(3.29)

correspondso the homographyof a plane.By combiningthis resultwith equationg3.16)and(3.17)one
canconcludethatit is alwayspossibleto write the projectionmatricesfor two views as

(3.30)

Notethatthisis animportantresult,sinceit meanghata projective camerasetupcanbe obtainedrom the
fundamentainatrix which canbecomputedrom 7 or morematchedetweertwo views. Notealsothatthis
equationhas4 degreesof freedom(i.e. the 3 coefcients of andthearbitraryrelative scalebetween
and ). Thereforethis equationcanonly be usedto instantiatea new frame (i.e. anarbitraryprojective
representationf the scene)andnot to obtainthe projectionmatricesfor all the views of a sequencdi.e.
compute ). How this canbedoneis explainedin Section5.2.

3.3.2 Threeview geometry

Consideringhreeviewsit is, of course possibleo groupthemin pairsandto getthetwo view relationships
introducedn thelastsection.Usingthesepairwiseepipolarrelations the projectionof a pointin thethird
imagecanbe predictedfrom the coordinatesn the rst two images.Thisis illustratedin Figure3.7. The
point in the third imageis determinedasthe intersectionof the two epipolarlines. This computation,
however, is not alwaysvery well conditioned Whenthe pointis locatedin thetrifocal plane(i.e.the plane
goingthroughthethreecentersof projection),it is completelyundetermined.

Fortunately thereare additionalconstraintdetweenthe imagesof a point in threeviews. Whenthe
centersof projectionarenot coinciding,a point canalwaysbe reconstructedrom two views. This point
thenprojectsto a uniquepointin thethird image,ascanbe seenin Figure3.7,evenwhenthis pointis lo-
catedin thetrifocal plane.For two views, no constrainis availableto restrictthe positionof corresponding
lines. Indeed back-projecting line forms a plane,the intersectionof two planesalwaysresultsin aline.
Therefore,no constraintcanbe obtainedfrom this. But, having threeviews, the imageof theline in the
third view canbepredictedromits locationin the rst two imagesascanbeseenn Figure3.8. Similarto
whatwasderivedfor two views, therearemulti linearrelationshipgelatingthe positionsof pointsand/or
linesin threeimageq181]. Thecoefcients of thesemulti linearrelationshipsanbeorganizedn atensor
which describeghe relationshipsbetweenpoints[176] andlines[63] or ary combinationthereof[65].
Severalresearcherbave worked on method€o computethetrifocal tensor(e.g.see[193, 194).

Thetrifocaltensor isa tensor It contain®27 parameterspnly 18 of whichareindependent
dueto additionalnonlinearconstraints. The trilinear relationshipfor a point is given by the following
equation:

(3.31)

Any triplet of correspondingointsshouldsatisfythis constraint.
A similar constraintappliesfor lines. Any triplet of correspondindinesshouldsatisfy:

1TheEinsteinconventionis used(i.e. indicesthatarerepeateghouldbe summedover).



30 CHAPTER3. CAMERA MODEL AND MULTIPLE VIEW GEOMETRY

Figure3.7: Relationbetweerthe image of a point in threeviews. Theepipolarlines of points and
couldbeusedto obtain . Thisdoeshowerer, notexhaustall therelationsbetweerthethreeimages. For
a point locatedin the trifocal plane(i.e. the planede ned by and ) this would not give a unique
solution, althoughthe 3D point could still be obtainedfromits image in the r st two views and thenbe
projectedto . Therefore, onecanconcludethatin thethreeview casenotall theinformationis described
by the epipolargeometry Theseadditionalrelationshipsare describedoy thetrifocal tensor

Figure3.8: Relationbetweertheimage of a line in threeimages. Whilein thetwo view caseno constaints
are availablefor lines,in the threeview caseit is also possibleto predictthe positionof a line in a third
image fromits projectionin the othertwo. Thistransferis alsodescribeddy thetrifocal tensor
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3.3.3 Multi view geometry

Many peoplehave beenstudyingmulti view relationshipg72, 198 47]. Without going into detail we
would like to give someintuitive insightsto the reader For a morein depthdiscussionthe readeris

referredto [116)].
An imagepoint has2 degreesof freedom. But imagesof a 3D pointdo nothave  degreesof
freedom,but only 3. So,theremustbe independentonstraintdetweenthem. For lines, which

alsohave 2 degreesof freedomin the image,but 4 in 3D space, imagesof aline mustsatisfy
constraints.

Somemorepropertiesof theseconstraintsareexplainedhere.A line canbe back-projectednto space
linearly (3.9). A point canbe seenasthe intersectionof two lines. To correspondo a real point or line
the planesresultingfrom the backprojectionrmustall intersectin a single point or line. This is easily
expressedn termsof determinantsi.e. for pointsandthatall the subdeterminants
of shouldbe zerofor lines. This explainswhy the constraintsare multi linear, sincethis is a
propertyof columnsof a determinant.In additionno constraintscombiningmore than4 imagesexist,
sincewith 4-vectors(i.e. the representationf the planes)maximum determinantganbe obtained.
The twofocal (i.e. the fundamentamatrix) and the trifocal tensorshave beendiscussedn the previous
paragraphsiecentlyHartley [68] proposedan algorithmfor the practicalcomputatiornof the quadrifocal
tensor

3.4 Conclusion

In this chaptersomeimportantconceptsvereintroduced.A geometricdescriptionof theimageformation
processvasgivenandthecamergrojectionmatrixwasintroduced.Someimportantrelationshipbetween
multiple views werealsoderived. Theinsightsobtainedby carefully studyingthesepropertieshave shavn

thatit is possibleto retrieve arelative calibrationof atwo view camerasetupfrom pointmatcheonly. This

is animportantresultwhich will be exploited further on to obtaina 3D reconstructiorstartingfrom the
images.
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Chapter 4

Relating images

Startingfrom a collectionof imagesthe rst stepconsistsin relatingthe differentimagesto eachothet
Thisis notaseasyproblem.As seernin thepreviouschapterarestrictedhumberof correspondingointsis
sufcient to determinehe geometriaelationshipor multi-view constaintsbetweertheimages.Sincenot
all pointsareequallysuitedfor matching(e.g. a pixel in a homogeneousegion), the rst stepconsistof
selectinga numberof interestingpointsor feature points Someapproachealsouseotherfeaturessuchas
linesor curves,but thesewill notbediscussedhere.Featurepointsarecomparedcaindanumberof potential
correspondencemeobtained Fromthesethemulti-view constraintcanbe computed However, sincethe
correspondencproblemis anill-posedproblem the setof correspondingpointsis typically contaminated
with animportantnumberof wrong matcheor outliers. In this case a traditionalleast-squareapproach
will fail andthereforearobustmethodis neededOncethemulti-view constrainthave beenobtainedthey
canbeusedto guidethesearctfor additionalcorrespondence3hesecanthenbeusedto furtherre ne the
resultsfor the multi-view constraints.

4.1 Feature point extraction

Thereare two importantrequirementdor featurepoints. First, points correspondingo the samescene
points shouldbe extractedconsistentlyover the differentviews. If this were not the case,it would be
impossibleto nd correspondencemmongsthem. Secondly thereshouldbe enoughinformationin the
neighborhooaf the pointssothatcorrespondingointscanbeautomaticallymatched Many featurepoint
extractorshave beenproposed120, 59, 52, 31, 18Q.

In our systentheHarris cornerdetector{59] is used.Considerthefollowing matrix

(4.1)

where is thegrey levelintensity If atacertainpointthetwo eigervaluesof thematrix  arelarge,
thena smallmotionin ary directionwill causeanimportantchangeof grey level. This indicatesthatthe
pointis acorner Thecornerresponséunctionis givenby:

trace 4.2)

where isaparametesetto 0.04(asuggestiorof Harris). Cornersarede ned aslocal maximaof thecor
nernessunction. Sub-pixel precisionis achievzedthrougha quadraticapproximatiorof the neighborhood
of thelocal maxima.

To avoid cornersdueto imagenoise,it canbe interestingto smooththe imageswith a Gaussianl-
ter. This shouldhowever not be doneon the inputimages,but on imagescontainingthe squaredmage

dervatives(i.e. — — — =)

33
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Figure4.1: Two imageswith extractedcorners

In practiceoftenfartoo muchcornersareextracted.In this caseit is ofteninterestingo rst restrictthe
numberof cornersheforetrying to matchthem.Onepossibilityconsistof only selectinghecornerswith
avalue abovea certainthreshold.This thresholdcanbe tunedto yield the desirednumberof features.
Sincefor somescenesnostof the strongestornersarelocatedin the samearea,it canbe interestingto
re ne thisschemdurtherto ensurehatin every partof theimagea suf cient numberof cornersarefound.

In gure 4.1two imagesareshovn with the extractedcorners.Notethatit is not possibleto nd the
correspondingornerfor eachcorner but thatfor mary of themit is.

4.2 similarity measures

To beableto automaticallymatchfeaturedt is importantto have ameasurghatdeterminesf two features
in differentimagesaresimilar or not. For cornerfeaturesonecouldfor examplelook atthelocal intensity
value. The problemwith this measures that mary pointswill have similar intensityvaluesandthatthis

measurés very sensitve to noiseandchangesn illumination.

4.2.1 Intensity cross-corelation

A betterapproachshouldtake the information of more pixels into account. This could be achieved by
comparindocal neighborhoodsf cornersthroughintensitycross-correlationAs a neighborhood small
window of pixels centeredaroundthe cornercould betaken. For the points

and thesimilarity measures obtainedasfollows:

(4.3)

with and theintensityvaluesatacertainpointand and themeanintensityvalueof the considered
neighborhoodTypically whichyields windows.

In gure 4.2correspondingartsof two imagesareshowvn. In eachthepositionof 5 cornerss indicated.
In gure 4.3 the neighborhoodf eachof thesecornersis shovn. The intensity cross-correlatiorwas
computedfor every possiblecombination. This is shovn in Table4.1. It canbe seenthatin this case
the correctpair matchesall yield the highestcross-correlatiorvalues(i.e. highestvalueson diagonal).
However, the combination2-5, for example,comesvery closeto 2-2. In practice,onecan certainly not
rely on the fact that all matcheswill be correctand automaticmatchingprocedureshouldthereforebe
ableto dealwith importantfraction of outliers. Therefore further on robustmatchingproceduresvill be
introduced.

If one can assumethat the motion betweentwo imagesis small (which is neededanyway for the
intensitycross-correlatiomeasureo yield goodresults) thelocationof thefeaturecannot changewidely
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Figure4.2: Detail of theimagesof gure 4.1with 5 correspondingorners.

A
= .

Figure4.3: Local neighborhoodsf the5 cornersof gure 4.2.

0.9639 -0.3994 -0.1627 -0.3868 0.1914
-0.0533 0.7503 -0.4677 0.5115 0.7193
-0.1826 -0.3905 0.7730 0.1475 -0.7457
-0.2724 0.4878 0.1640 0.7862 0.2077
0.0835 0.5044 -0.4541 0.2802 0.9876

Table4.1: Intensity cross-correlatiovaluesfor all possiblecombinationsof the 5 cornersindicated g-
ure4.2.
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Y

Figure 4.4: Basedon the edgesin the neighborhoodf a cornerpoint an af nely invariantregion is
determinedup to two parameters and

betweerntwo consecutie views. This canthereforebe usedto reducethe combinatorialcompleity of the
matching.Only featureswith similar coordinatesn bothimageswill becomparedFor acornerlocatedat
, only the cornersof the otherimagewith coordinatedocatedin theinterval
and aretypically or of theimage.

4.2.2 Matching usingaf nely invariant regions

Onecannotethatthe similarity measurgresentedn the previous sectionis only invariantto translation
andoffsetsin theintensityvalues.If importantrotationor scalingtakesplacethe similarity measures not
appropriate Thesames truewhenthelighting conditionsdiffer too much. Thereforethe cross-correlation
basedapproackcanonly be usedbetweerimagesfor which the camergposesarenottoo far apart.

In this sectionamoreadvancedmatchingproceduras presentedhatcandealwith muchlargerchanges
in viewpoint andillumination [208]. As shouldbe clearfrom the previousdiscussionit is importantthat
pixelscorrespondingo thesamepartof thesurfaceareusedfor comparisorduringmatching.By assuming
thatthe surfaceis locally planarandthatthereis no perspectie distortion,local transformation®f pixels
from oneimageto the otheraredescribedy 2D af ne transformationsSucha transformatioris de ned
by threepoints. At this level we only have one,i.e. the cornerunderconsiderationandthereforeneedtwo
more. Theideais to golook for themalongedgeswhich passthroughthe point of interest.It is proposed
to only usecornershaving two edgesconnectedo them,asin gure 4.4. For curvededgest is possibleto
uniquelyrelateapointononeedgewith apointontheotheredge(usinganaf ne invariantparameterization

canbelinkedto ), yieldingonly onedegreeof freedom.For straightedgegwo degreesof freedomare
left. Overtheparallelogram-shapedgion (see gure 4.4)functionsthatreachtheir extremain aninvariant
way for bothgeometricandphotometricchangesareevaluated.Two possiblefunctionsare:

and (4.4)
with theimageintensity the centerof gravity of the region, weightedwith imageintensityand
theotherpointsde ned asin gure 4.4.

(4.5)

Theregionsfor which suchan extremumis reachedwill thusalsobe determinednvariantly. In practice
it turnsout thatthe extremaareoftennot very well de ned whentwo degreesof freedomareleft (i.e. for
straightedges)but occurin shallav “valleys”. In thesecasesnorethanonefunctionis usedat the same
time andintersection®f these'valleys” areusedto determinenvariantregions.
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Now that we have a methodat handfor the automaticextraction of local, af nely invariantimage
regions,thesecaneasilybedescribedn anaf nely invariantway usingmomentinvariantg212]. Asin the
region nding stepsjnvariancebothunderaf ne geometricchangesandlinearphotometricchangeswith
differentoffsetsanddifferentscalefactorsfor eachof thethreecolor bandsjs considered.

For eachregion, a featurevector of momentinvarianceis composed.Thesecanbe comparedquite
efciently with the invariantvectorscomputedfor other regions, using a hashing-techniquelt canbe
interestingto take the region type (curved or straightedges?Extremaof which function?) into account
aswell. Oncethe correspondingegionshave beenidenti ed, the cross-correlatiobetweenthem (after
normalizatiorto a squareeferenceegion)is computedasa nal checkto rejectfalsematches.

4.3 Two view geometrycomputation

As wasseenin Section3.3.1,evenfor an arbitrary geometricstructure the projectionsof pointsin two
views containssomestructure. Findingbackthis structureis not only very interestingsinceit is equivalent
to the projective calibrationof the camerafor the two views, but alsoallows to simplify the searchfor
morematchessincethesehave to satisfythe epipolarconstraint.As will be seenfurtherit alsoallows to
eliminatemostof the outliersfrom the matches.

4.3.1 Eight-point algorithm

Thetwo view structurels equivalentto the fundamentamatrix. Sincethefundamentamatrix isa
matrix determinedup to anarbitraryscalefactor, 8 equationsarerequiredto obtaina uniquesolution. The
simplestway to computethe fundamentamatrix consistsof usingEquation(3.26). This equationcanbe
rewritten underthefollowing form:

(4.6)

with and a vector containingthe
elementof the fundamentamatrix . By stackingeight of theseequationdn a matrix  thefollowing
equationis obtained:

4.7)
This systennf equations easilysolvedby SingularValueDecompositiorfSVD) [58]. Applying SVD to
yieldsthedecomposition with and orthonormamatricesand adiagonalmatrix containing

the singularvalues. Thesesingularvalues arepositive andin decreasingrder Thereforein our case

is guaranteedo beidentically zero(8 equationdor 9 unknavns)andthusthelastcolumnof is the
correctsolution(at leastaslong asthe eightequationsarelinearly independentwhich is equivalentto all
othersingularvaluesbeingnon-zero).

It istrivial to reconstructhefundamentamatrix  fromthesolutionvector . However, in thepresence
of noise,this matrix will not satisfythe rank-2constraint.This meanghattherewill notberealepipoles
throughwhich all epipolarlines pass but thatthesewill be “smearedout” to a smallregion. A solution
to this problemis to obtain  asthe closestrank-2approximatiorof the solutioncomingout of the linear
equations.

4.3.2 Seven-point algorithm

In factthe two view structure(or the fundamentamatrix) only hasseven degreesof freedom. If oneis
preparedo solve non-linearequationsseven pointsmustthusbe sufcient to solve for it. In this casethe
rank-2constraintmustbe enforcedduringthe computations.

A similar approactasin the previoussectioncanbefollowedto characteriz¢heright null-spaceof the
systemof linearequationriginatingfrom the sevenpoint correspondencedhis spacecanbe parameter
izedasfollows or with  and beingthetwo lastcolumnsof  (obtainedhrough
SVD)and respectiely thecorrespondingnatrices.Therank-2constrainis thenwritten as

(4.8)
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whichis apolynomialof degree3in . Thiscansimply besolvedanalytically Therearealways1 or 3real
solutions.Thespecialcase (whichis notcoveredby this parameterization} easilychecledseparately
i.e. it shouldhave rank-2.If morethanonesolutionis obtainedthenmorepointsareneededo obtainthe
truefundamentamatrix.

4.3.3 Morepoints...

It is clearthatwhenmorepointmatchesreavailabletheredundang shouldbe usedto minimizethe effect
of thenoise.Theeight-pointalgorithmcaneasilybe extendedo be usedwith morepoints.In this casethe
matrix  of equatiord.7 will be muchbigger it will have onerow perpoint match. The solutioncanbe
obtainedn the sameway, but in this casethe lastsingularvaluewill notbe perfectlyequalto zero. It has
beenpointedout [66] thatin practiceit is very importantto normalizethe equations.This is for example
achieved by transformingthe imageto theinterval sothatall elementf the matrix
areof thesameorderof magnitude.

Eventhenthe errorthatis minimizedis analgebraicerror which hasnor real “physical” meaning. It
is always betterto minimize a geometricallymeaningfulcriterion. The error measurehatimmediately
comesto mind is the distancebetweerthe pointsandthe epipolarlines. Assumingthatthe noiseon every
featurepoint is independentzero-mearGaussiarwith the samesigmafor all points,the minimization of
thefollowing criterionyieldsa maximumlik elihoodsolution:

(4.9)

with the orthogonaldistancebetweerthepoint andtheline . This criterion canbe minimized
througha Levenbeg-Marquardalgorithm[156]. The resultsobtainedthroughlinearleast-squaresanbe
usedfor initialization.

4.3.4 Robustalgorithm

Themostimportantproblemwith the previousapproacheis thatthey cannot copewith outliers.If theset
of matcheds contaminatedvith evena small setof outliers,theresultwill probablybe unusableThisis
typical for all typesof least-squareapproachegevennon-linearones).The problemis thatthe quadratic
penalty (which is optimal for Gaussiamoise)allows a single outlier being very far apartfrom the true
solutionto completelybiasthe nal result.

The problemis thatit is very hardto segmentthe setof matchesn inliers andoutliersbeforehaving
the correctsolution. The outliers could have sucha disastrouseffect on the least-squareomputations
thatalmostno pointswould be classi ed asinliers (seeTorr [196] for a morein depthdiscussiorof this
problem).

A solutionto this problemwas proposedoy FischlerandBolles[48] (seealso[162] for moredetails
on robust statistics). Their algorithmis called RANSAC (RANdom SAmpling Consensusandit canbe
appliedto all kindsof problems.

Let ustake a subsetof the dataand computea solutionfrom it. If werearelucky andthereareno
outliersin our set,the solutionwill be correctandwe will be ableto correctlysegmentthe datain inliers
and outliers. Of course,we cannot rely on beinglucky. However, by repeatingthis procedurewith
randomlyselectedsubsetsin the endwe shouldendup with the correctsolution. The correctsolutionis
identi ed asthe solutionwith thelargestsupport(i.e. having thelargesthnumberof inliers).

Matchesare considerednliers if they arenot morethan pixels away from their epipolarlines,
with  characterizinghe amountof noiseon the positionof the features.n practice is hardto estimate
andonecouldjustsetit to 0.50r 1 pixel, for example.

The remainingquestionis of course’how mary sampleshouldbe taken?'. Ideally onecouldtry out
every possiblesubsetput this is usually computationallyinfeasible,so onetakesthe numberof samples

sufciently high to give a probability in excessof that a good subsamplevas selected. The
expressiorfor this probabilityis [162]

(4.10)
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5% 10% 20% 30% 40% 50% 60% 70% 80%
3 5 13 35 106 382 1827 13692 233963

Table4.2: The numberof 7-pointsamplesequiredto ensure for agivenfractionof outliers.

Stepl. Extractfeatures
Step2. Computea setof potentialmatches
Step3. While do

step3.1selectminimal sample(7 matches)
step3.2 computesolutionsfor F
step3.3determindnliers

step4. Re ne F basednall inliers
step5. Look for additionalmatches

step6. Re ne F basednall correctmatches

Table4.3: Overview of thetwo-view geometrycomputatioralgorithm.

where is thefractionof outliers,and the numberof featuresn eachsample.In the caseof thefunda-
mentalmatrix . Table4.2 givestherequirednumberof sampledor afew valuesof . Thealgorithm
caneasilydealwith upto outliers,abovethis therequirednumberof samplebecomewery high.

Oneapproachs to decidea priori which level of outlier contaminatiorthe algorithmshoulddealwith
andsetthe numberof samplesaccordingly(e.g.copingwith up to outliersimplies382samples).

Often a lower percentagef outliersis presentn the dataandthe correctsolutionwill alreadyhave
beenfound after muchfewer samples.Assumethat sample57 yields a solutionwith of consistent
matchesjn this caseone could decideto stop at sample106, being sure-at leastfor - not to have
missedary biggersetof inliers.

Oncethe setof matchesasbeencorrectlysegmentedn inliers andoutliers,the solutioncanbere ned
usingall theinliers. The procedureof Section4.3.3canbe usedfor this. Table4.3 summarizesherobust
approacho thedeterminatiorof thetwo-view geometry Oncetheepipolargeometryhasbeencomputedt
canbeusedto guidethe matchingtowardsadditionalmatchesAt this pointonly featureseingin epipolar
correspondencghouldbeconsideredor matching.For acornerin oneimage only thecornersof theother
imagethatarewithin a smallregion (1 or 2 pixels)aroundthe correspondingpipolarline, areconsidered
for matching. At this point theinitial coordinateinterval that wasusedfor matchingcanberelaxed. By
reducingthe numberof potentialmatchesthe ambiguityis reducedanda numberof additionalmatches
areobtained.Thesecannot only be usedto re ne thesolutionevenfurther, but will be very usefulfurther
onin solvingthe structurefrom motionproblemwhereit is importantthattrackedfeaturessurvive aslong
aspossiblein thesequence.

4.3.5 Degeneratecase

The computationof the two-view geometryrequiresthatthe matchesoriginatefrom a 3D sceneandthat
the motionis morethana purerotation. If the obsered sceneis planar the fundamentamatrix is only
determinedup to threedegreesof freedom. The sameis true whenthe cameramotionis a purerotation.
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In this lastcase-only having onecenterof projection-depthcannot be obsened. In the absencef noise
thedetectionof thesedegenerateasesvould notbetoo hard. Startingfrom real-andthusnoisy-data,the
problemis muchhardersincethe remainingdegreesof freedomin the equationsarethendeterminedcoy
noise.

A solutionto this problemhasbeenproposedy Torr etal. [197]. The methodswill try to t different
modelsto the dataand the one explaining the databestwill be selected. The approachis basedon an
extensionof Akaike's informationcriterion[1] proposedoy Kanatani[82]. It is outsidethe scopeof this
text to describethis methodinto details. Thereforeonly thekey ideawill brie y besketchedhere.

Different modelsare evaluated. In this casethe fundamentaimatrix (correspondingo a 3D scene
and morethana purerotation),a generalhomography(correspondindo a planarscene)anda rotation-
inducedhomographyarecomputed Selectinghe modelwith the smallestesidualwould alwaysyield the
mostgeneraimodel. Akaike's principle consistof taking into accountthe effect of the additionaldegrees
of freedom(which whennot neededy the structureof the dataendup tting the noise)on the expected
residual Thisboilsdown to addinga penaltyto theobsenedresidualsn functionof thenumberof degrees
of freedomof the model. This makesafair comparisorbetweerthedifferentmodelsfeasible.

4.4 Threeand four view geometrycomputation

It is possibleto determinethe threeor four view geometryin a similar way to the two view geometry
computatiorexplainedin the previoussection.More detailson theseconceptsanbefoundin Section3.3.
Sincethe pointssatisfyingthe threeor four view geometrycertainly mustsatisfythe two view geometry
it is often interestingto have a hierarchicalapproach.In this casethe two view geometryis estimated
rst from consecutie views. Thentriplet matchesareinferredby comparingtwo consecutie setsof pair-
matchesThesetripletsarethenusedin arobustapproactsimilarto the methodpresentedh Sectiord.3.4.
In this caseonly 6 tripletsof pointsareneededA similar approachs possiblefor the four view geometry

The methodto recover structureandmotion presentedn the next chapteronly relieson the two view
geometry Thereforetheinterestedeadelis referredto theliteraturefor moredetailson the directcompu-
tation of threeandfour view geometricrelations. Many authorsstudieddifferentapproacheso compute
multi view relations(e.g.[176, 65]). Torr and Zissermamn193] have proposeda robust approacho the
computatiorof thethreeview geometry Hartley [68] proposedh methodto computethe four view geom-
etry.
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Structur e and motion

In the previous chapterit was seenhow differentviews could be relatedto eachother In this chapter
therelationbetweerthe views andthe correspondencdsetweerthe featureswill be usedto retrieve the
structureof the sceneandthe motion of the camera.This problemis called Structue and Motion. In this
chapterthe structureandmotionwill only bedeterminedip to anarbitraryprojective transformationThe
guestionhow to restrictthis ambiguitywill beansweredn the chapteron self-calibration.

At rst two imagesare selectedand an initial reconstructiorframe is set-up. Thenthe poseof the
camerafor the otherviews is determinedn this frameandeachtime the initial reconstructions re ned
andextended.In this way the poseestimationof views that have no commonfeatureswith the reference
views alsobecomepossible.This approachwasinspiredby thework of Beardslg etal. [9]. Typically, a
view is only matchedwith its predecessdn the sequenceln mostcaseghisworks ne, butin somecases
(e.g-whenthe cameramovesbackandforth) it canbeinterestingo alsorelatea new view to a numberof
additionalviews. Oncethe structureand motion hasbeendeterminedor the whole sequencethe results
canbere ned to achieve the bestpossiblereconstruction.

5.1 Initial frame
Thetwo rst imagesof the sequencareusedto determinea referencerame. The world frameis aligned

with the rst camera. The secondcamerais chosenso that the epipolargeometrycorrespondgo the
retrieved (seeequation3.30).

(5.1)
where indicatesthe vector productwith . Equation5.1 is not completelydeterminedby the
epipolargeometry(i.e. and ), but has4 moredegreesof freedom(i.e. and ). determineshe

positionof thereferenceplane(i.e. the planeatin nity in anafne or metricframe)and determineshe
global scaleof thereconstructionThe parameter cansimply be putto oneor alternatvely the baseline
betweerthetwo initial views canbescaledo one.

Determiningsuitablevaluesfor is lessobvious. Although strictly speakingat this level only the
projective structurewill be recovered,several stepsare simpli ed if one canassumehat the projective
skew is nottoo large. In this casemeasurementi® spacecanat leastbe usedqualitatively. How this can
beachieredis explainedin the following section.

5.1.1 Initial projection matrices

Thismethodis adaptedrom themethodproposedn [9]. In ametricframe,valid choicesfor theprojection
matricesof a camerawith intrinsic parameters in successie positionsrelatedby rotationmatrix — and
translationvector are, seeequation3.7, and . To establisha
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guasi-metridrame, and  areset“close” to theform of and , usingapproximatevaluesfor
thecamerantrinsics  andtherotation

Theimagesshouldbe normalized . Equation(5.1) canbe lled in. In thiscase should
be chosensothat . Thisis achiezed by orthogonalprojectionof  onto
thesubspacef possible

Sincetwo consecutie views arein generalnot too far apart,often is a goodapproximation.

For mostof theintrinsicsa goodapproximations known beforehandi.e. principal pointin the centerof

theimage,aspectratio oneandno skew). This is not alwaysthe casefor the focal length. If no a priori

guesdor thefocal lengthis availabledifferentaretried out andthe onewith mostpointsreconstructedh

front of the camerais selected.If morevalueshave a similar amountof valid points,the smallestvalue
is taken. Although the frame obtainedas suchcanstill be far from the real metricframe, it is in general
sufcient to allow for the approacho succeedln factthis approachs basedon the conceptof cheirality
of Harley [62] or the orientedprojective geometryintroducedin computervision by Laveau[96]. How to

recoverthe quantitatve metric propertieof spacewill be explainedin thenext chapter

5.1.2 Initial structure

Oncethe two projectionmatriceshave beenfully determinedhe matchescanbe reconstructedhrough
triangulation.For eachpoint a correspondingdine of sightcanbe placedin space.ln theabsenc®f noise
theselines shouldintersectin the 3D points. In practice,however, theselineswill not perfectlyintersect
anda tradeoff shouldbe made. In a metric frameonewould take the point in the middle. In projectve
spacehowever, this conceptis notde ned.

In the uncalibrateccasethe only meaningfulminimizationscanbe carriedoutin theimageandnotin
spaceThereforethedistancebetweernthereprojecte@D pointandtheimagepointsshouldbeminimized:

(5.2)

It wasnotedby Hartley andSturm[67] thatthe only importantchoiceis to selectin which epipolarplane
the pointis reconstructedOncethis choiceis madeit is trivial to selectthe optimalpoint from the plane.
A bundle of epipolarplaneshasonly one parameter In this casethe dimensionof the problemis
reducedrom 3-dimensiongo 1-dimensionMinimizing thefollowing equationis thusequivalentto mini-
mizeequations.2.
(5.3)

with and the epipolarlines obtainedin functionof the parameter describingthe bundleof
epipolarplanes.It turnsout[67] thatthis equationis a polynomialof degree6 in . Theglobalminimum
of equationb.3 canthuseasilybe computed.

In both imagesthe point on the epipolarline and closestto the points  resp. is
selected Sincethesepointsarein epipolarcorrespondencieir linesof sightmeetin a 3D point.

This proceduras followedfor every matchthatwasobtainedbetweerthetwo rst images.Thisyields
aninitial 3D structure.In thenext sectionwe will seehow this allows usto placeall the otherviewsin the
framede ned by thetwo rst views.

5.2 Adding aview

The previous sectiondealtwith obtaininganinitial reconstructiorfrom two views. This sectiondiscusses
how to add a view to an existing reconstruction. First the poseof the camerais determinedthenthe
structureis updatedbasedn theaddedview and nally new pointsareinitialized.

5.2.1 projective poseestimation

For every additionalview the posetowardsthe pre-eisting reconstructioris determinedthentherecon-
structionis updated Thisisillustratedin Figure5.1. The rst stepconsistof nding theepipolargeometry
asdescribedn Section4.3. Thenthe matchesvhich correspondo alreadyreconstructegbointsareused
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Figure5.1: Image matdes( ) are foundasdescribecbefore. Sincetheimage points, , relate

to objectpoints, ,theposefor view canbecomputedromtheinferred mattes( ).
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Figureb5.2: (a) a priori seach rangg, (b) seach range alongtheepipolarline and(c) seach range around
the predictedpositionof the point.

to computethe projectionmatrix . Thisis doneusinga robustproceduresimilar to the onelaid outin

Table4.3. In this casea minimal sampleof 6 matchess neededo compute . Once  hasbeendeter
minedthe projectionof alreadyreconstructegointscanbe predicted.Thisallowsto nd someadditional
matchego re ne theestimatiorof . This meanghatthe searctspacds graduallyreducedrom thefull

imageto theepipolarline to the predictedprojectionof the point. Thisis illustratedin Figure5.2.

5.2.2 Rening structure

Thestructureis re ned usinganlteratedExtendedKalmanFilter for eachpoint. Thenotation is usedto
indicateaquantity inview ,and toindicateaestimatiorbasedntheobsenationsuptoview . The
obsenationequationis:

e (5.4)
where and aretheimagecoordinateof the obsenedfeature, istheobsened3D pointand is

zero-mearGaussiamoise(uncorrelatecbvertheimages).  is the th row of the projectionmatrix
Theupdateequationdor statevectorandcovariancematrix are

(5.5)
(5.6)
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wherethe Kalmangain matrix, innovationvector andinnovationcovarianceare
(5.7)
(5.8)
(5.9)

respectiely, and is the covariancematrix for the obsenedimagepoints . The Jacobian of the
non-linearobsenationequations.4is evaluatedat

(5.10)

whose -th elements
_ (5.11)

Within an IEKF, the updatecycle in equations.5and5.6is repeatedor a numberof iterationswith
evaluatedatthe currentvalueof  oneachiteration.Beardslg etal [9] proposed iterations.

If a3D pointis hotobsenedthepositionis notupdatedn this caseonecancheckif thepointwasseen
in a sufcient numberof views to bekeptin the nal reconstructionThis minimumnumberof views can
for examplebeputto three.This avoidsto have animportantnumberof outliersdueto spuriousmatches.

5.2.3 Initialize new structure

Of coursein animagesequencsomenew featureswill appeaiin every new image. If point matchesare
availablethatwerenotrelatedto anexisting pointin thestructurethenanew pointcanbeinitialized asin
section5.1.2.

After this procedurénasbeernrepeatedor all theimagespnedispose®f camergosedor all theviews
andthereconstructiorof theinterestpoints. In the furthermodulesmainly the camerecalibrationis used.
Thereconstructioritself is usedto obtainanestimateof the disparityrangefor the densestereomatching.

5.3 Relating to other views

Theproceduredo addaview describedn theprevioussectiononly relategheimageto the previousimage.
In factit is implicitly assumedhatoncea point getsout of sight, it will not comeback. Althoughthisis
truefor mary sequenceshisassumptionsloesnotalwayshold. Assumehataspeci ¢ 3D pointgotout of
sight, but thatit is visible againin thelasttwo views. In this casea new 3D pointwill beinstantiatedThis
will notimmediatelycauseproblems but sincefor the systemthesetwo 3D pointsareunrelatednothing
enforcegheir positionto correspond.

This is especiallycrucial for longer image sequencesvherethe errorsaccumulate. It resultsin a
degradedcalibrationor evencauseshefailure of thealgorithmaftera certainnumberof views.

A possiblesolutionconsistf relatingevery new view with all previousviews usingthe procedureof
Section4.3. It is clearthat this would requirea considerableomputationakffort. We proposea more
pragmaticapproachThis approactworkedwell in the casesve encounteredseeSection8.3).

Let betheinitial estimateof the camergposeobtainedasdescribedn the previoussection.A cri-
terionis thenusedto de ne which views are closeto the actualview. All thesecloseviews arematched
with the actualview (asdescribedn Section4.3). For every closeview a setof potential2D-3D corre-
spondencess obtained. Thesesetsaremergedandthe camergprojectionmatrix  is reestimatedising
thesamerobustprocedureasdescribedn the previoussection.Figure5.3illustratesthis approach.

We applieda very simplecriterionto decideif viewswerecloseor not. It workedwell for theapplica-
tionswe hadin mind, but it could easilybere ned if needed.The position of the camerais extracted
from  andthedistance to all the othercamerapositionsis computed.Closeviews are selectedas
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Figure5.3: Sequentiabpproadc (left) and extendedapproad (right). In the traditional schemeview 8
wouldbe mathedwith view 7 and9 only. A point which wouldbevisiblein views2,3,4,7,8,9,12,1and
14 would therefore resultin 3 independentlyeconstructegoints. With the extendedapproach only one
pointwill beinstantiated.lt is clearthatthisresultsin a higheraccuracyfor thereconstructegbointwhile
it alsodramaticallyreduceghe accumulatiorof calibration errors.

Figure 5.4: Imageof the sphee sequencdleft) and resultof calibrationstep(right). The camerasare
representedy little pyramids.Imageswhich werematchedogetherareconnectedvith ablackline.

views for which . Note thatstrictly speakingsuchmeasurds meaninglessn projective
space put sincea quasi-metridnitialization wascarriedout andsinceonly local qualitatve comparisons
aremadethe obtainedresultsaregood.

Example

Figure5.4 shavs oneof theimagesof the sphee sequencandthe recoveredcameracalibrationtogether
with thetracked points. This calibrationcanthenbe usedto generate plenopticrepresentatiofrom the
recordedmages(seeSection8.3). Figure5.5shavs all theimagesn which each3D pointis tracked. The
pointsarein the orderthatthey wereinstantiated.This explainsthe uppertriangularstructure.lt is clear
thatfor thesequentiabpproachevenif somepointscanbetrackedasfaras30imagesmostareonly seen
in a few consecutie images. From the resultsfor the extendedapproactsereral things can be noticed.
The proposednethodis clearly effective in therecovery of pointswhich werenot seenin the lastimages,
therebyavoiding unnecessarinstantiationof new points(thesystenonly instantiated®170pointsinstead
of 3792points). Thebandstructureof theappearanceatrix for the sequentiahpproachasbeenreplaced
by a denseupperdiagonalstructure.Somepointswhich wereseenin the rst imagesarestill seenin the
last one (more than 60 imagesfurther down the sequence).The meshstructurein the uppertriangular
partre ects the periodicity in the motion during acquisition. On the average,a pointis tracked over 9.1
imagesinsteadof 4.8 imageswith the standardapproach.Comparisorwith ground-truthdatashavs that
the calibrationaccurag wasimprovedfrom 2.31%o0f the meanobjectdistanceo 1.41%by extendingthe
standardstructureandmotiontechniqueby scanningheviewpoint surfaceasdescribedn this section.
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Figure5.5: Statisticsof the sphee sequence.This gure indicatesin which imagesa 3D pointis seen.
Points(vertical) versusimages(horizontal). The resultsareillustratedfor both the sequentiabpproach
(left) astheextendedapproacHright) areillustrated.

5.4 Re ning structur e and motion

Oncethe structureand motion hasbeenobtainedfor the whole sequenceit is recommendedo re ne it
througha global minimizationstep. A maximumlik elihood estimationcan be obtainedthroughbundle
adjustmen{21, 179. Thegoalisto nd the projectionmatrices  andthe 3D points  for which the
meansquareddistancesetweenthe obsernedimagepoints  andthe reprojectedmagepoints s
minimized.For viewsand pointsthefollowing criterionshouldbe minimized:

(5.12)

where is the Euclideanimagedistance. If the imageerroris zero-meanGaussiarthen bundle
adjustmenis the Maximum Likelihood Estimator Althoughit canbe expressedrery simply, this mini-

mizationproblemis huge. For a typical sequenc®f 20 views and 2000 points,a minimizationproblem
in morethan6000variableshasto be solved. A straight-forvard computationis obviously not feasible.
However, the specialstructureof the problemcanbeexploitedto solve the problemmuchmoreef ciently .

Beforegoingmoreinto detailon ef ciently solvingthebundleadjustmenttheLevenbeg-Marquardinin-

imization is presented.Basedone this an ef cient methodfor bundle adjustmentwill be proposedn

Section5.4.2.

5.4.1 Levenberg-Marquardt minimization

Givenavectorrelation where and canhave differentdimensionsandanobsenation , we
wantto nd thevector which bestsatis esthe givenrelation. More precisely we arelooking for the
vector satisfying for which is minimal.

Newton iteration Newton's approachstartsfrom an initial value  andre nes this value using the
assumptiorthat islocally linear A rst orderapproximatiorof yields:

(5.13)
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Figure5.6: Sparsestructureof Jacobiarfor bundleadjustment.

with theJacobiamatrixand asmalldisplacementUndertheseassumptionsinimizing
canbesolvedthroughlinearleast-squaresA simplederivationyields

(5.14)

Thisequations calledthenormalequation.Thesolutionto theproblemis foundby startingfrom aninitial
solutionandre ning it basedn successie iterations

(5.15)

with the solution of the normal equation5.14 evaluatedat . One hopesthat this algorithm will
corvergeto the desiredsolution,but it couldalsoendup in alocal minimumor not corvergeatall. This
dependsalot ontheinitial value

Levenberg-Marquardt iteration The levenbeg-Marquardtiterationis a variation on the Newton it-

eration. The normal equations are augmentedo where
with  theKroneclerdelta.
Thevalue is initialized to a small value, e.g. . If thevalueobtainedfor  reducegheerror,

the incrementis acceptedand is divided by 10 beforethe next iteration. On the other hand,if the
error increaseshen is multiplied by 10 and the augmentechormal equationsare solved again, until
anincrementis obtainedthat reduceghe error. This is boundto happensincefor alarge the method
approachea steepestiescent.

5.4.2 Bundle adjustment

The obsened points  being x ed, a speci c residual is only dependenbn the
point -th pointandthe -th projectionmatrix. This resultsin a very sparsematrix for the Jacobian.This
is illustratedin gure 5.6for 3 views and4 points. Becausef the block structureof the Jacobiarsolving
thenormalequations have astructureasseenin gure 5.7.1t is possibleto write down explicit
formulasfor eachblock. Let us rst introducethefollowing notation:

S (5.16)
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Figure5.7: Block structureof normalequations.
_— (5.17)
_ — (5.18)
— (5.19)
— (5.20)
with — and—— matricescontainingthe partialderivativesfrom thecoordinate®f  totheparameters
of and respectiely. In this casethe normalequationsanberewrittenas
(5.21)
wherethe matrices and arecomposeaf the blocksde ned previously.
Assuming isinvertiblebothsidesof equations.21 multiplied on theleft with
to obtain
(5.22)
This canbe separatedh two groupsof equationsThe rst oneis
(5.23)
andcanbeusedto solve for . Thesolutioncanbe substitutedn the othergroupof equations:
(5.24)

Notethatdueto the sparseblock structureof  its inversecanbe computedvery ef ciently .
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Stepl. Initialize the structureandmotionrecovery

stepl.1. Extractthefeaturedrom thetwo rst images.

stepl.2. Relatethesetwo views by nding cornermatchesand computingthe
two view geometry

stepl.3. Setuptheinitial frame.
stepl.4. Reconstructheinitial structure.

Step?2. For every additionalview

step2.1. Extractthefeatures

step2.2. Relatethis view with the previousoneby nding cornermatchesand
computingthe two view geometry

step2.3. Computethe posefor the currentview usinga robustalgorithm.
step2.4. Re ne theexisting structurepoints.
step2.5. (optional)For all precedingviews which are“close”

2.5.1. Relatethis view with the currentview by nding cornermatchesand
computingthetwo view geometry

2.5.2.Infer new matchedromthecurrentview to theexisting structurebased
onthe computednatchesandaddtheseto thelist usedin step2.3.

Re ne theposefor the currentview usingall the matches.
step2.6. Initialize new structurepoints.

Step3. Re ne thecomputedstructureandmotionthroughbundleadjustment.

Table5.1: Overview of the structureandmotionalgorithm.

The only computationallyexpensve step consistof solving equation5.23. This is however much
smallerthantheoriginal problem.For 20 views and2000pointsthe problemis reducedrom solving 6000
unknowvnsconcurrentljto moreor less200unknowvns. To simplify thenotationghenormalequationsvere
usedin this presentationlt is however simpleto extendthis to the augmentechormalequations.

5.5 Conclusion

In this sectionan overview of the algorithmto retrieve structureandmotionfrom a sequencef imagesis
given. Firsta projective frameis initialized from thetwo rst views. The projective cameramatricesare
chosensothatthey satisfythe computedfundamentamatrix. The matchedcornersarereconstructego
thataninitial structureis obtained. The otherviews in the sequencearerelatedto the existing structure
by matchingthemwith their predecessorOncethis is donethe structureis updated.Existing pointsare
re ned andnew pointsareinitialized. Whenthe cameranotionimpliesthat pointscontinuouslydisappear
andreappeait is interestingto relateanimageto other“close” views. Oncethe structureandmotionhas
beenretrieved for the whole sequencethe resultscanbe re ned throughbundle adjustment.The whole
procedurds resumedn Table5.1.
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Chapter 6

Self-calibration

The reconstructiorobtainedas describedn the previous chaptersis only determinedup to an arbitrary
projective transformation.This might be sufcient for someroboticsor inspectionapplicationsbut cer
tainly notfor visualization.Thereforewe needa methodto upgradehereconstructiorio ametricone(i.e.
determinedup to anarbitraryEuclideantransformatioranda scalefactor).

In generalthreetypesof constraintscanbe appliedto achieve this: sceneconstraintscameramotion
constraintsand constraintson the cameraintrinsics. All of thesehave beentried separatelyor in con-
junction. In the caseof a hand-heldcameraandan unknavn sceneonly the lasttype of constraintscan
be used. Reducingthe ambiguity on the reconstructiorby imposingrestrictionson the intrinsic camera
parameterss termedself-calibmation (in the areaof computervision). In recentyearsmary researchers
have beenworking on this subject. Mostly self-calibrationalgorithmsare concernedvith unknovn but
constanintrinsic camergparametergseefor exampleFaugera®tal. [45], Hartley [62], PollefeysandVan
Gool[146, 148 134, HeydenandAstrom[70] andTriggs[199]). Recentlytheproblemof self-calibration
in thecaseof varyingintrinsic camergparametersvasalsostudied(seePollefeysetal. [145, 135 131 and
HeydenandAstrom[71, 74]).

Many researcherproposedspeci ¢ self-calibrationalgorithmsfor restrictedmotions(i.e. combining
cameramotion constraintsand cameraintrinsics constraints). In several casest turnsout that simpler
algorithmscanbe obtained.However, the priceto payis thatthe ambiguitycanoften not be restrictedto
metric. Someinterestingapproachewereproposedy Moonsetal. [117] for puretranslationHartley [64]
for purerotationsandby Armstrongetal. [3] (seealso[41]) for planarmotion.

Recentlysomemethodswere proposedto combineself-calibrationwith sceneconstraints. A spe-
ci ¢ combinationwas proposedn [147] to resole a casewith minimal information. Bondyfalat and
Bougnoux[13] proposeda methodof eliminationto imposethe sceneconstraints.Liebowitz andZisser
man[100] on the otherhandformulateboth the sceneconstraintsand the self-calibrationconstraintsas
constrainton the absoluteconic sothata combinedapproachs achieved.

Anotherimportantaspecbf theself-calibratiorproblemis the problemof critical motionsequencedn
somecaseghe motion of the cameras not generalenoughto allow for self-calibrationandanambiguity
remainson the reconstruction.A rst completeanalysisfor constantcameraparametersvas given by
Sturm[185]. Othershave alsoworkedonthe subject(e.g. Pollefeys[131], Ma etal. [106] andKahl [80]).

6.1 Calibration

In this sectionsomeexisting calibrationapproachearebrie y discussedThesecanbebasednEuclidean
or metricknowledgeaboutthe scenethe cameraor its motion. Oneapproactconsistsof rst computing
a projective reconstructiorandthenupgradingit a posteriorito a metric (or Euclidean)reconstructiorby
imposingsomeconstraintsThetraditionalapproachehoweverimmediatelygofor ametric(or Euclidean)
reconstruction.

51
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6.1.1 Sceneknowledge

The knowledgeof (relative) distancer anglesin the scenecanbe usedto obtaininformationaboutthe
metric structure.Oneof the easiesmeando calibratethe sceneat a metric level is the knowledgeof the
relative positionof 5 or morepointsin generaposition. Assumethepoints  arethemetriccoordinate®f
theprojectively reconstructeghoints , thenthetransformation whichupgradeshereconstructiorfrom
projective to metriccanbe obtainedrom thefollowing equations

or (6.1)

which canbe rewritten aslinearequationsdy eliminating . Boufamaet al. [14] investigatechow some
Euclideanconstraintould beimposedon anuncalibratedeconstructionThe constraintghey dealtwith
areknown 3D points, pointson a groundplane,vertical alignmentandknown distancedetweenpoints.
BondyfalatandBougnoux[13] recentlyproposeda methodin which the constraintsare rst processedby
ageometricreasoningystemsothata minimal representatioof the scends obtained.Theseconstraints
canbe incidence parallelismandorthogonality This minimal representatiois thenfed to a constrained
bundleadjustment.

Thetraditionalapproacttakenby photogrammetristf20, 56, 179 57] consistsof immediatelyimpos-
ing the positionof known control pointsduringreconstructionThesemethodsusebundleadjustmenf21]
which is a global minimization of the reprojectionerror. This can be expressedhroughthe following
criterion:

(6.2)

where isthesetof indicescorrespondingo the pointsseenin view and describesheprojection
of apoint with camera takingall distortionsinto account.Notethat is known for control points
andunknown for otherpoints. It is clearthat this approachresultsin a hugeminimization problemand
that, evenif the specialstructureof the Jacobiaris takeninto account(in a similar way aswasexplained
in Section5.4.2,it is computationallywery expensve.

Calibration object In thecaseof a calibrationobject,the parametersf the cameraareestimatedusing
an objectwith known geometry The known calibrationcanthenbe usedto obtainimmediatelymetric
reconstructions.

Many approachesxist for this type of calibration. Most of thesemethodsconsistof a two step
procedurewherea calibrationis obtained rst for a simpli ed (linear) modelandthena more comple
model,takingdistortionsinto accountjs tted to the measurementslhe differencebetweerthe methods
mainly lies in the type of calibrationobjectthatis expected(e.g.planaror not) or the compleity of the
cameramodelthatis used. Someexisting techniquesare Faugerasand Toscani[40], Weng, Cohenand
Herniou[215], Tsai[202, 203 (seealsotheimplementatiorby Willson [219]) andLenzandTsai[98].

6.1.2 Cameraknowledge

Knowledgeaboutthecameracanalsobeusedo restricttheambiguityonthereconstructiorfirom projective
to metric or evenbeyond. Differentparameter®f the cameracanbe known. Both knowledgeaboutthe
extrinsic parametersi.e. positionandorientation)astheintrinsic parametersanbe usedfor calibration.

Extrinsic parameters Knowing therelative positionof the viewpointsis equivalentto knowing therel-
ative positionof 3D points. Thereforethe relative position of 5 viewpointsin generalposition sufces
to obtaina metric reconstruction.This is the principle behindthe omni-rig [175] recentlyproposedby
Shashuda similar but morerestrictedapplicationwasdescribedn Pollefeys etal. [150, 149).

It is lessobviousto dealwith the orientationparametersgxceptwhentheintrinsic parameterarealso
known (seebelow).
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Intrinsic parameters If theintrinsiccamergarameterareknownit is possibleto obtainametricrecon-
struction.E.g. this calibrationcanbe obtainedthroughoff-line calibrationwith a calibrationobject.In the
minimal caseof 2 views and5 pointsmultiple solutionscanexist [46], but in generala uniquesolutionis
easilyfound. Traditionalstructurefrom motionalgorithmsassumeknown intrinsic parameterandobtain
metricreconstructionsutof it (e.g.[101, 201, 6, 27, 181, 189).

Intrinsic and extrinsic parameters Whenbothintrinsicandextrinsic camergparameterareknown, the
full camergrojectionmatrixis determinedln thiscasea Euclidearreconstructiofis obtainedmmediately
by back-projectinghe points.

In the caseof known relative positionandorientationof the camerasthe rst view canbealignedwith
the world frame without loss of generality If only the (relative) orientationandthe intrinsic parameters
areknown, the rst partof thecamergorojectionmatricess known andit is still possibleto linearly
obtainthetransformatiorwhich upgradeshe projective reconstructiorio metric.

6.2 Self-calibration

In this sectionsomeimportantsconceptdor self-calibrationareintroduced.Thesearethenusedto brie y
describesomeof the existing self-calibratiormethods.

6.2.1 A counting argument

To restrictthe projectve ambiguity (15 degreesof freedom)to a metric one (3 degreesof freedomfor
rotation, 3 for translationand 1 for scale),at least8 constraintsare needed. This thus determineghe
minimum length of a sequencdrom which self-calibrationcan be obtained,dependingon the type of
constraintsvhich areavailablefor eachview. Knowinganintrinsic camergparametefor views gives
constraints,xing oneyieldsonly constraints.

Of coursethis countingargumentis only valid if all theconstraintsareindependentln this context critical
motionsequenceareof specialimportancgseeSection6.2.5).

Thereforethe absenceof skew (1 constraintper view) shouldin generalbe enoughto allow self-
calibrationon a sequenceof 8 or more images(this was shavn in [144, 74, 131)). If in additionthe
aspectatiois known (e.g. ) then4 views shouldbe sufcient. Whenthe principalpointis known
aswell apair of imagess sufcient.

6.2.2 Geometricinterpretation constraints

In this sectiona geometridnterpretatiorof a camergprojectionmatrix is given. It is seenthatconstraints
ontheinternalcamergparametersaneasilybe givena geometridnterpretatiorin space.

A camergrojectionplanede nesasetof threeplanes.The rst oneis parallelto theimageandgoes
throughthe centerof projection. This planecanbe obtainedby back-projectingheline atin nity of the
image(i.e. ). Thetwo othersrespectiely correspondo the back-projectiorof theimage - and

-axis(i.e. and resp.).A line canbe back-projectedhroughequation(3.9):

(6.3)

Let uslook attherelative orientationof theseplanes.Thereforetherotationandtranslationcanbeleft out
withoutlossof generality(i.e. acameracenteredepresentatiois used).Let usthende ne thevectors
and asthe rst threecoefcients of theseplanes.Thisthenyieldsthefollowing threevectors:

(6.4)
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Thevectorscoincidingwith thedirectionof the andthe axiscanbeobtainedby intersection®f these
planes:

and (6.5)

Thefollowing dot productscannow betaken:
and (6.6)
Equation(6.6) provesthat the constraintfor rectangulampixels (i.e. ), andzerocoordinatedor the
principal point (i.e. and ) canall be expressedn termsof orthogonalitybetweervectors

in space.Note furtherthatit is possibleto pre-warpthe imagesothata known skew® or known principal
point parametersoincidewith zero.Similarly a known focal lengthor aspectatio canbe scalecdto one.

The AC is alsopossibleto give a geometricinterpretatiorto a known focal lengthor aspectatio. Put
aplaneparallelwith theimageat distance from the centerof projection(i.e. in cameracentered
coordinates)In this casea horizontalmotionin theimageof  pixelswill move theintersectiorpoint of
theline of sightoveradistance . In otherwordsaknown focal lengthis equivalentto knowing thatthe
lengthof two (typically orthogonal)vectorsare equal. If the aspectratio is de ned asthe ratio between
the horizontaland vertical sidesof a pixel (which makesit independentf ), a similar interpretationis
possible.

6.2.3 The imageof the absoluteconic

One of the mostimportantconceptdor self-calibrationis the AbsoluteConic (AC) andits projectionin

theimages(IAC) 2. Sinceit is invariantunderEuclideantransformationsits relative positionto a moving

camerds constantFor constanintrinsic camergparametergts imagewill thereforealsobeconstantThis
is similar to someonevho hasthe impressiorthatthe moonis following him whendriving on a straight
road. Notethatthe AC is moregeneral pecausét is notonly invariantto translationsout alsoto arbitrary
rotations.

It canbe seenas a calibration objectwhich is naturally presentin all the scenes.Oncethe AC is
localized,it canbe usedto upgradethe reconstructiorto metric. It is, however, not alwaysso simpleto
nd theAC in thereconstructedpaceln somecasest is not possibleto make the differencebetweerthe
true AC andothercandidatesThis problemwill bediscussedh the Section6.2.5.

In practicethe simplestway to representhe AC is throughthe Dual AbsoluteQuadric(DAQ). In this
caseboththe AC andits supportingplane theplaneatin nity , areexpressedhroughonegeometricentity.
Therelationshipbetweerthe AC andthe IA C is easilyobtainedusingthe projectionequatiorfor the DAQ:

(6.7)

with  representinghedualof thelAC, theDAQand theprojectionmatrix for view . Figure6.1

illustratestheseconcepts. For a Euclideanrepresentatiorof the world the cameraprojection matrices

canbe factorizedas: - (with an uppertriangularmatrix containingthe intrinsic

cameraparameters, representinghe orientationand the position)andthe DAQ canbe written as
. Substitutingthis in Equation(6.7),oneobtains:

(6.8)

This equationis very usefulbecausé immediatelyrelatestheintrinsic camergparameterso the DIAC.

In the caseof a projective representationf the world the DAQ will not beatits standargposition,but
will have the following form: with  beingthe transformationfrom the metric to the
projective representationBut, sincethe imageswereobtainedin a Euclideanworld, theimages  still
satisfyEquation(6.8).If  isretrieved,it is possibleto upgradethe geometryfrom projective to metric.

1In this casethe skew shouldbe given asan anglein theimageplane. If the aspectratio is alsoknown, this correspondso an
anglein theretinalplane(e.g. CCD-array).
2SeeSection2.3.3for details.
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G

Figure6.1: Theabsoluteconic (locatedin theplaneat in nity) andits projectionin theimages

Figure6.2: TheKruppaequationgmposethat theimage of the absoluteconic satis esthe epipolar con-
straint. In bothimagesthe epipolarlines correspondingo thetwo planesthrough and tangentto
mustbetangentto theimages and

ThelAC canalsobetransferredrom oneimageto anotherthroughthe homographyof its supporting
plane(i.e.the planeatin nity):

or (6.9)

It is alsopossibleto restrictthis constrainto the epipolargeometry In this caseoneobtainsthe Kruppa
equationg93] (seeFigure6.2):

(6.10)

with thefundamentaiatrixfor views and and thecorrespondingpipole.In thiscaseonly 2 (in

steadof 5) independenéquationcanbe obtained222]. In factrestrictingthe self-calibrationconstraints
to the epipolargeometnyis equivalentto the eliminationof the positionof in nity from theequationsThe

resultis thatsomearti cial degeneraciearecreatedsee[183)).

6.2.4 Self-calibration methods

In this sectionsomeself-calibrationapproachearebrie y discussedCombiningEquation(6.7)and(6.8)
oneobtainsthefollowing equation:
(6.11)
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critical motiontype ambiguity

puretranslation afne transformatio(5DOF)

purerotatior? arbitrarypositionfor planeatin nity (3DOF)
orbital motion projective distortionalongrotationaxis (2DOF)
planarmotion scalingaxisperpendiculato plane(1DOF)

Table6.1: Critical motionsequencefr constanintrinsic parameters

Severalmethodsarebasednthisequation.For constantntrinsic parameter3riggs[199] proposedo min-
imize the deviation from Equation(6.11). A similar approachwasproposedy Heydenand Astrom [70].
Pollefeys and Van Gool [148] proposeda relatedapproachbasedon the transferequation(i.e. Equa-
tion (6.9)) ratherthanthe projectionequation. Thesedifferentapproachegrevery similar aswasshavn
in [148]. Themore e xible self-calibratiormethodwhich allows varyingintrinsiccamergparametergl 35|
is alsobasedn Equation(6.11).

The rst self-calibrationmethodwasproposediy Faugerast al. [45] basedon the Kruppaequations
(Equation(6.10)). The approachvasimproved over the years[104, 222. An interestingfeatureof this
self-calibrationtechniques that no consistenprojective reconstructiormustbe available, only pairwise
epipolarcalibration. This canbe very usefulis somecaseswvhereit is hardto relateall the imagesinto
a single projective frame. The price paid for this advantageis that 3 of the 5 absoluteconic transfer
equationsare usedto eliminatethe dependencen the position of the planeat in nity . This explains
why this methodperformspoorly comparedo otherswhena consistenprojectie reconstructiorcanbe
obtained(see[134)).

Whenthe homographyof the planeat in nity is known, then Equation(6.9) canbe reducedto
a setof linearequationsn the coefcients of or  (thiswasproposeddy Hartley [62]). Severalself-
calibrationapproachesely on this possibility Somemethodsollow a strati ed approachandobtainthe
homographiesf theplaneatin nity by rst reachinganafne calibrationbasedanapuretranslationsee
Moonsetal.[117]) or usingthemodulusconstrain{seePollefeysetal.[134]). Othermethodsarebasedn
purerotations(seeHartley [64] for constanintrinsic parameterandde Agapitoetal. [29] for azooming
camera).

6.2.5 Critical motion sequences

Onenoticedvery soonthat not all motion sequencearesuitedfor self-calibration. Someohvious cases
arethe restrictedmotionsdescribedn the previous section(i.e. puretranslation purerotationandplanar
motion). However thereare more motion sequencesvhich do not leadto uniquesolutionsfor the self-
calibrationproblem.This meanghatat leasttwo reconstructionarepossiblewhich satisfyall constraints
on the cameraparameterdor all the imagesof the sequenceand which are not relatedby a similarity
transformation.

Several researchersealizedthis problemand mentionedsomespeci ¢ casesor did a partial analy-
sis of the problem[199, 222, 151]. Sturm[185, 186 provided a completecatalogueof critical motion
sequence$CMS) for constantintrinsic parameters Additionally, he identi ed speci ¢ degeneracie$or
somealgorithms[183].

Howeverit is very importantto noticethatthe classe®f CMS thatexist dependbn the constraintghat
areenforcedduring self-calibration. The extremesbeingall parameter&nown, in which casealmostno
degeneraciesxist, and,no constraintsatall, in which caseall motionsequencearecritical.

Intable6.1and6.2themostimportantcritical motionsequencefor self-calibratiorusingtheconstraint
of constantbut unknownn- intrinsicsrespectiely intrinsicsknown up to a freely moving focal lengthare
listed. More detailscanbe foundin [131]. For self-calibrationto be successfult is importantthat the
globalmotion over the sequencés generalenoughsothatit is not containedn ary of the critical motion
seguencelasses.

3In this caseevena projective reconstructions impossiblesinceall thelinesof sightof a pointcoincide.
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critical motiontype ambiguity

purerotatiorf arbitrarypositionfor planeatin nity (3DOF)
forwardmotion projective distortionalongoptical axis (2DOF)
translationand scalingopticalaxis (LDOF)

rotationaboutoptical axis
hyperbolicand/orelliptic motion oneextra solution

Table6.2: Critical motionsequence®r varyingfocal length

Figure6.3: Structureandmotionbefore (top) andafter (bottom)self-calibration.

6.3 Flexible self-calibration

In theprevioussectionseveralself-calibratiormethodsverebrie y presentedin this sectionwe will work
outa e xible self-calibrationapproachthis methodwasproposedn [144], seealso[135] or [131]). This
methodcandealwith varyingintrinsiccamergparametersThisis importantsinceit allowstheuseof zoom
andauto-focusavailableon mostcameras.

The only assumptiorwhich is strictly neededoy the methodis that pixels are rectangular(seefor a
proof [144, 131]). In practicehowever it is interestingto make moreassumptionsin mary casegixels
are squareandthe principal point is locatedcloseto the centerof the image. Our systemsrst usesa
linear methodto obtainan approximatecalibration. This calibrationis thenre ned througha non-linear
optimizationstepin asecondphase.

In Figure6.3theretrievedstructureandmotionis shavn before(top) andafter(bottom)self-calibration.
Notethatmetric propertiessuchasorthogonalityandparallelismcanbe obsenedafterself-calibration.

6.3.1 Linear approach

To obtainalinearalgorithmbasedn equation(6.7)linearconstrainton thedualimageabsoluteconicare
needed.The problemis that the constraintsare givenin termsof intrinsic cameraparametersvhich are

4No reconstructiompossible.
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squaredn

(6.12)

However, aknown principal pointyieldstwo independentinearconstrainton . If theprincipal pointis
known thena known skew alsoresultsin alinearconstrain{i.e. by transformingheimagesothatthe skew
vanishes)If thesethreeconstraintareavailable,thena known focal lengthor aspectatio alsoresultsin
a linear constraint. Evenif someof theseconstraintsare only roughly satis ed this canbe sufcient to
provide a suitableinitialization for the nonlineammethod.

The setof constraintawvhich s typically usedfor initialization consistsof all intrinsicsknown but the
focal length. The constraintave imposesimplify equation(6.7) asfollows:

(6.13)

with anexplicit scalefactor Fromtheleft-handsideof equation(6.13)it canbe seerthatthefollowing
equationhave to besatis ed:

(6.14)
(6.15)
(6.16)
with representinghe elementonrow andcolumn of . Notethatdueto symmetry (6.15)
and (6.16) resultin identical equations. Theseconstraintscan thus be imposedon the right-handside,
yielding independenlinearconstraintsn for everyimage:
with representingow  of and  parameterize@sin (6.13). The rank 3 constraintcan be

imposedby taking the closestrank 3 approximation(using SVD for example). This approactholdsfor
sequencesf 3 or moreimages.

The specialcaseof 2 imagescanalsobe dealtwith, but with a slightly differentapproachWhenonly
two views areavailablethesolutionis only determinedip to a oneparametefamily of solutions
Imposingtherank3 constrainin this caseshouldbe donethroughthe determinant:

(6.17)

This resultsin up to 4 possiblesolutions. The constraintthat the squarecparametershouldbe positive
canbe usedto eliminatesomeof thesesolutions.If morethanonesolutionpersistsaadditionalconstraints
shouldbeused.Thesecancomefrom knowledgeaboutthe camerge.g.constanfocallength)or aboutthe
scenge.g.known angle).

Thelinearapproactsuffersfrom anadditionalcritical motionsequenceThis is causedy thefactthat
the planarity of the DAQ is only imposeda posteriori(closestrank 3 approximation).If a pointis kept
x edatthecenterof theimage,all spheresrealor virtual- centeredaroundthatpointwill satisfythelinear
constraints.
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6.3.2 Non-linear approach

Equation(6.7) canbe usedto obtainthe metric calibrationfrom the projective one. The dualimageabso-
lute conics  shouldbe parameterizeéh sucha way thatthey enforcethe constraintson the calibration
parameterskor theabsolutedualquadric  aminimumparameterizatio(8 parameters3houldbe used.
This canbe doneby putting andby calculating from therank 3 constraint. The following
parameterizatiosatis estheserequirements:

(6.18)
Here  de nesthepositionof theplaneatin nity . In this casethe transformatiorfrom
projectiveto metricis particularlysimple:

(6.19)

An approximatesolutionto theseequation€anbeobtainedhroughnon-lineateastsquaresThefollowing

criterionshouldbe minimized(with — meaningthat is normalizedo a Frobenius-nornof
one):
(6.20)
If onechooses , equation(6.7) canberewritten asfollows:
with (6.21)

andthefollowing criterionis obtained:
(6.22)

In thisway 5 of the 8 parametersf theabsoluteconicareeliminatedat once which simpli es corvergence
issues.On the otherhandthis formulationimplies a biastowardsthe rst view sinceusingthis parame-
terizationthe equationdor the rst view are perfectly satis ed, whereaghe noisehasto be spreadover
the equationgor the otherviews. In the experimentsit will be seenthat this is not suitablefor longer
sequencewherein this casethe presentedundanyg cannot beusedoptimally. Thereforeit is proposedo
rst usethesimpli ed criterionof equation(6.22)andthento re ne theresultswith the unbiasectriterion
of equation(6.20).

To applythis self-calibratiormethodto standardzooming/focusingamerassomeassumptionshould
be made. It cansafely be assumedhat the pixels are rectangular Oftenthey are squaresand for most
cameraghe principal point canbe assumedaloseto the centerof theimage. This leadsto the following
parameterizationfor  (transformtheimagesto have in themiddle):

or (6.23)

Theseparameterizationsanbe usedin (6.20).

6.3.3 Maximum Lik elihood approach

Thecalibrationresultscouldbere ned evenmorethrougha MaximumLik elihoodapproachTraditionally
several assumptiongre madein this case. It is assumedhatthe erroris only dueto mislocalizationof
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the imagefeatures. Additionally, this error shouldbe uniformly andnormally distributecP. This means
thatthe proposedcameramodelis supposedo be perfectlysatis ed. In thesecircumstancethe maximum

likelihoodestimationcorrespondso the solutionof aleast-squaregroblem.In this casea criterionof the

type of equation(6.2) shouldbe minimized:

— — (6.24)

where is the setof indices correspondingo the points seenin view and
- . In thisequation  shouldbe parameterizedo that the self-calibrationconstraintsare
satis ed. Themodelcouldalsobe extendedwith parametersor radialdistortion.

An interestingextensionof thisapproactwould beto introducesomeuncertaintyontheappliedcamera
modelandself-calibratiorconstraintsinsteadf having hardconstraint®ntheintrinsiccamergarameters
imposedthroughthe parameterizationgne could imposesoft constraintson theseparametershrougha
trade-of duringthe minimizationprocessThiswould yield a criterionof thefollowing form:

(6.25)
with  aregularizationfactorand representingheconstraint®ntheintrinsiccamergarameters,
e.g. (known aspecratio), (known principal point) or (constanfocal

length). Thevaluesof thefactors  dependon how stronglythe constraintsshouldbe enforced.

6.4 Conclusion

In this chapterwe discussedow to restrictthe projective ambiguity of the reconstructiorto metric (i.e.
Euclideanup to scale). After a brief discussiorof traditional calibrationapproachesye focussedn the
problemof self-calibration.The generakonceptsvereintroducedandthe mostimportantmethodsbrie y

presented.Thena e xible self-calibrationapproachthat can deal with focusing/zoomingcamerasvas
workedoutin detail.

5Thisis arealisticassumptiorsinceoutliersshouldhave beenremored at this stageof the processing.



Chapter 7

Densedepth estimation

With the cameracalibrationgiven for all viewpointsof the sequencewe canproceedwith methodsde-
velopedfor calibratedstructurefrom motion algorithms. The featuretrackingalgorithmalreadydelivers
a sparsesurfacemodelbasedon distinct featurepoints. This however is not sufcient to reconstrucge-
ometricallycorrectandvisually pleasingsurfacemodels. This taskis accomplishedy a densedisparity
matchingthatestimatesorrespondencdsom the grey level imagesdirectly by exploiting additionalgeo-
metricalconstraints.

This chapteiis organizedasfollows. In a rst sectionanapproacho solve thestandardtereamatching
problemis presentedThe next sectionon recti cation discusse®iow ary pair of imagescanbewarpedto
thestandardstereacon guration. Finally amulti-view approachhatallowsto integratetheresultsobtained
from severalpairsis presented.

7.1 Stereomatching

Stereomatchingis a problemthat hasbeenstudiedover several decadesn computervision and mary
researcherbave worked at solvingit. The proposedapproachesanbe broadly classi ed into feature-
andcorrelation-basedpproachef37]. Someimportantfeaturebasedapproachesvereproposedy Marr
andPoggio[107], Grimson[55], Pollard,MayhemandFrisby[130] (all relaxationbasedmethods)Gim-
mel'Farb[53] andBaker andBinford [7] andOhtaandKanade{126] (usingdynamicprogramming).
Successfutorrelationbasedapproachesvere for example proposedoy Okutomi and Kanade[127]

or Cox etal.[26]. The latterwasrecentlyre ned by Koch [86] andFalkenhager{38, 39]. It is this last
algorithmthatwill be presentedn this section.Anotherapproacthasedon optical o w wasproposedy
Proesmanstal. [159].

7.1.1 Exploiting sceneconstraints

Theepipolarconstraintrestrictsthe searctrangefor a correspondingpoint  in oneimageto the epipolar
line in theotherimage.It imposesnorestrictionsontheobjectgeometryotherthatthereconstructedbject
point laysontheline of sight from the projectioncenterof andthroughthe correspondingpoint

asseenin Figure7.1(left). ThesearcHor thecorrespondingoint s restrictedo theepipolarline but
no restrictionsareimposedalongthe searcHine.

If we now think of the epipolarconstraintas being a planespanneddy the line of sight andthe
baselineconnectinghe camergprojectioncentersthenwe will nd the epipolarline by intersectingthe
imageplane with this epipolarplane.

This planealsointersectghe imageplane andit cutsa 3D pro le out of the surfaceof the scene
objects.Thepro le projectsontothe correspondingepipolarlinesin  and whereit formsanordered
setof neighboringcorrespondenceasindicatedin Figure7.1 (right).

For well behared surfacesthis orderingis presered and deliversan additionalconstraintknown as
‘ordering constraint'. Sceneconstraintdik e this canbe appliedby makingweakassumptiongboutthe

61
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Figure7.1: Objectpro le triangulationfrom orderecheighboringcorrespondencdteft). Recti cationand
correspondenceetweerviewpoints and (right).

objectgeometry In mary real applicationsthe obsened objectswill be opaqueand composedout of
piecevise continuoussurfaces.If this restrictionholdsthenadditionalconstraintcanbe imposedon the
correspondencestimation. Koschan[92 listed as mary as 12 different constraintsfor correspondence
estimationin steregpairs. Of them,the mostimportantapartfrom the epipolarconstraintare:

1. Ordering Constraint: For opaquesurfacesthe order of neighboringcorrespondencesn the cor
respondingepipolarlinesis alwayspresered. This orderingallows the constructionof a dynamic
programmingchemavhichis employedby mary densealisparityestimatioralgorithmg53, 26, 39].

2. Uniquenes<onstraint:The correspondenclketweerary two correspondingpointsis bidirectional
aslong asthereis no occlusionin one of the images. A correspondenceector pointing from an
imagepointto its correspondingpointin the otherimagealwayshasa correspondingeversevector
pointingback. This testis usedto detectoutliersandocclusions.

3. DisparityLimit: Thesearctbhandis restrictedalongtheepipolarline becaus¢heobsenedscenehas
only alimited depthrange(seeFigure7.1,right).

4. Disparity continuity constraint: The disparitiesof the correspondencegary mostly continuously
and stepedgesoccuronly at surfacediscontinuities. This constraintrelatesto the assumptiorof
piecavisecontinuoussurfaces It providesmeango furtherrestrictthesearchrange.For neighboring
imagepixels alongthe epipolarline onecanevenimposean upperboundon the possibledisparity
change Disparity changes&bove theboundindicatea surfacediscontinuity

All abore mentionedconstraintoperatealongthe epipolarlines which may have an arbitrary orien-
tationin theimageplanes.The matchingproceduras greatlysimpli ed if theimagepair is recti ed to a
standardyeometry How this canbe achievedfor anarbitraryimagepair is explainedin the Section7.2.2.
In standardjeometnbothimageplanesarecoplanamandtheepipolesareprojectedoin nity . Therecti ed
imageplanesareorientedsuchthatthe epipolarlinescoincidewith theimagescanlines. This corresponds
to a cameratranslatedn the directionof the -axisof theimage. An exampleis shovnin gure 7.2. In
this casetheimagedisplacementbetweerthe two imagesor disparitiesarepurely horizontal.

7.1.2 Constrained matching

For densecorrespondencmatchinga disparity estimatorbasedon the dynamicprogrammingschemeof
Cox et al. [26], is employed that incorporateghe abose mentionedconstraints. It operateson recti ed
imagepairswherethe epipolarlines coincidewith imagescanlines. The matchersearchesit eachpixel
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Figure7.2: Standardsterecsetup

in image for maximumnormalizedcrosscorrelationin by shifting a small measurementvindow
(kernelsize 5x5 or 7x7) alongthe correspondingscanline. The selectedsearchstepsize (usually
1 pixel) determineghe searchresolutionandthe minimum andmaximumdisparity valuesdeterminethe
searchregion. Thisis illustratedin Figure7.3.

Matchingambiguitiesareresoledby exploiting the orderingconstraintin the dynamicprogramming
approach86]. The algorithmwasfurtheradaptedo employ extendedneighborhoodelationshipsanda
pyramidal estimationschemeto reliably dealwith very large disparityrangesof over 50% of theimage
size[39]. Theestimatds storedin a disparitymap with oneof thefollowing values:

—avalid correspondence ,
—anundetectedearcHailurewhichleadsto anoutlier,
—adetectedsearctfailurewith no correspondence.

A con dencevalueis kept togetherwith the correspondencthat tells if a correspondences valid
and how goodit is. The con denceis derived from the local imagevarianceand the maximumcross
correlation[90. To furtherreducemeasuremerdutliersthe uniquenessonstrainis employedby estimat-
ing correspondencédsdirectionally . Only theconsistentorrespondencasith

arekeptasvalid correspondences.

7.2 Image pair recti cation

Thestereamatchingproblemcanbesolvedmuchmoreef ciently if imagesarerecti ed. Thisstepconsists
of transformingthe imagesso that the epipolarlines are alignedhorizontally In this casestereomatch-
ing algorithmscan easily take advantageof the epipolarconstraintand reducethe searchspaceto one
dimension(i.e. correspondingows of therecti ed images).

Thetraditionalrecti cation schemeonsistof transformingheimageplanessothatthecorresponding
spaceplanesarecoinciding[5]. Thereexist mary variantsof this traditionalapproache.g.[5, 42, 128
227), it wasevenimplementedn hardware[25]. This approactfails whenthe epipolesarelocatedin the
imagessincethiswould have to resultsin in nitely largeimages Evenwhenthisis notthe casetheimage
canstill becomevery large(i.e. if theepipoleis closeto theimage).

Roy etal. [163] proposeda methodto avoid this problem,but their approactis relatively complex and
shavssomeproblems RecentlyPollefeysetal. [136] proposedisimplemethodwhich guaranteeminimal
imagesizeandworksfor all possiblecon guration. This methodwill bepresentedn detailfurtheron, but

rst thestandarcplanarrecti cation is brie y discussed.
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Figure7.3: Cross-correlatioffior two correspondingpipolarlines (light meanshigh cross-correlation)A
dynamicprogrammingapproachs usedto estimatehe optimal path.
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Figure7.4: Planarrecti cation: aretherecti ed imagesfor the pair (theplane  should
be parallelto the baseline ).

7.2.1 Planar recti cation

The standardrecti cation approachs relatively simple. It consistsof selectinga planeparallelwith the
baseline.The two imagearethenreprojectednto this plane. This is illustratedin Figure7.4. Thesenen

imagessatisfythe standardstereosetup. The differentmethodsfor recti cation mainly differ in how the
remainingdegreef freedomarechosenln thecalibratedcaseonecanchoosahedistancdrom theplane
to thebaselinesothatno pixelsarecompresseduringthewarpingfrom theimageso therecti ed images
andthe normalon the planecanbe choserin the middle of the two epipolarplanescontainingthe optical
axes.In theuncalibrateadtasethechoiceis lessobvious. Severalapproachewereproposede.g.[42, 227).

7.2.2 Polar recti cation

Herewe presenta simplealgorithmfor recti cation which candealwith all possiblecamerageometries.
Only the orientedfundamentamatrix is required.All transformationgredonein theimages.Theimage
sizeis assmallascanbeachievedwithoutcompressingpartsof theimages.Thisis achiezedby preserving
thelengthof the epipolarlinesandby determininghe width independentlyor every half epipolarline.

For traditionalsterecapplicationghe limitations of standardecti cation algorithmsarenot soimpor-
tant. Themaincomponenbf cameradisplacemenis parallelto theimagesfor classicakterecsetups.The
limited vergencekeepsthe epipolesfar from theimages. New approachei uncalibratedstructureand
motion as presentedn this text however make it possibleto retrieve 3D modelsof scenesacquiredwith
hand-heldcamerasin this caseforward motion canno longerbe excluded. Especiallywhena streetor a
similar kind of scenes considered.

Epipolar geometry

The epipolargeometrydescribeghe relationsthat exist betweentwo images. The epipolargeometryis
describedy thefollowing equation:

(7.1)

where and arehomogeneourepresentationsf correspondingmagepointsand is thefundamental
matrix. This matrix hasrank two, the right andleft null-spacecorrespondo the epipoles and which
arecommonto all epipolarlines. The epipolarline correspondingo a point is givenby with

meaningequalityup to a non-zeroscalefactor(a strictly positive scalefactorwhenorientedgeometryis
used seefurther).
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Figure7.5: Epipolargeometrywith theepipolesn theimages.Notethatthematchingambiguityis reduced
to half epipolarlines.

Epipolar line transfer Thetransferof correspondingpipolarlinesis describedy thefollowing equa-

tions:
or (7.2)

with  ahomographyfor anarbitraryplane.As seenin [103] avalid homographyanbe obtainedmme-
diatelyfrom thefundamentamatrix:

(7.3)
with arandomvectorfor which det sothat isinvertible. If onedispose®f camergorojection
matricesanalternatve homographys easilyobtainedas:

(7.4)

where indicatesthe Moore-Penrospseuddnverse.

Orienting epipolar lines Theepipolarlinescanbe orientedsuchthatthe matchingambiguityis reduced
to half epipolarlinesinsteadof full epipolarlines. Thisis importantwhentheepipoleis in theimage.This
factwasignoredin theapproactof Roy etal. [163].

Figure 7.5 illustratesthis concept. Pointslocatedin the right halves of the epipolarplaneswill be
projectedon theright partof theimageplanesanddependingn the orientationof the imagein this plane
thiswill correspondo theright or to theleft partof the epipolarlines. Theseconceptareexplainedmore
in detailin thework of Laveau[95] on orientedprojective geometry(seealso[61]).

In practicethis orientationcanbe obtainedasfollows. Besideghe epipolargeometryonepoint match
is needed(note that 7 or more matcheswere neededanyway to determinethe epipolargeometry). An
orientedepipolarline separatetheimageplaneinto a positve anda negative region:

with (7.5)

Note that in this casethe ambiguityon s restrictedto a strictly positive scalefactor For a pair of
matchingpoints both and shouldhave the samesign. Since is obtainedfrom
throughequation(7.2), this allows to determinethe signof . Oncethis sign hasbeendeterminedhe
epipolarline transferis oriented.We take the corventionthatthe positive sideof the epipolarline hasthe
positive region of theimageto its right. Thisis clari ed in Figure7.6.
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Figure7.7:theextremeepipolarlinescaneasilybedeterminediependingn thelocationof theepipolein
oneof the9 regions. Theimagecornersaregivenby

Recti cation method

Thekey ideaof our new recti cation methodconsistof reparameterizintheimagewith polarcoordinates
(aroundthe epipoles).Sincethe ambiguitycanbereducedo half epipolarlinesonly positive longitudinal
coordinatedhave to betakeninto account.The correspondindnalf epipolarlines aredeterminedhrough
equation(7.2) taking orientationinto account.

The rst stepconsistof determininghecommorregionfor bothimages.Then,startingfrom oneof the
extremeepipolarlines,therecti ed imageis built upline by line. If theepipoleis in theimageanarbitrary
epipolarline canbe chosenas startingpoint. In this caseboundaryeffectscanbe avoided by addingan
overlapof the sizeof the matchingwindow of the sterecalgorithm(i.e. usemorethan360degrees).The
distancebetweerconsecutie epipolarlinesis determinedndependentlyor every half epipolariine sothat
no pixel compressiomccurs.This non-linearwarpingallows to obtainthe minimal achiezableimagesize
withoutlosingimageinformation.

Thedifferentstepsof this methodsaredescribednorein detailin thefollowing paragraphs.

Determining the commonregion Beforedeterminingthe commonepipolarlinesthe extremalepipolar
lines for a singleimage shouldbe determined. Theseare the epipolarlines that touch the outerimage
corners.Thedifferentregionsfor the positionof theepipolearegivenin Figure7.7. The extremalepipolar
linesalwayspassthroughcornersof theimage(e.g.if theepipole isinregionl theareabetween and
). Theextremeepipolarlinesfrom thesecondmagecanbe obtainedthroughthe sameprocedure They
shouldthenbetransferedo the rst image.Thecommonregionis theneasilydeterminedsin Figure7.8

Determining the distancebetweenepipolar lines To avoid losing pixel informationthe areaof every
pixel shouldbe at leastpreseredwhentransformedo therecti ed image. Theworstcasepixel is always
locatedon the imageborderoppositeto the epipole. A simpleprocedurgo computethis stepis depicted
in Figure7.9. Thesameprocedurecanbe carriedout in the otherimage.In this casethe obtainedepipolar
line shouldbetransferredackto the rst image.The minimumof bothdisplacementis carriedout.

Constructing the recti ed image Therecti ed imagesarebuilt up row by row. Eachrow corresponds
to a certainangularsector The length alongthe epipolarline is presered. Figure 7.10clari es these
concepts.The coordinatef every epipolarline aresasedin alist for laterreferencd(i.e. transformation
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Figure 7.8: Determinationof the commonregion. The extremeepipolarlines are usedto determinethe
maximumangle.
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Figure 7.9: Determiningthe minimum distancebetweentwo consecutie epipolarlines. On the left a
whole imageis shown, on the right a magni cation of the areaaroundpoint is given. To avoid pixel
lossthedistance shouldbe at leastonepixel. This minimal distancds easilyobtainedby usingthe
congruencefthetriangles  and . Thenew point is easilyobtainedrom thepreviousby moving

— pixels(down in this case).

backto original images). The distanceof the rst andthe last pixels arerememberedor every epipolar
line. Thisinformationallows a simpleinversetransformatiorthroughthe constructedook-uptable.

Note that an upperboundfor the imagesizeis easily obtained. The heightis boundby the contour
of theimage . The width is boundby the diagonal . Note thattheimagesize
is uniquelydeterminedvith our procedureandthatit is the minimumthatcanbe achieved without pixel
compression.

Transferring information back Informationabouta speci c pointin the originalimagecanbeobtained
asfollows. The informationfor the correspondingepipolarline canbe looked up from the table. The
distanceo the epipoleshouldbe computedandsubtractedrom thedistancedor the rst pixel of theimage
row. Theimagevaluescaneasilybeinterpolatedor higheraccurag.

To warp backa completeimagea moreef cient procedurethana pixel-by-pixel warpingcanbe de-
signed.Theimagecanbereconstructedadially (i.e. radarlike). All the pixelsbetweerntwo epipolarlines
canthenbe lled in at oncefrom the informationthatis availablefor theseepipolarlines. This avoids

T at Omax
e X \dmax [
i L
y r
Omin e : : ‘ ‘ Omin
Tmax Tmin

Figure7.10: Theimageis transformedrom (x,y)-spacdo (r, )-spaceNotethatthe -axisis non-uniform
sothatevery epipolarline hasanoptimalwidth (this width is determinedverthetwo images).
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Figure7.11:Imagepair from anArenbeg castlein Leuvenscene.

Figure7.12: Recti ed imagepairfor bothmethodsstandardhomographypasednethod(top), nev method
(bottom).

multiple look-upsin thetable.More detailson digital imagewarpingcanbefoundin [221].

7.2.3 Examples

As anexamplearecti ed imagepair from the Arenbeg castleis shavn for boththe standardecti cation
andthenew approachFigure7.11shavstheoriginalimagepairandFigure7.12shovstherecti ed image
pair for bothmethods.

A secondexampleshows thatthemethodworks properlywhenthe epipoleis in theimage.Figure7.13
shavs thetwo originalimageswhile Figure7.14shows thetwo recti ed images.In this casethe standard
recti cation procedurecannotdeliverrecti ed images.

A stereomatchingalgorithmwas usedon this image pair to computethe disparities. The raw and
interpolateddisparitymapscanbeseenin Figure7.15.Figure7.16shovsthedepthmapthatwasobtained.
Notefrom thesemageshatthereis animportantdepthuncertaintyaroundthe epipole.In facttheepipole
forms a singularity for the depthestimation. In the depthmap of Figure 7.16 an artifact can be seen
aroundthe positionof the epipole.Theextendis muchlongerin onespeci c directiondueto the matching
ambiguityin this direction(seethe originalimageor the middle-rightpartof therecti ed image).



70 CHAPTER7. DENSEDEPTHESTIMATION

Figure7.13: Imagepair of the authors deska few daysheforea deadline. The epipoleis indicatedby a
white dot (top-rightof 'Y" in 'V OLLEYBALL").

7.3 Multi-view stereo

The pairwisedisparity estimationallows to computeimageto imagecorrespondencedsetweenadjacent
recti ed imagepairs,andindependentepthestimategor eachcameraviewpoint. An optimaljoint esti-
matewill be achieved by fusing all independenestimatesnto a common3D model. The fusion canbe
performedin an economicalway throughcontrolledcorrespondencknking asdescribedn this section.
The approachutilizes a e xible multi-viewpoint schemeby combiningthe advantagesf small baseline
andwide baselinestereo.

As small baselinestereo we de ne viewpointswherethe baselines muchsmallerthanthe obsened
averagesceneadepth.This con gurationis usuallyvalid for imagesequenceseretheimagesaretakenas
aspatialsequencéom mary slightly varyingview-points. Theadvantageg+) anddisadwantageg-) are

+ easycorrespondencestimation sincethe views aresimilar,

+ smallregionsof viewpointrelatedocclusions,

—smalltriangulationangle ,hencedargedepthuncertainty

Thewide baselinestereoin contrastis usedmostlywith still imagephotograph®f a scenevherefew
imagesaretakenfrom avery differentviewpoint. Herethe depthresolutionis superiorbut correspondence
andocclusionproblemsappear:

—hardcorrespondencestimation sincethe views arenot similar,

—largeregionsof viewpointrelatedocclusions,

+ big triangulationangle,hencehigh depthaccurag.

The multi-viewpoint linking combinesthe virtues of both approaches.In additionit will produce
densedepthmapsthaneitherof the othertechniquesandallows additionalfeaturedor depthandtexture
fusion. Advantagesre:

+ very densedepthmapsfor eachviewpoint,

+ noviewpointdependenbcclusions,

+ highestdepthresolutionthroughviewpoint fusion,

+ textureenhancemer(meantexture, highlightremoval, supefresolutiontexture).

7.3.1 Correspondencd.inking Algorithm

The correspondenckinking is describedn this section. It concatenatesorrespondingmagepointsover
multiple viewpoints by correspondencteacking over adjacentimagepairs. This of courseimplies that
the individually measuregair matchesare accurate. To accountfor outliersin pair matchessomero-
bust control strat@iesneedto be employedto checkthe validity of the correspondenckinking. Consider

animagesequenceaken from viewpoints. Assumethat the sequencés taken by a camera
moving sidevayswhile keepingthe objectin view. For ary view point let usconsiderthe imagetriple
. Theimagepairs( , Jyand( , ) form two stereoscopiémagepairswith cor-

respondencestimatesasdescribedabore. We have now de ned 3 representationsf imageandcamera
matricesfor eachviewpoint: the originalimage andprojectionmatrix , their transformedversions

1As view point relatedocclusionswe considerthosepartsof the objectthat are visible in oneimageonly, dueto objectself-
occlusion.
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Figure7.14: Recti ed pair of imagesof thedesk. It canbeveri ed visually thatcorrespondingpointsare
locatedon correspondingmagerows. Theright sideof theimagescorrespondso theepipole.

recti ed towardsview point with transformation andthetransformed
recti ed towardsviewpoint with mapping . The Disparitymap holdsthe downward
correspondencesom to while the map containsthe upward correspondencesom

to . We cannow createtwo chainsof correspondencknks for animagepoint , oneup and
onedown theimageindex

Upwardslinking:
Downwardslinking:

Thislinking processs repeatedlongtheimagesequencéo createachainof correspondencagpwards
and downwards. Every correspondencénk requires2 mappingsand 1 disparity lookup. Throughout
the sequencef N images, disparitymapsare computed. The multi-viewpoint linking is then
performedef ciently via fastlookupfunctionsonthe pre-computeestimates.

Due to therecti cation mappingtransformedmagepoint will normally not fall on integer pixel co-
ordinatesin therecti ed image. The lookup of animagedisparityin the disparitymapD will therefore
requireaninterpolationfunction. Sincedisparitymapsfor piecavise continuoussurfaceshave a spatially
low frequeng content,abilinearinterpolationbetweermixelssufces.

Occlusionsand visibility

In atriangulationsensomith two viewpoints and two typesof occlusionoccur If partsof theobjectare
hiddenin bothviewpointsdueto objectself-occlusionthenwe speakof object occlusionswhich cannotbe
resohedfrom thisviewpoint. If asurfaceregionis visiblein viewpoint butnotin , we spealof ashadov
occlusion Theregionshave a shadev-like appearancef unde neddisparityvaluessincethe occlusions
atview castashadav ontheobjectasseenfrom view . Shadaev occlusionsarein factdetectedy the
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Figure7.15: Raw andinterpolatedisparityestimategor thefarimageof the deskimagepair.

Figure7.16: Depthmapfor thefarimageof the deskimagepair.

uniguenesgonstraintdiscussedn section7.1. A solutionto avoid shadev occlusionsis to incorporate
a symmetricalmulti-viewpoint matcherasproposedn this contribution. Pointsthatare shadevedin the
(right) view arenormally visible in the (left) view andvice versa. The exploitation of up-
anddown-links will resohe for mostof the shadev occlusions.A helpful measuren this context is the
visibility V thatde nes for a pixel in view the maximumnumberof possiblecorrespondences the
sequence. is causedy a shadav occlusion, allows adepthestimate.

Depth estimationand outlier detection

Caremustbe takento excludeinvalid disparity valuesor outliersfrom the chain. If aninvalid disparity
valueis encounteredhechainis terminatedmmediately Outliersaredetectedy controllingthestatistics
of the depthestimatecomputedirom the correspondencesnliers will updatethe depthestimateusinga
1-D Kalman lter .

Depth and uncertainty Assumea 3D surfacepoint thatis projectedonto its correspondingmage
points . Theinverseprocessholdsfor triangulating from the correspondingpoint
pair . We canin factexploit the calibratedcamerageometryandexpressthe 3D point  asa depth
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Figure 7.17: Depthfusion and uncertaintyreductionfrom correspondencénking (left). Detectionof
correspondencautliersby depthinterval testing(right).

value alongtheknownline of sight  thatextendsfrom thecamergrojectioncenterthroughtheimage
correspondence . Triangulationcomputeshedepthasthelengthof ~ connectinghecamerarojection
centerandthe locusof minimum distancebetweenthe correspondindines of sight. The triangulationis
computedor eachimagepoint andstoredin a densedepthmapassociatedvith the viewpoint.

The depthfor eachreferencemagepoint  is improved by the correspondencknking thatdelivers
two lists of imagecorrespondenceeglative to thereferencepnelinking down from andonelinking
up from . For eachvalid correspondingpoint pair we cantriangulatea consistentdepth
estimate along with  representinghe depthuncertainty Figure 7.17(left) visualizesthe
decreasinguncertaintyinterval during linking. While the disparity measurementesolution in the
imageis keptconstan{at 1 pixel), thereprojectedleptherror  decreasewith thebaseline.

Outlier detectionand inlier fusion As measurementoisewe assume contaminatedsaussiardistri-
bution with amainpeakwithin asmallinterval (of 1 pixel) anda small percentagef outliers. Inlier noise
is causeddy the limited resolutionof the disparitymatcherandby theinterpolationartifacts. Outliersare
undetectectorrespondenctailuresand may be arbitrarily large. As thresholdto detectthe outlierswe
utilize the depthuncertaintyinterval . The detectionof anoutlierat terminateghelinking at

All depthvalues areinlier depthvaluesthatfall within the uncertaintyinterval around
the meandepthestimate.They arefusedby a simple 1-D kalman lter to obtainan optimal meandepth
estimate.

Figure7.17(right)explainsthe outlier selectionandlink terminationfor the up-link. The outlier detec-
tion schemads not optimalsinceit relieson the positionof the outlierin the chain. Valid correspondences
behindtheoutlierarenotconsiderecgnymore.It will, however, alwaysbeasgoodasa singleestimateand
in generakuperiorto it. In addition,sincewe processidirectionallyup- anddown-link, we alwayshave
two correspondencehainsto fusewhich allows for oneoutlier perchain.

7.3.2 Someresults

In this sectionthe performancef thealgorithmis testedonthetwo outdoorsequence€astleandFountain

Castlesequence The Castlesequenceonsistof imagesof 720x576pixel resolutiontakenwith a stan-
dard semi-professionatamcordeithat was movedfreely in front of a building. The quantitatve perfor
manceof correspondenchinking canbetestedin differentways. Onemeasurelreadymentioneds the
visibility of anobjectpoint. In connectiorwith correspondencknking, we have de ned visibility — as
thenumberof viewslinkedto thereferencesiew. Anotherimportantfeatureof thealgorithmis the density
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Figure7.18: Statisticsof the castlesequenceln uence of sequencéength  onvisibility — andrelative
deptherror . (left) In uence of minimum visibility on Il rate anddeptherror for
(center). Depthmap (above: dark=nearlight=far) and error map (below: dark=lage error, light=small
error)for and (right).

andaccurag of the depthmaps.To describéts improvementover the 2-view estimatoywe de ne the |l
rate andtheaveragerelative deptherror asadditionalmeasures.

Visibility :  averagenumberof views linkedto thereferencemage.
: Numberof valid pixels
Fill Rate Total numberof pixels
Depth error :  standardeviation of relative deptherror  for all valid pixels.
The 2-view disparity estimatoris a specialcaseof the proposedinking algorithm, henceboth can
be comparedn an equalbasis. The 2-view estimatoroperateson the imagepair only, while
the multi-view estimatoroperate®n a sequence with . Theabore de ned statistical

measuresrerecomputedor differentsequencéengthsN. Figure7.18displaysvisibility andrelatve depth
errorfor sequencefrom 2 to 15 images,chosersymmetricallyaroundthe referencémage. The average
visibility  shawvsthatfor upto 5 imagesnearlyall views areutilized. For 15imagesataveraged images
arelinked. Theamountof linking is re ectedin therelative deptherrorthatdropsfrom 5%in the 2 view

estimatorto aboutl.2%for 15images.

Linking two views is the minimum casethat allows triangulation. To increasethe reliability of the
estimatesa surfacepoint shouldoccurin morethantwo images. We canthereforeimposea minimum
visibility on a depthestimate. This will rejectunreliabledepthestimatesffectively, but will also
reducethe Il rateof thedepthmap.

The graphsin gure 7.18(centershown the dependeng of the Il rate and deptherror on minimum
visibility for N=11. The Il ratedropsfrom 92% to about70%, but at the sametime the deptherror is
reducedo 0.5%dueto outlier rejection. The depthmapandthe relative error distribution over the depth
mapis displayedn Figure7.18(right). Theerrordistribution shonvs a periodicstructurethatin factre ects
the quantizationuncertaintyof the disparity resolutionwhenit switchesfrom one disparity valueto the
next.

Fountain sequence TheFountainsequenceonsistof 5 imagesof thebackwall of the UpperAgoraat
thearchaeologicasite of Sagalassoim Turkey, takenwith adigital camerawith 573x764pixel resolution.
It shaws aconcaity in which oncea statuewassituated.

The performancecharacteristicare displayedin thetable 7.1. The Il rateis high andthe relative
erroris ratherlow becausef afairly wide baselinebetweernviews. Thisis re ectedin the high geometric
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N[view]
2 2 89.8728| 0.294403
3 2.85478 | 96.7405| 0.208367
5 4.23782 | 96.4774| 0.121955

Table7.1: Statisticsof thefountainsequencéor visibility , Il rate anddeptherror

quality of depththe mapandthe reconstruction.Figure 7.19 shows from left to right imagesl and3 of
the sequencethe depthmapascomputedwith the 2-view estimatoy andthe depthmapwhenusingall 5
images.The white (unde ned)regionsin the 2-view depthmaparedueto shadaev occlusionswhich are
almostcompletelyremovedin the 5-view depthmap.Thisis re ectedin the Il ratethatincrease$rom 89
to 96%. It shouldbe notedthatfor this sequence very large searchrangeof 400 pixelswasused,which
is over 70% of theimagewidth. Despitethis large searcirangeonly few matchingerrorsoccurred.

7.4 Conclusion

In this chaptemwe presenteé schemehatcomputesienseandaccuratelepthmapsbasednthesequence
linking of pairwiseestimateddisparitymaps. First a matchingalgorithmwaspresentedvhich computes
correspondingpointsfor animagepairin standardstereacon guration. Thenit wasexplainedhow images
canberecti ed sothatary pairof imagescanbebroughtto this con guration. Finally amulti-view linking
approactwaspresenteavhichallowsto combinetheresultsto obtainmoreaccurateanddenselepthmaps.
The performanceanalysisshaved that very densedepthmapswith Il ratesof over 90 % anda relative
deptherrorof 0.1%canbemeasuredavith off-the-shelfcameragvenin unrestrictedutdoorervironments
suchasanarchaeologicatite.
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Figure7.19: Firstandlastimageof fountainsequencéleft). Depthmapsfrom the 2-view andthe 5-view
estimator(from left to right) shaving thevery densedepthmaps(right).



Chapter 8

Modeling

In thepreviouschaptersve have seerhow theinformationneededo build a 3D modelcouldautomatically
be obtainedfrom images. This chapterexplainshow this informationcanbe combinedto build realistic
representationgf the scenelt is not only possibleto generatea surfacemodelor volumetricmodeleasily
but all the necessarynformationis availableto build plenopticmodelsor even constructan augmented
reality system.Thesedifferentcaseaill now bediscussedn moredetail.

8.1 Surfacemodel

The 3D surfaceis approximatecdby a triangularmeshto reducegeometriccompleity andto tailor the
model to the requirementf computergraphicsvisualizationsystems. A simple approachconsistsof
overlayinga 2D triangularmeshon top of theimageandthenbuild a correspondin@D meshby placing
the verticesof the trianglesin 3D spaceaccordingto the valuesfoundin the depthmap. To reducenoise
it is recommendetb rst smooththe depthimage(the kernelcanbe choserof the samesizeasthe mesh
triangles).Theimageitself canbe usedastexturemap(thetexture coordinatesretrivially obtainedasthe
2D coordinate®f thevertices).

It canhappenthatfor someverticesno depthvalueis available or thatthe con denceis too low (see
Section7.1.2). In thesecaseghe correspondingrianglesare not reconstructedThe samehappensvhen
trianglesare placedover discontinuities. This is achiesed by selectinga maximumangle betweenthe
normalof atriangleandtheline of sightthroughits center(e.g.85 degrees).

This simpleapproactworksvery well onthe depthmapsobtainedafter multi-view linking. Onsimple
stereadepthmapsit is recommendetb usea moreadvancedechniquedescribedn [90]. In this casethe
boundarie®f the objectsto bemodeledarecomputedhroughdepthsegmentationln a rst step,anobject
is de ned asa connectedegionin space Simplemorphologicalltering removesspuriousandvery small
regions. Thena boundeahin plate modelis employed with a secondordersplineto smooththe surface
andto interpolatesmallsurfacegapsin regionsthatcouldnotbe measured.

The surfacereconstructiomapproachss illustratedin Figure8.1. The obtained3D surfacemodelis
shavn in Figure8.2 with shadingandwith texture. Note thatthis surfacemodelis reconstructedrom the
viewpointof areferencemage.If thewholescenecannotbe seenfrom oneimage,it it necessaryo apply
atechniqueo fusedifferentsurfacesogether(e.g.[205)).

8.1.1 Texture enhancement

The correspondencknking builds a controlledchainof correspondencebat canbe usedfor texture en-
hancemenaswell. At eachreferencepixel onemay collecta sortedlist of imagecolor valuesfrom the
correspondingmagepositions.This allows to enhancéhe original texturein mary waysby accessinghe
color statistics.Somefeatureghatarederivednaturallyfrom thelinking algorithmare:

1. Highlight and re ection removal: A medianor robustmeanof the correspondindexture valuesis
computedo discardimagingartifactslik e sensomnoise,speculare ectionsandhighlights[12].

77
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Figure 8.1: Surfacereconstructiomapproach:A triangularmesh(left) is overlaid on top of the image
(middle). Theverticesareback-projectedn spaceaccordingto the valuefoundin thedepthmap(right).

Figure8.2: 3D surfacemodelobtainedautomaticallyfroman uncalibratedimage sequenceshadedleft),
textured (right).
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Figure8.3: close-upview (left), 4x zoomedoriginal region (top-right),generatiorof median- Iteredsuper
resolutiontexture (bottom-right).

2. Superresolutiontexture: The correspondencbnking is not restrictedto pixel-resolution,since
eachsub-pixel-positionin thereferencémagecanbe usedto starta correspondencehain. Thecor
respondencealuesare queriedfrom the disparitymapthroughinterpolation. The objectis viewed
by mary cameraf limited pixel resolution,but eachimagepixel grid will in generalbe slightly
displaced. This canbe exploited to createsupesresolutiontexture by fusing all imageson a ner
resamplingyrid[77].

3. Bestview selectionfor highesttextureresolutiort For eachsurfaceregionaroundapixeltheimage
whichhasthehighestpossiblaextureresolutionis selectedbasedntheobjectdistanceandviewing
angle.Thecompositdmagetakesthe highestpossibleresolutionfrom all imagesinto account.

An exampleof highlightremoval is shovn in Figure8.3.

8.2 Volumetric model

The datacomputedas describedn the previous chaptersallows to generatevolumetric modelsaswell.
Herearelatively simpleapproachs described Otherapproachebave beendescribedn theliteratureand
couldbeappliedaswell (e.g.[28]).

The approachworkswith avoxel spacewhich encloseshe 3D scene For every depthmapthe voxels
aresggmentedn threecateyories:betweerthe cameraandthe surface(A), behindthe surface(B) andnot
seen(C). This is illustratedin Figure8.4. Onceall depthmapshave beenconsideredthe voxels which
have beenseenatleast  timesbetweenthe cameraandthe surfacearelabeledA. Fromthe remaining
voxelsthe onesthathave beenseenatleast  timesbehindthe surfacearelabeledB. The othervoxels
arelabeledC. and  arethresholdswvhich canfor examplebe setto 1 or 2. The B voxelsform the
volume.The nal volumecanbecleanedip by anerosionschemehateliminatessolatedvoxels.

If the goalis to createa surfacefrom the volumeit is proposedto usea modi ed marchingcubes
algorithm. In this caseonly the interfacebetweerregionsA andB shouldbe triangulated.Someresults
obtainedon the castlesequencareshavn in Figure8.5.

Placingatexture onthis surfacemodelis notaseasyasin Section8.1. All trianglesarenotnecessarily
seenin aspeci ¢ view. We have worked outanapproachwhich determinedor eachtrianglewhichimage
shouldbe usedastexture. This decisionis basedn the projectedareaof thetrianglein theimagesandon
thevisibility. Determiningthevisibility is nota simpletaskandcouldtake alongtimeif it wereperformed
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Figure8.4: Segmentatiorof voxelsin threecateyoriesfor every depthmap.

Figure8.5: Surfaceobtainedhroughvolumetricapproach
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Figure8.6: Volumetriclabel

Figure8.7: Texturedsurfacemodelobtainedthroughvolumetricapproach.

in software.However, thistaskis doneby thegraphicshardwarewhenrenderinganew view. Thevisibility
is determinechasedn a view whereevery triangleis labeledwith a differentcolor. If the correctcoloris
seematthe positionwherethetriangleprojectsin theimage,it meanghatthetriangleis visible. Two label
imagesareshavn in Figure8.6 Theresulting3D surfacemodelis shavn in Figure8.7.

8.3 Plenoptic model

In this sectionour goalis to createa plenopticmodelfrom a sceneto rendemew views interactiely. Our
approachhasbeenpresentedn a numberof consecutie paperg[85, 84, 69]. For renderingnew views
two major conceptsare known in literature. The rst oneis the geometrybasedconcept. The scene
geometryis reconstructedrom a streamof imagesand a singletexture is synthesizedvhich is mapped
onto this geometry For this approacha limited setof cameraviews is sufcient, but speculareffects
cannot be handledappropriately This approacthasbeendiscussedxtensvely in this text. The second
major conceptis image-basedendering. This approachmodelsthe sceneas a collection of views all
aroundthe scenewithout anexactgeometricatepresentatiof@9]. New (virtual) views arerenderedrom
the recordedonesby interpolationin real-time. Optionally approximategeometricainformationcanbe
usedto improve the results[54]. Herewe concentraten this secondapproach.Up to now, the known
sceneaepresentatiohasa x edregularstructure.If the sourceis animagestreamtakenwith a hand-held
camerathis regular structurehasto be resampled.Our goalis to usethe recordedmagesthemsele as
scenerepresentatiomandto directly rendernew views from them. Geometricainformationis considered
asfar asit is known and as detailedasthe time for renderingallows. The approachis designedsuch,
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thatthe operationsonsistof projective mappingsonly which canef ciently be performedby thegraphics
hardware. For eachof thesescenemodelingtechniqueshe camergparametersor the original views are
supposedo beknown. We retrieve themby applyingknown structureandmotiontechniquessdescribed
in the previous chapters.Local depthmapsare calculatedapplying stereotechniquesn recti ed image
pairsaspreviously explained.

8.3.1 structure and motion

To do a denseplenopticmodelingas describedbelow, we needmary views from a scenefrom mary

directions.For this, we canrecordanextendedmagesequencenoving thecameran azigzaglike manner
The cameracan crossits own moving path several timesor at leastgetscloseto it. Known calibration
methodsusually only considerthe neighborhoodsvithin the imagestream. Typically no linking is done
betweerviews whosepositionis closeto eachotherin 3-D spacebut which have a large distancein the
sequence.To dealwith this problem,we thereforeexploit the 2-D topology of the cameraviewpoints
to further stabilizethe calibration. We processnot only the next sequentiaimagebut searchfor those
imagesin the streamthatarenearestn thetopologyto the currentviewpoint. Typically we canestablish
a reliablematchingto 3-4 neighboringimageswhich improvesthe calibrationconsiderably The details
weredescribedn Section5.3. We will alsoshav how to uselocal depthmapsfor improving rendering
results.To thisenddensecorrespondenamapsarecomputedor adjacenimagepairsof thesequencésee
Chapter7).

8.3.2 Plenoptic modelingand rendering

We usethe calibratedcamerado createa scenemodelfor visualization.In [111] thisis doneby plenoptic
modeling. Theappearancef a scends describedhroughall light rays(2D) thatareemittedfrom every
3D scenepoint, generatinga 5D radiancefunction. Recentlytwo equivalentrealizationsof the plenoptic
functionwereproposedn form of thelight eld [99], andthelumigraph[54]. They handlethe casewhen
we obsene anobjectsurfacewithin atransparenmedium.Hencethe plenopticfunctionis reducedo four
dimensions.Theradianceis representeadsa function of light rays passingthroughthe scene.To create
suchaplenopticmodelfor realscenesalargenumberof views is taken. Theseviews canbe considereds
acollectionof light rayswith accordingcolor values.They arediscretesampleof the plenopticfunction.
Thelight rayswhich arenot representetiave to beinterpolatedrom recordednesconsideringadditional
informationon physicalrestrictions.Often, real objectsare supposedo be lambertianmeaningthatone
point of the objecthasthe sameradiancevaluein all possibledirections. This implies thattwo viewing
rayshave the samecolorvalue,if they intersectata surfacepoint. If speculaeffectsoccur, thisis nottrue
arny more. Two viewing raysthenhave similar color values,if their directionis similar andif their point
of intersectionis nearthe real scenepoint which originatestheir color value. To rendera new view we
supposeo have avirtual camerdooking at the scene We determingthoseviewing rayswhich arenearest
to thoseof thiscamera.Theneareraray is to a givenray, thegreateiis its supportto the color value.

Regular grid representation

Theoriginal 4D light eld [99] datastructureemploys atwo-planeparameterizationEachlight ray passes

throughtwo parallel planeswith plane coordinates and (seeFigure 8.8). Thusthe ray is
uniquelydescribedy the 4-tuple . The -planeis the viewpointplanein which all camera
focal pointsare placedon regular grid points. The camerasare constructedsuch,thatthe -planeis

their commonimageplaneandthattheir optical axesareperpendiculato it. Fromthe two-planeparam-
eterizationnew views canbe renderedy placinga virtual cameraon an arbitraryviewing positionwith
arbitraryparameterge.g.focallength)andintersectingeachviewing ray with thetwo planesat
Theresultingradianceis alook-upinto theregulargrid. For rayspassingn betweerthe and

grid coordinatesninterpolationis appliedthatwill degradethe renderingquality dependingonthescene
geometrylIn fact,thelight eld containsanimplicit geometricabssumptionThe sceneggeometryis planar
and coincideswith the focal plane(Figure 8.9). Deviation of the scenegeometryfrom the focal plane
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Figure8.8: 4D representationf viewing raysin theregulargrid representationf thelight eld.
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Figure8.9: Viewpointinterpolationbetween and

causesmagewarping. Figure 8.9 shaws thatthe radianceof the viewing ray is interpolatedrom radi-
ancevalues and of neighboringcameraviewpoints,dependingon the geometricadeviation from
thefocal plane.

Linearinterpolationbetweertheviewpointsin and introducesa blurredimagewith ghost-
ing artifacts. In reality we will alwayshave to choosebetweenhigh densityof storedviewing rayswith
high datavolumeandhigh delity , or low densitywith poorimagequality.

If we have a sequencef imagestakenwith a hand-heldcamerajn generalthe camerapositionsare
not placedat the grid pointsof the viewpoint plane.In [54] a methodis shovn for resamplinghis regular
two planeparameterizatiofrom realimagesrecordedrom arbitrarypositions(rebinning. Therequired
regular structureis resampledand gapsare lled by applying a multi-resolutionapproach considering
depthcorrections.The disadwantageof this rebinningstepis thattheinterpolatedegularstructurealready
containgnconsistencieandghostingartifactsbecausef errorsin the scantilyapproximatedjeometry To
renderviews a depthcorrectedook-upis performed. During this stepthe effect of ghostingartifactsis
repeatedsoduplicateghostingeffectsoccur

Representationwith recordedimages

Our goalis to overcometheseproblemsdescribedn the last sectionby relaxingthe restrictionsimposed
by the regularlight eld structureandto renderviews directly from the calibratedsequencef recorded



84 CHAPTERS8. MODELING

virtual view point

virtual image plane

Figure8.10: Drawing trianglesof neighboringprojectedcameracentersandapproximatinggeometryby
oneplanefor thewhole scenefor onecamerdriple or by seseralplanesfor onecamerariple.

imageswith useof local depthmaps. Without loosing performanceve directly mapthe original images
ontooneor moreplanesviewed by a virtual camera.

2D mapping The following approachesvill usethis formalismto map imagesonto planesand vice
versa.We de ne alocal coordinatesystemin aplane giving onepoint  ontheplaneandtwo vectors
and spanninghe plane. Soeachpoint of the planecanbe describedby the coordinates
. Thepoint is perspectiely projectedinto a camerawhich is representedy
the matrix andtheprojectioncenter . Thematrix is theorthonormakotationmatrix
and is anuppertriangularcalibrationmatrix. Theresultingimagecoordinates  aredeterminedy
. Insertingtheabove equationfor  resultsin

(8.1)

Eachmappingbetweena local planecoordinatesystemanda cameracanbe describedy a single
matrix

Mapping via global plane In a rst approachwe approximatehe scenegeometryby a singleplane
by minimizing the leastsquareerror. We mapall givencameramagesontoplane andview it througha
virtual cameraThis canbeachievedby directly mappingthecoordinates ofimage ontothevirtual
cameracoordinates . Thereforewe canperformadirectlook-upinto the
originally recordedimagesand determinethe radianceby interpolatingthe recordedneighboringpixel
values. This techniqueis similar to the light eld approacH99] which implicitly assumeshe plane
asthe planeof geometry Thusto constructa speci ¢ view we have to interpolatebetweenneighboring
views. Thoseviews give the mostsupportto the color valueof a particularpixel whoseprojectioncenter
is closeto the viewing ray of this pixel. This is equivalentto the factthat thoseviews whoseprojected
cameracentersarecloseto its imagecoordinategive the mostsupportto a speci ed pixel. We restrictthe
supportto thenearesthreecameragseerFigure8.10). We projectall cameracentersnto thevirtual image
andperforma 2D triangulation. Thenthe neighboringcameraof a pixel aredeterminecby the corners
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Figure 8.11: Image of the desksequencdleft) and resultof calibrationstep (right). The camerasare
representedy little pyramids.

of the trianglewhich this pixel belongsto. Eachtriangleis dravn asa sumof threetriangles. For each
camerawe look up the color valuesin the original imagelike describedabore and multiply themwith
weight 1 at the correspondingrertex andwith weight O at both othervertices. In betweenthe weights
areinterpolatedinearly similar to the Gouraudshading. Within the triangle the sum of weightsis 1 at
eachpoint. Thetotal imageis built up asa mosaicof thesetriangles. Although this techniqueassumes
a very sparseapproximationof geometry the renderingresultsshov only small ghostingartifacts(see
experiments).

Mapping via local planes Theresultscanbefurtherimprovedby consideringocal depthmaps.Spend-
ing moretime for eachview, we can calculatethe approximatingplaneof geometryfor eachtrianglein
dependencen the actualview. Thisimprovesthe accurag further asthe approximationis not donefor
the whole scenebut just for that part of the imagewhich is seenthroughthe actualtriangle. The depth
valuesaregivenasfunctions of the coordinatesn the recordedmages . They describe
the distanceof a point perpendiculato the imageplane. Using this depthfunction, we calculatethe 3D
coordinatesof thosescenepointswhich have the same2D imagecoordinatesn the virtual view asthe
projectedcameracentersof the real views. The3D point  which correspondso therealcamera can
be calculatedas , Where . Thefunction scalesthe given3D
vectorsuch,thatits third componentequalsone. We caninterpretthe points  astheintersectiornof the
line with thescenegeometry Knowing the 3D coordinate®f trianglecornerswe cande ne aplane
throughthemandapply the samerenderingechniqueasdescribedabove.

Re nement Finally, if thetrianglesexceeda givensize,they canbe subdvided into four sub-triangles
by splitting the threesidesinto two parts,each.For eachof thesesub-trianglesa separatepproximatve
planeis calculatedn the abose manner We determinethe midpointof the sideandusethe samelook-up
methodasusedfor radiancevaluesto nd thecorrespondinglepth.After that,we reconstructhe 3D point
andprojectit into the virtual cameraresultingin a point nearthe sideof the triangle. Of course further
subdvisioncanbedonein thesameamannetto improveaccurag. Especiallyif justfew trianglescontrilbute
to a singlevirtual view, this subdvision s really necessarylt shouldbe donein aresolutionaccordingto
performancalemandsandto the complexity of geometry

8.3.3 Experiments

We have testedour approachesvith an uncalibratedsequencef 187 imagesshowving an of ce scene.
Figure 8.11 (left) shavs one particularimage. A digital consumerideo camerawas sweptfreely over
a clutteredsceneon a desk, covering a viewing surface of about . Figure 8.11 (right) shaws the
calibrationresult. Figure 8.12 illustratesthe succes®f the modi ed structureand motion algorithmas
describedn Section5.3. Featureghat arelost are picked up againwhenthey reappeatin the images.
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Figure8.12: Trackingof the pointsoverthe sequencePoints(vertical) versusmages(horizontal).

Figure8.13(left) shavsthe calibrationresultswith theviewpoint mesh.Oneresultof areconstructediew
is showvn in Figure8.13(right). Figure8.14 shavs detailsfor the differentmethods.In the caseof one
global plane(left image),the reconstructioris sharpwherethe approximatingplaneintersectghe actual
scenegeometry Thereconstructions blurredwherethe scenegeometrydivergesfrom this plane. In the
caseof local planes(middle image), at the cornersof the triangles,the reconstructioris almostsharp,
becauseherethe scenegeometryis consideredlirectly. Within atriangle,ghostingartifactsoccurwhere
the sceneggeometrydivergesfrom the particularlocal plane.If thesetrianglesaresubdvided (right image)
theseartifactsarereducedurther.

8.3.4 conclusion

In this section,we have shovn how the proposedapproachfor modelingfrom imagescould easily be
extendedto allow the acquisitionof plenopticmodels. The quality of renderedmagescanbe varied by

adjustingthe resolutionof the consideredscenegeometry Up to now, our approachesre calculatedin

software. But they aredesignedsuch,thatusingalphablendingandtexture mappingfacilities of graphics
hardware,renderingcanbe donein real-time.More detailson this approactcanbefoundin [85, 84, 69].

8.4 Augmentedreality

AugmentedReality (AR) aims at memging the real andthe virtual in orderto enricha real ervironment
with virtual information. Augmentationgangefrom simpletext annotationsaccompasing real objects
to virtual mimics of real-life objectsinsertedinto a real ervironment. In the latter casethe ultimategoal
is to make it impossibleto differentiatebetweenreal and virtual objects. Several problemsneedto be
overcomebeforerealizing this goal. Amongstthemarethe rigid registrationof virtual objectsinto the
real ervironment,the problemof mutual occlusionof real and virtual objectsand the extraction of the
illumination distribution of therealernvironmentin orderto renderthevirtual objectswith thisillumination
model. Thissectionwill unfoldhow we proceededo implemenanAugmentedRealitySystenthatregisters
virtual objectsinto a totally uncalibratedvideo sequencef a real environmentthat may containsome
moving parts.More detailson this work canbefoundin [24].
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Figure8.13: Calibrationresultandviewpoint mesh(left)andreconstructedceneview usingoneplaneper
imagetriple.

Figure8.14: Detailsof renderedmagesshaving thedifferencedbetweertheapproachesoneglobalplane
of geometry(left), onelocal planefor eachimagetriple (middle)andre nementof local planeg(right).
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8.4.1 PreviousWork

Accurateregistrationof virtual objectsinto a real ervironmentis an outspolen problemin Augmented
Reality(AR).This problemneeddo besolvedregardles®f thecompleity of thevirtual objectsonewishes
to enhanceahe real ervironmentwith. Both simpletext annotationsand complex virtual mimics of real-
life objectsneedto be placedrigidly into the real environment. Augmentedreality systemghatlack this
requirementvill demonstratseriousjittering' of virtual objectsin therealervironmentandwill therefore
fail to give the userareal-life impressiorof theaugmenteautcome.

Theregistrationproblemhasalreadybeentackledby severalresearcheri the AR-domain.A general
discussiorof all coordinateframesthatneedto beregisteredwith eachothercanbefoundin [204]. Some
researchersise prede ned geometricmodelsof real objectsin the environmentto obtain vision-based
objectregistration[79, 171, 209. However, thisdelimitstheapplicationof suchsystem$ecausgeometric
modelsof real objectsin a generalsceneare not always readily available. Othertechniqueshave been
devisedto make the calibrationof the video cameraobsoleteby usingaf ne objectrepresentationf4].
Theseechniguesresimpleandfastbut fail to provide arealimpressiorwhenprojective skew is dominant
in thevideoimages.Thereforevirtual objectscanbeviewedcorrectlyonly from largedistancesvherethe
afne projectionmodelis almostvalid. Soit seemghatthe most e xible registrationsolutionsarethose
thatdon't depencbn ary a priori knowledgeof therealernvironmentandusethefull perspectie projection
model.Our AR-Systembelonggo this classof e xible solutions.

To furtherenhancéhereal-lifeimpressiorof anaugmentatiothe occlusionandillumination problems
needto be solved. The solutionsto the occlusionproblemareversatile. They differ in whethera 3D re-
constructionof the real ervironmentis neededor not [11, 19]. Also theillumination problemhasbeen
handledin differentways. A rst methodusesanimageof are ective objectat the placeof insertionof
thevirtual objectto getanideaof theincominglight atthatpoint[33]. A secondapproactobtainsthetotal
reconstructiorof a 3D radiancedistribution by the samemethodsusedto reconstructa 3D scene[164).
Anotherapproacltonsistof theapproximatiorof theillumination distribution by a sphereof illumination
directionsatin nity [165].

As computergeneratedjraphicsof virtual objectsare mostly createdwith non physically-baseden-
deringmethodstechniqueghatuseimage-basedenderingcanbe appliedto incorporatereal objectsinto
anotherrealernvironment[173] to obtainrealisticresults.

However, the jittering' of virtual objectsin the real environmentcan degradethe nal augmented
resultseverely, evenif problemsof occlusionandillumination canbe resolhed exactly. We focussedn
developingan AR-Systemthat solvesthe registrationproblemasa prerequisitelt is basedorimarily ona
3D reconstructiorschemehat extractsmotion andstructurefrom uncalibratedridecimagesandusesthe
resultsto incorporatevirtual objectsinto thereal ervironment.

8.4.2 Overview

In the rst upcomingsectionwe will describeéheadaptatiorof thestructureandmotionrecoveryalgorithm
of the AR-System.Although the main goalis the recorery of motion of the camerahroughouthe video
sequencehesystemalsorecoversa crude3D structureof therealervironment.This canbeusefulto han-
dle problemdik e resolvingocclusionsandextractingtheillumination distribution of therealernvironment.
We will focusonthemotionrecovery abilitiesof the AR-System.

In afollowing sectionwewill discusgheuseof therecoreredmotionparameterandthe3D structureo
registervirtual objectswithin therealervironment. This involvesusingthe crude3D representationf the
realervironmentwhichwe obtainasanextrafrom themotionrecoveryalgorithm.Dense3D reconstruction
of therealervironmentis notnecessaryut mayprove usefulfor futuresolutionsto theocclusionproblem.

As inputto the AR-Systemwe cantake totally uncalibratedrideo sequencesThevideosequenceare
neitherpreprocessedor setupto containcalibrationframesor ducial markersin orderto simplify motion
andstructurerecovery. Extraknowledgeon calibrationparametersf thevideocameracanbe usedto help
the AR-Systento recorer motionandstructurebut is not necessaryo obtaingoodresults.

The video sequencesre not requiredto be taken from a purely static ervironment. As long asthe
moving partsin the real ervironmentare smallin the video sequencehe algorithmwill still be ableto
recovermotionandstructure.
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Figure8.15: If theimagesare chosentoo closeto eachotherthe positionand orientationof the camera
hasnt changednuch. Uncertaintiesn theimagecornersleadto a large uncertaintyellipsoid aroundthe
reconstructegboint (left). If imagesaretakenfurtherapartthe cameragpositionandorientationmay differ
morefrom oneimageto the next, leadingto smalleruncertaintyon the positionof the reconstructeghoint

(right).

8.4.3 Structure and motion

The structureandmotionrecovery approactdescribedn this text caneasilybeadaptedo t theneedsof
AR applications.However, the methodsof Chapterd and5 implicitly assumehattwo consecutie views
arenot'tooclose'. If thisis thecaseg.g.for two consecutieimagesn avideosequencehecomputation
of thematrix F andthereforethe determinatiorof thecornermatcheetweerthetwo imageshecomesn
ill-conditionedproblem.Evenif the matchesould be found exactly the updatingof motionandstructure
is ill-conditioned asthe triangulationof newly reconstructe@®D pointsis very inaccurateas depictedin
Figure8.15.

We solwvedthis problemby runningthroughthevideo sequence rst timeto build up anaccurateobut
crude 3D reconstructiorof the real ervironment. Accurag is obtainedby using key-frameswhich are
separatedufciently from eachotherin the video sequencéseeFigure8.16). Structureandmotion are
extractedfor thesekey-frames.In the next stepeachunprocesseiiageis calibratedusingcornermatches
with thetwo key-framesbetweenwhich it is positionedin the video sequenceFor thesenew imagesno
new 3D structurepointsarereconstructeésthey will probablybeill-conditioneddueto the closenes®sf
thenew imageunderscrutiry andits neighboringkey-frames.In thisway a crudebut accurate3D structure
is built upin a rst passalongwith the calibrationof the key-frames.In a secondpass every otherimage
is calibratedusingthe 2D-3D cornermatchest haswith its neighboringkey-frames. This leadsto both
a robustdeterminatiorof the reconstructe®D ernvironmentandthe calibrationof eachimagewithin the
videosequence.

8.4.4 AugmentedVideo
Virtual Object Embedding

Resultobtainedn theprevioussectioncanbe usedio memevirtual objectswith theinputvideosequence.
Onecanimportthe nal calibrationof eachsingleimageof thevideosequencandthereconstructedrude
3D ervironmentinto a computergraphicssystemto generateugmentedmages.

In a computergraphicssystemvirtual camerasan be instantiatedvhich correspondo the retrieved
calibrationsof eachimage. The image calibrationsinclude translation,rotation, focal length, principal
point and skew of the actualreal camerathattook the imageat thattime. Typically computergraphics
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Figure8.16: The smalldotson the backgroundepresenthe recoveredcrude3D ervironment. The larger
dark spotsrepresentamerapositionsof key-framesin the video stream. The lighter spotsrepresenthe
camergpositionsof theremainingframes.

systemsdo not supportskew of the camera. This caneasily be adaptedn the software of the computer
graphicssystenby includingaskew transformatiorafterperformingthetypical perspectietransformation
asexplainedin [51]. We usetheVisualizationToolKit [170] asourcomputergraphicgpackage Thevirtual
cameragannow beusedto createimagesof virtual objects.

Thesevirtual objectsneedto be properlyregisteredin the real 3D ervironment. This is achievedin
the following manner First virtual objectsare placedroughly within the 3D ervironmentusingits crude
reconstructionFinetuning of the positionis achievedby viewing the resultof aroughpositioningby sev-
eralvirtual cameragndoverlayingtherenderingesultsfrom thesevirtual camera®n their corresponding
realimagesin the video sequenceSeeFigure8.17. Using speci c featuresn thereal videoimagesthat
werenot reconstructedh the crude3D ernvironmenta betterand nal placemenbf all virtual objectscan
be obtained. Note that at this stageof the implementationve don't take into accountocclusionswhen
renderingvirtual objects.

Virtual Object Merging

After satishctoryplacemenbdf eachsinglevirtual objectthe virtual cameracorrespondingo eachimage
is usedto producea virtual image. The virtual objectsarerenderedagainsta backgroundhat consistsof
theoriginalrealimage.By doingsothevirtual objectscanberenderedvith anti-aliasingtechniquesising
the correctbackgroundor mixing.

8.4.5 Examples

We Imed asequence®f a pillar standingin front of our department.Using the AR-Systemwe placeda
virtual box on top of this pillar. Note thatby doing sowe didn't have to solwe the occlusionproblemas
thebox wasnever occludedsincewe werelooking down ontothe pillar. The AR-Systemperformedquite
well. The'jittering' of thevirtual box ontop of thepillar is still noticeablebut very small. SeeFigure8.18.

Another exampleshows a walk througha street. The cameramotion of the persontaking the Im
wasfar from smooth.However the AR-Systemmanagedo registereachcamergpositionquitewell. See
Figure8.19.

A third exampleshavs anotherstreetscenebut with apersorwalking aroundin it. Despitethis moving
real objectthe motion and structurerecovery algorithm extractedthe correctcameramotion. SeeFig-
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Figure 8.17: The AR-interface: In the top right the virtual objectscan be roughly placedwithin the
crudereconstructe@D ervironment. Theresultof this placementanbe viewedinstantaneouslgn some
selectedmages.

Figure8.18: A virtual box is placedon top of areal pillar. "Jittering' is still noticeablein the augmented
videosequencéut is very small.



92 CHAPTERS8. MODELING

Figure8.19: A streetscene:Thevirtual box seemgo stay rmly in placedespitethejaggednatureof the
camerdarajectory

ure8.20.
All videoexamplescanbefoundat
http://wwwesat.kuleuven.ac.bekcorneli/smile2

8.4.6 Discussion

In this sectionan AR-Systemwhich solvestheregistrationproblemof virtual objectsinto avideosequence
of arealenvironmentwaspresentedit consistof two mainparts.

The rst parttriesto recover motionandstructurefrom theimagesin thevideo sequenceThis motion
andstructurecanbe projective but is upgradedo metric by self-calibration. In this way the registration
of the virtual objectsin the sceneis reducedirom 15 to 7 degreesof freedom. The secondpartusesthe
resultsof the rst partto con gure a computergraphicssystemin orderto placevirtual objectsinto the
inputvideosequence.

Theinputto the AR-Systemis avideosequencevhich canbetotally uncalibrated No specialcalibra-
tion framesor ducial markersareusedin theretrieval of motionandstructurefrom the video sequence.
Also thevideosequenceoesnothaveto be oneof apurelystaticrealenvironment.As long asthemaoving
partsin the video sequencaresmallthe motion andstructurerecovery algorithmwill treatthesepartsas
outliers(RANSAC) andthereforewill discardthemcorrectlyin the determinatiorof motionandstructure.
Thecomputemgraphicssystemusedfor renderinghevirtual objectsis adaptedo usegeneracamerashat
includeskew of imagepixels.

The presentAR-Systemis far from complete.Futureresearctefforts will be madeto solve occlusion
andillumination problemswhich arecommonin AugmentedReality

8.5 Conclusion

In this chapterdifferentmethodsvere proposedo obtain3D modelsfrom datacomputedasdescribedn

the previous chapters.The e xibility of theapproachalsoallowed usto computeplenopticmodelsfrom

imagesequenceacquiredwith a hand-heldcameraandto developea e xible augmentedeality system
thatcanaugmenwideoseamlessly
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Figure8.20: Anotherstreetscene:Despitethe moving personthe motion of the cameracanbe extracted
andusedfor augmentingherealernvironmentwith virtual objects.
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Chapter 9

Someresults

9.1 Intr oduction

In this chaptemwe will focuson theresultsobtainedby the systemdescribedn the previouschapter First
somemoreresultson 3D reconstructiorirom photographaregiven. Thenthe e xibility of ourapproachs
shawvn by reconstructingnamphitheatefrom old Im footage.Finally severalapplicationsn archaeology
arediscussedTheapplicationof our systemto the constructiorof avirtual copy of thearchaeologicasite
of SagalassoéTurkey) —a virtualized Sagalassosis described. Somemore speci ¢ applicationsin the
eld of archaeologyrealsodiscussed.

9.2 Acquisition of 3D modelsfrom photographs

The main applicationfor our systemis the generatiorof 3D modelsfrom images. One of the simplest
methodgo obtaina 3D modelof a sceneis thereforeto usea photocameraandto shoota few picturesof
the scendrom differentviewpoints.Realistic3D modelscanalreadybe obtainedwith arestrictechumber
of images.Thisis illustratedin this sectionwith a detailedmodelof apartof a Jaintemplein India.

A Jain Templein Ranakpur

Thesemagesweretakenduringatouristtrip afterICCV'98 in India. A sequencef imagesvastakenof a
highly decorategbartof oneof thesmallerJaintemplesat Ranakpuyindia. Theseémagesveretakenwith a
standardNikon F50photocameraandthenscannedAll theimageswvhichwereusedfor thereconstruction
canbe seenin Figure9.1. Figure 9.2 shows the reconstructednterestpointstogethemwith the estimated
poseandcalibrationof the camerdor the differentviewpoints.Notethatonly 5 imageswvereusedandthat
the global changen viewpoint betweerthesedifferentimagesis relatively small. In Figure9.3 a global
view of thereconstructions given. In the lower partof theimagethe texture hasbeenleft out sothatthe
recoreredgeometryis visible. Note the recoveredshapeof the statuesanddetailsof thetemplewall. In
Figure9.4two detail views from very differentanglesaregiven. Thevisualquality of theseimagess still
very high. This shavsthattherecoreredmodelsallow to extrapolateviewpointsto someextent. Sinceit is
dif cult to give animpressionof 3D shapethroughimageswe have put threeviews of the samepart—but
slightly rotatedeachtime—in Figure9.5. This reconstructiorshowvs thatthe proposedapproachis ableto
recover realistic3D modelsof complex shapes.To achieve this no calibrationnor prior knowledgeabout
thesceneavasrequired.

95
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Figure9.1: Photographsvhich wereusedto generatea 3D modelof a detail of a Jaintempleof Ranakpur

Figure9.2: Reconstructiorof interestpointsand cameras.The systemcould automaticallyreconstruce
realistic3D modelof this complex scenewithout any additionalinformation.
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Figure9.3: Reconstructiorof a partof a Jaintemplein RanakpuiIndia). Both textured(top) andshaded
(bottom)views aregivento give animpressiorof the visual quality andthe detailsof therecoveredshape.



98

CHAPTER9. SOMERESULTS

Figure9.4: Two detail views of thereconstructednodel.

Figure9.5: Threerotatedviews of a detail of thereconstructeanodel.
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Figure9.6: View of theBéguinage®f Leuven

The Béguinagesf Leuven

Having university buildings on the UNESCO World Heritagelist, we couldn' resistapplying our 3D
modelingtechniquego it. In Figure9.6 aview of the Béguinage®f Leuvenis given. Narrow streetsare
notvery easyto model. Usingthe presentedechniquewve wereableto reconstruc8D modelsfrom video
sequenceacquiredwith a digital videocamera.This wasonly madepossiblethroughthe useof the polar
recti cation sincethe epipoleswerealwayslocatedin theimage. An exampleof a recti ed imagepair is
givenin Figure9.7. Notethatthetop partof therecti ed imagescorrespondo the epipole.In Figure9.8
threeorthographicviews of the reconstructiorobtainedfrom a singleimagepair areshavn. Theseallow
to verify the metric quality of the reconstruction(e.g. orthogonalityand parallelism). To have a more
completemodelof the reconstructedtreetit is necessaryo combineresultsfrom morethanoneimage
pair. This couldfor examplebe doneusingthe volumetricapproactpresentedn Section8.2). A simpler
approachconsistsof loading differentsurfacesat the sametime in the visualizationsoftware. Thereis
no needfor registrationsincethis wasautomaticallyperformedduring the structureandmotionrecovery.
Figure9.9 containsfour views of amodelconsistingof 7 independentlyeconstructe@D surfaces.

Figure9.7: Recti ed imagepair (correspondingixelsarevertically aligned).
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Figure 9.8: Orthographicviews of a reconstructiorobtainedfrom a singleimagepair: front (left), top
(middle)andside(right).

Figure9.9: Views of areconstructiorobtainedby combiningresultsfrom moreimages.
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Figure9.10: Thissequencavas Imed from a helicopterin 1990by a cameramaiof the belgiantelevision
toillustratea TV programon Sagalasso§@narchaeologicasitein Turkey).

9.3 Acquisition of 3D modelsfr om pre-existingimage sequences

Herethereconstructiorof the ancienttheaterof Sagalassos shavn. Sagalassois anarchaeologicasite
in Turkey. More resultsobtainedat this site are presentedn Sections9.4 and9.5. Thereconstructioris
basedon asequencdmed by acameramairom the BRTN (BelgischeRadioen Televisie vande Neder
landstaligeggemeenschaph 1990. The sequencevas Imed to illustratea TV programaboutSagalassos.
Becausef themotiononly elds —andnot frames-couldbe used.Theresolutionof theimageswe could
usewasthusrestrictedto . Thesequenceonsistedf abouthundredmagesgvery tenthimage
is shavn in Figure9.10. We recordedapproximately3 imagespersecond.

In Figure9.11thereconstructiorof interestpointsandcamerass given. This shavs thattheapproach
candealwith longimagesequences.

Densedepthmapswere generatedrom this sequenceand a densetextured 3D surface model was

Figure9.11: Thereconstructeihterestpointsandcamergposesecoreredfrom the TV sequence.
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Figure9.12: Someviews of thereconstructednodelof the ancienttheaterf Sagalassos.

constructedrom this. Someviews of this modelaregivenin Figure9.12.

9.4 Virtualizing archaeologicalsites

Virtual reality is a technologythat offers promisingperspectiesfor archaeologistslt canhelpin mary
ways.New insightscanbegainedby immersionin ancientworlds,unaccessiblsitescanbe madeavailable
to aglobalpublic, coursesanbe given“on-site” anddifferentperiodsor building phasegancoexist.

One of the main problemshowever is the generationof thesevirtual worlds. They requirea huge
amountof on-sitemeasurementsn additionthewholesitehasto bereproducednanuallywith a CAD- or
3D modelingsystem.This requiresalot of time. Moreoverit is dif cult to modelcomplex shapesandto
take all the detailsinto account.Obtainingrealisticsurfacetextureis alsoa critical issue.As aresultwalls
are often approximatedy planarsurfaces,stonesoften all getthe sametexture, statuesareonly crudely
modeledsmalldetailsareleft out, etc.

An alternatve approachconsistsof usingimagesof the site. Somesoftwaretools exist, but require
a lot of humaninteraction[129] or preliminary models[34]. Our systemoffers uniquefeaturesin this
contxt. The e xibility of acquisitioncanbe very importantfor eld measurementghich are oftenre-
guiredon archaeologicasites. The factthata simple photocameracanbe sufcient for acquisitionis an
importantadvantagecomparedo methodsbasedon theodolitesor otherexpensie hardware. Especially
in demandingveatherconditions(e.g. dust,wind, heat,humidity).

The ancientsite of Sagalasso&outh-wesiTurkey) wasusedasa testcaseto illustratethe potentialof
the approactdevelopedin this work. Theimageswereobtainedwith a consumephotocameradigitized
on photoCD)andwith aconsumedigital videocamera.

9.4.1 Virtualizing scenes

The3D surfaceacquisitiontechniquehatwe have developedcanbeappliedreadilyto archaeologicasites.
The on-siteacquisitionprocedureconsistsof recordinganimagesequencef the sceneghatonedesireso
virtualize To allow for thealgorithmsto yield goodresultsviewpointchangedetweerconsecutieimages
shouldnot exceed5 to 10 degrees.An exampleof sucha sequencés givenin Figure9.13. Theresultfor
theimagesequencenderconsideratiortanbeseenin Figure9.14. An importantadvantagds thatdetails
like missingstonespotperfectlyplanarwalls or symmetricstructuresrepresered. In additionthesurface
textureis directly extractedfrom theimages.This doesnot only resultin amuchhigherdegreeof realism,
but is alsoimportantfor theauthenticityof thereconstructionThereforethe reconstructionsbtainedwith
this systemcould alsobe usedasa scalemodelon which measurementsanbe carriedout or asatool for
planningrestorations.
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Figure9.13: Imagesequencevhich wasusedto build a 3D modelof the cornerof the Romanbaths

Figure9.14: Virtualizedcornerof the Romanbaths,on theright somedetailsareshovn

As asecondexample thereconstructiorof theremainsof anancientfountainis shovn. In Figure9.15
threeof thesix imagesusedfor thereconstructiorareshovn. All imagesweretakenfrom thesameground
level. They were acquiredwith a digital camerawith a resolutionof approximately1500x1000. Half
resolutionimageswere usedfor the computationof the shape. The texture was generatedrom the full
resolutionimages.

Thereconstructiorcanbe seenin Figure9.16,the left sideshowns a view with texture, theright view
givesa shadedview of the modelwithout texture. In Figure 9.17 two close-upshotsof the model are
shawn.

9.4.2 Reconstructingan overview model

A rst approacho obtaina virtual reality modelfor a whole site consistsof taking a few overview pho-
tographsrom the distance.Sinceour techniques independenbf scalethis yields an overviev modelof

the whole site. The only differencewith the modelingof smallerobjectsis the distanceneededetween
two camergposes For mostactive techniquest is impossibleto copewith scene®f this size. Theuseof a

sterearig would alsobe very hardsincea baselineof severaltensof meterswould berequired.Therefore
oneof the promisingapplicationf the proposedechniqueis large scaleterrainmodeling.

In Figure9.18,3 of the 9 imagestakenfrom a hillside nearthe excavationsite areshavn. Thesewere
usedto generatehe 3D surfacemodelseenin Figure9.19. In additiononecanseefrom theright side of
this gure thatthis modelcould be usedto generate Digital TerrainMap or anorthomapat low cost. In
this caseonly 3 referencaneasurementsGP Sandaltitude—arenecessaryo localizeandorientthe model
in theworld referencdrame.
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Figure9.15: Threeof the six imagesof the Fountainsequence

Figure9.16: Perspectie views of the reconstructedountainwith andwithout texture

Figure9.17: Close-upviews of somedetailsof thereconstructedountain
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Figure9.18: Someof theimagesof the SagalassoSite sequence

Figure 9.19: Perspectie views of the 3D reconstructiorof the Sagalassosite (left). Top view of the
reconstructiorof the Sagalassasite (right).
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Figure9.20: Integrationof modelsof differentscales:site of SagalassofRomanbathsandcornerof the
Romanbaths.

9.4.3 Reconstructionsat differ ent scales

Theproblemis thatthis kind of overview modelis too coarsdo be usedfor realisticwalk-throughsaround
the site or for looking at speci c monuments.Thereforeit is necessaryo integratemoredetailedmodels
into this overview model. This canbe doneby taking additionalimagesequence$or all the interesting
areason the site. Theseareusedto generateeconstruction®f the site at differentscalesgoingfrom a
globalreconstructiorof thewhole siteto a detailedreconstructiorior every monument.

Thesereconstructionshusnaturally Il in the differentlevels of detailswhich shouldbe providedfor
optimalrendering.In Figure9.20anintegratedreconstructiorcontainingreconstructionstthreedifferent
scalecanbeseen.

At this pointtheintegrationwasdoneby interactizely positioningthelocal reconstructiong theglobal
3D model. Thisis acumbersomeroceduresincethe 7 degreeof freedomof the similarity ambiguityhave
to be takeninto account.Researcherareworking on methodgo automatehis. Two differentapproaches
arepossible.The rst approachs basedon matchingfeatureswhich are basedon both photometricand
geometricproperties the secondon minimizing a global alignmentmeasure A combinationof both ap-
proachewill probablyyield thebestresults.

9.4.4 Combination with other models

An interestingpossibility is the combinationof thesemodelswith othertype of models. In the caseof
Sagalassosomebuilding hypothesesvere translatedo CAD models. Thesewere integratedwith our
models. Theresultcanbe seenin Figure9.21. Also othermodelsobtainedwith different3D acquisition
techniquecouldeasilybeintegrated.

9.5 Moreapplicationsin archaeology

Sincethese3D modelscanbegenerate@utomaticallyandtheon-siteacquisitiortime is very short,several
new applicationscometo mind. In this sectionafew possibilitiesareillustrated.
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Figure9.21:Virtualizedlandscapef Sagalassosombinedwvith CAD-modelsof reconstructedhonuments

Figure9.22: 3D stratigraphythe excavationof a Romanvilla attwo differentmoments.

9.5.1 3D stratigraphy

Archaeologyis oneof thesciencesvereannotationsndprecisedocumentatioremostimportantbecause
evidenceis destryedduringwork. An importantaspecbf thisis thestratigraphy Thisre ectsthedifferent
layersof soil thatcorrespondo differenttime periodsin anexcavatedsector Dueto practicallimitations
this stratigraphyis oftenonly recordedor someslices,notfor thewhole sector

Ourtechniqueallows a moreoptimalapproachFor every layera complete3D modelof theexcavated
sectorcanbe generated Sincethis only involvestaking a seriesof picturesthis doesnot slow down the
progresof thearchaeologicalvork. In additionit is possibleo modelartifactsseparatelyhich arefound
in theselayersandto includethe modelsin the nal 3D stratigraphy

This conceptis illustratedin Figure 9.22. The excavationsof an ancientRomanvilla at Sagalassos
wererecordedwith our technique.In the gure aview of the 3D modelof the excavationis providedfor
two differentlayers.

9.5.2 Generatingand testing building hypotheses

The techniquealsohasa lot to offer for generatingandtestingbuilding hypotheses Due to the easeof
acquisitionandthe obtainedlevel of detail, one could reconstruckevery building block separately The
differentconstructiorhypothesesantheninteractvely beveri ed on avirtual building site. Sometesting
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Figure 9.23: Two imagesof partsof broken pillars (top) and two orthographicviews of the matching
surfacesgeneratedrom the 3D models(bottom)

Figure9.24: Reconstructiorof a partof the cathedrabf Antwerp. Oneof the original images(left), two
close-upviews of the obtainedreconstructior{middle,right).

couldevenbe automated.

The matchingof the two partsof Figure9.23for examplecould be veri ed througha standardegis-
trationalgorithm[22]. An automaticprocedurecanbe importantwhendozensof broken partshave to be
matchedagainstachother

9.6 Applicationsin other areas

Besidesarchaeologyseveral otherareasrequire3D measurementsf existing structures.A few possible
applicationsarebrie y describecdere.

9.6.1 Architecture and heritage consewation

As anexamplea preliminary 3D reconstructiorof the cathedrabf Antwerpis shavn in Figure9.24. An
importantregistrationprojecthasrecentlystartedandthe goalis to obtaina 3D modelof the cathedrathat
couldbeusedasa databaséor future preserationandrestoratiorprojects.For someof theseprojectsan
accuratetexture of the modelis crucial, sincethe level of stonedegradationcanbe deducedrom it. In
this context the methodproposedn this work hasa lot to offer. An interestingapproachwould consistof
combiningtheexisting close-rang@hotogrammetritechniquesvith our techniquesThis couldleadto an
importantincreasen productvity without giving in accurag.
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9.6.2 Mars rover control

We areinvolvedin the developmentof a prototypefor a Mars rover control system. The systemwould
consistof arover, alanderandagroundstation.Thelanderhasa x edstereaig mountedon apanandtilt
head.Oneof thetasksis to retrieve the externalcalibrationof the sterecheadandthe panandtilt axes. It
is notfeasibleto locatea calibrationobjectin front of thecameragndthereforethe necessarjnformation
will be extractedfrom the Mars ernvironmentitself. Anothertaskis to obtaina detailedreconstructiorof
the ervironmentof the lander Thesedifferenttasksare being solved usingtechniquegpresentedn this
text.

9.6.3 Other applications

The e xibility of the proposedsystemsallows applicationdn mary domains.In somecasedurtherdevel-
opmentswould be requiredto do so, in othersthe system(or partsof it) could just be usedasis. Some
interestingareasare forensics(e.g. crime scenereconstruction)robotics(e.g. autonomouguidedvehi-
cles),augmentedeality (e.g.cameraracking)or post-productior{e.g.generatiorof virtual sets).

9.7 Conclusion

In this chaptersomeresultswere presentedn more detail to illustrate the possibilitiesof this work. It
was shown that realistic 3D modelsof existing monumentscould be obtainedautomaticallyfrom a few
photographsThe e xibility of thetechniqueallowsit to beusedon existing photoor videomaterial. This
wasillustratedthroughthereconstructiorof anancienttheateifrom avideoextractedfrom the archivesof
the Belgiantelevision.

The archaeologicasite of SagalassoéTurkey) wasusedasa testcasefor our system. Several parts
of the site were modeled. Sinceour approachis independentf scaleit was also usedto obtaina 3D
modelof the whole site at once. Somepotentialapplicationsarealsoillustrated,i.e. 3D stratigraphyand
generating/testinpuilding hypothesesA few otherpossibleapplicationsverealsobrie y discussed.
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