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Notations

To enhancethereadabilitythenotationsusedthroughoutthetext aresummarizedhere.
For matricesboldfacefontsareused(i.e.

�

). 4-vectorsarerepresentedby � and3-vectorsby � . Scalar
valueswill berepresentedas � .

Unlessstateddifferentlytheindices� , � and � areusedfor views,while � and � areusedfor indexing
points,linesor planes.The notation

�
	��

indicatestheentity
�

which relatesview � to view � (or going
from view � to view � ). Theindices � ,� and � will alsobeusedto indicatetheentriesof vectors,matrices
andtensors.Thesubscripts
 , � , � and � will refer to projective, af�ne, metricandEuclideanentities
respectively

�

cameraprojectionmatrix ( ����� matrix)
�

world point (4-vector)
�

world plane(4-vector)
� imagepoint (3-vector)

�

imageline (3-vector)
���

	��

homographyfor plane
�

from view � to view � ( ���
� matrix)
�

�

	

homographyfrom plane
�

to image� ( ����� matrix)
�

fundamentalmatrix ( ���
� rank2 matrix)
�

	��

epipole(projectionof projectioncenterof viewpoint � into image� )
�

trifocal tensor( ����� �
� tensor)
!

calibrationmatrix ( ���
� uppertriangularmatrix)
"

rotationmatrix
�$#

planeat in�nity (canonicalrepresentation:%'&)( )
*

absoluteconic
(canonicalrepresentation:+-,/.102,/.435,6&)( and %'&)( )

*57

absolutedualquadric( �8��� rank3 matrix)
9

#

absoluteconicembeddedin theplaneat in�nity ( � �
� matrix)
9

7

# dualabsoluteconicembeddedin theplaneat in�nity ( �:�
� matrix)
9 imageof theabsoluteconic( � ��� matrices)
9

7

dualimageof theabsoluteconic( � �
� matrices)
; equivalenceup to scale( �

;)<>=@?$ACB

&D( EF�)&

AG< )
H

�

HJI

indicatestheFrobeniusnormof
�

(i.e. K

	L�

�M,

	��

)
�ON

��P

indicatesthematrix
�

scaledto haveunit Frobeniusnorm
(i.e. Q

R

Q

R

I )
�TS

is thetransposeof
�

�VUXW

is theinverseof
�

(i.e.
�T�

UXW

&

�YUZW[�

&)\ )
�T]

is theMoore-Penrosepseudoinverseof
�
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Chapter 1

Intr oduction

In recentyearscomputergraphicshasmadetremendousprogressin visualizing3D models.Many tech-
niqueshavereachedmaturityandarebeingportedto hardware.Thisexplainsthatin theareaof 3D visual-
izationperformanceis increasingevenfasterthanMoore's law1. Whatrequireda million dollar computer
a few yearsagocannow beachievedby agamecomputercostingafew hundreddollars.It is now possible
to visualizecomplex 3D scenesin realtime.

This evolution causesan importantdemandfor morecomplex andrealisticmodels. The problemis
that even thoughthe tools that areavailable for three-dimensionalmodelingaregettingmoreandmore
powerful, synthesizingrealisticmodelsis dif�cult andtime-consuming,andthusvery expensive. Many
virtual objectsareinspiredby realobjectsandit would thereforebe interestingto be ableto acquirethe
modelsdirectly from therealobject.

Researchershave beeninvestigatingmethodsto acquire3D informationfrom objectsandscenesfor
many years. In the past the main applicationswere visual inspectionand robot guidance. Nowadays
however theemphasisis shifting. Thereis moreandmoredemandfor 3D modelsin computergraphics,
virtual reality andcommunication.This resultsin a changein emphasisfor the requirements.Thevisual
quality becomesoneof themainpointsof attention.Thereforenot only thepositionof a smallnumberof
pointshaveto bemeasuredwith highaccuracy, but thegeometryandappearanceof all pointsof thesurface
have to bemeasured.

The acquisitionconditionsandthe technicalexpertiseof the usersin thesenew applicationdomains
canoften not be matchedwith the requirementsof existing systems.Theserequireintricatecalibration
proceduresevery time the systemis used. Thereis an importantdemandfor �e xibility in acquisition.
Calibrationproceduresshouldbeabsentor restrictedto a minimum.

Additionally, theexistingsystemsareoftenbuilt aroundspecializedhardware(e.g. laserrange�nders
or stereorigs) resultingin a high costfor thesesystems.Many new applicationshowever requirerobust
low costacquisitionsystems.This stimulatesthe useof consumerphoto-or video cameras.The recent
progressin consumerdigital imagingfacilitatesthis. Moore's law alsotells usthatmoreandmorecanbe
donein software.

Dueto theconvergenceof thesedifferentfactors,many techniqueshave beendevelopedover the last
few years.Many of themdo not requiremorethana cameraanda computerto acquirethree-dimensional
modelsof realobjects.

Thereareactiveandpassive techniques.Theformeronescontrolthelighting of thescene(e.g.projec-
tion of structuredlight) which on theonehandsimpli�es theproblem,but on theotherhandrestrictsthe
applicability. The latteronesareoftenmore�e xible, but computationallymoreexpensive anddependent
on thestructureof thesceneitself.

Someexamplesof state-of-the-artactive techniquesarethe simpleshadow-basedapproachproposed
by BouguetandPerona[16] or thegrid projectionapproachproposedby Proesmansetal. [160, 174] which
is ableto extract dynamictextured3D shapes(this techniqueis commerciallyavailable,see[174]). For
thepassive techniquesmany approachesexist. Themaindifferencesbetweentheapproachesconsistof the

1Moore's law tellsusthatthedensityof silicon integrateddevicesroughlydoublesevery 18months.
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2 CHAPTER1. INTRODUCTION

Figure1.1: An imageof a scene

requiredlevel of calibrationandtheamountof interactionthatis required.
For many yearsphotogrammetry[179] hasbeendealingwith the extractionof high accuracy mea-

surementsfrom images.Thesetechniquesmostly requirevery precisecalibrationandthereis almostno
automation.Thedetailedacquisitionof modelsis thereforevery time consuming.Besidesthetoolsavail-
ablefor professionals,somesimplertoolsarecommerciallyavailable(e.g.PhotoModeler[129]).

Sincea few yearsresearchersin computervision have tried to both reducethe requirementsfor cali-
brationandaugmenttheautomationof theacquisition.Thegoal is to automaticallyextracta realistic3D
modelby freelymoving acameraaroundanobject.

An early approachwas proposedby Tomasiand Kanade[192]. They usedan af�ne factorization
methodto extract3D from imagesequences.An importantrestrictionof this systemis theassumptionof
orthographicprojection.

Anothertypeof systemstartsfrom anapproximate3D modelandcameraposesandre�nes themodel
basedon images(e.g. Facadeproposedby Debevec et al. [34]). The advantageis that lessimagesare
required. On the otherhanda preliminarymodelmustbe availableandthe geometryshouldnot be too
complex.

In this text it is explainedhow a 3D surfacemodelcanbe obtainedfrom a sequenceof imagestaken
with off-the-shelfconsumercameras.Theuseracquiresthe imagesby freely moving thecameraaround
theobject.Neitherthecameramotionnor thecamerasettingshave to beknown. Theobtained3D model
is a scaledversionof theoriginal object(i.e. a metric reconstruction),andthesurfacealbedois obtained
from the imagesequenceaswell. This approachhasbeendevelopedover the last few years[132, 133,
135, 137, 141, 139, 88, 142, 143]. Thepresentedsystemusesfull perspectivecamerasanddoesnot require
prior models.It combinesstate-of-the-artalgorithmsto solve thedifferentsubproblems.

1.1 3D fr om images

In thissectionwe will try to formulateananswerto thefollowing questions.Whatdo imagestell usabout
a 3D scene?How canwe get3D informationfrom theseimages?Whatdo we needto know beforehand?
A few problemsanddif�culties will alsobepresented.

An imagelike in �gure 1.1 tells us a lot aboutthe observed scene. Thereis however not enough
informationto reconstructthe 3D scene(at leastnot without doing an importantnumberof assumptions
on thestructureof thescene).This is dueto thenatureof the imageformationprocesswhich consistsof
a projectionfrom a three-dimensionalsceneontoa two-dimensionalimage.During this processthedepth
is lost. Figure1.2 illustratesthis. Thethree-dimensionalpoint correspondingto a speci�c imagepoint is
constraintto beon theassociatedline of sight. Froma singleimageit is not possibleto determinewhich
pointof this line correspondsto theimagepoint. If two (or more)imagesareavailable,then-ascanbeseen
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Figure1.2: Back-projectionof a pointalongtheline of sight.

from �gure 1.3- the three-dimensionalpoint canbe obtainedasthe intersectionof the two line of sights.
Thisprocessis calledtriangulation.Note,however, thatanumberof thingsareneededfor this:

� Correspondingimagepoints
� Relativeposeof thecamerafor thedifferentviews
� Relationbetweentheimagepointsandthecorrespondingline of sight

Therelationbetweenanimagepointandits line of sightis givenby thecameramodel(e.g.pinholecamera)
andthecalibrationparameters.Theseparametersareoftencalledtheintrinsic cameraparameterswhile the
positionandorientationof thecameraarein generalcalledextrinsicparameters.In thefollowing chapters
we will learnhow all theseelementscanbe retrievedfrom the images.Thekey for this aretherelations
betweenmultiple views which tell us that correspondingsetsof pointsmustcontainsomestructureand
thatthis structureis relatedto theposesandthecalibrationof thecamera.

Note that differentviewpointsarenot the only depthcuesthat areavailablein images. In �gure 1.4
someotherdepthcuesareillustrated.Althoughapproacheshavebeenpresentedbasedonmostof these,in
this text wewill concentrateon theuseof multiple views.

In �gure 1.5 a few problemsfor 3D modelingfrom imagesare illustrated. Most of theseproblems
will limit theapplicationof thepresentedmethod.However, someof theproblemscanbe tackledby the
presentedapproach.Anothertype of problemsis causedwhenthe imagingprocessdoesnot satisfy the
cameramodel that is used. In �gure 1.6 two examplesare given. In the left imagequite someradial
distortionis present.This meansthat the assumptionof a pinholecamerais not satis�ed. It is however
possibleto extendthemodelto take thedistortioninto account.Theright imagehowever is muchharder
to usesincean importantpart of the sceneis not in focus. Thereis alsosomeblooming in that image
(i.e. over�ow of CCD-pixel to thewholecolumn).Most of theseproblemscanhoweverbeavoidedunder
normalimagingcircumstance.

1.2 Overview

Thepresentedsystemgraduallyretrievesmoreinformationaboutthesceneandthecamerasetup.Images
containa hugeamountof information(e.g.

�����

���	��
 color pixels). However, a lot of it is redundant
(which explainsthesuccessof imagecompressionalgorithms).Thestructurerecoveryapproachesrequire
correspondencesbetweenthedifferentimages(i.e. imagepointsoriginatingfrom thesamescenepoint).
Dueto thecombinatorialnatureof this problemit is almostimpossibleto work on theraw data.The�rst
stepthereforeconsistsof extractingfeatures.The featuresof different imagesarethencomparedusing
similarity measuresand lists of potentialmatchesareestablished.Basedon thesethe relationbetween
theviews arecomputed.Sincewrongcorrespondencescanbepresent,robustalgorithmsareused.Once
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m

M

m'

C'

C

Figure1.3: Reconstructionof three-dimensionalpoint throughtriangulation.

Figure1.4: Shading(top-left), shadows/symmetry/silhouette(top-right), texture (bottom-left)and focus
(bottom-right)alsogivesomehintsaboutdepthor localgeometry.
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Figure1.5: Somedif�cult scenes:moving objects(top-left), complex scenewith many discontinuities
(top-right),re�ections(bottom-left)andanotherhardscene(bottom-right).

Figure 1.6: Someproblemswith imageacquisition: radial distortion (left), un-focussedand blooming
(right).
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consecutiveviewshavebeenrelatedto eachother, thestructureof thefeaturesandthemotionof thecam-
erais computed.An initial reconstructionis thenmadefor the �rst two imagesof thesequence.For the
subsequentimagesthecameraposeis estimatedin the framede�ned by the �rst two cameras.For every
additionalimagethat is processedat this stage,the featurescorrespondingto points in previous images
are reconstructed,re�ned or corrected. Thereforeit is not necessarythat the initial points stay visible
throughouttheentiresequence.Theresultof thisstepis areconstructionof typically afew hundredfeature
points.Whenuncalibratedcamerasareusedthisstructureandmotionis only determinedupto anarbitrary
projective transformation.Thenext stepconsistsof restrictingthis ambiguityto metric(i.e. Euclideanup
to anarbitraryscalefactor)throughself-calibration. In a projective reconstructionnot only thescene,but
alsothecamerais distorted.Sincethealgorithmdealswith unknown scenes,it hasno way of identifying
thisdistortionin thereconstruction.Althoughthecamerais alsoassumedto beunknown,someconstraints
on theintrinsic cameraparameters(e.g. rectangularor squarepixels,constantaspectratio,principalpoint
in themiddleof theimage,...) canoftenstill beassumed.A distortionon thecameramostlyresultsin the
violationof oneor moreof theseconstraints.A metricreconstruction/calibrationis obtainedby transform-
ing theprojective reconstructionuntil all theconstraintson thecamerasintrinsic parametersaresatis�ed.
At thispointenoughinformationis availableto gobackto theimagesandlook for correspondencesfor all
theotherimagepoints.Thissearchis facilitatedsincetheline of sightcorrespondingto animagepointcan
beprojectedto otherimages,restrictingthesearchrangeto onedimension.By pre-warpingtheimage-this
processis calledrecti�cation- standardstereo matching algorithmscanbe used.This stepallows to �nd
correspondencesfor mostof thepixels in the images.Fromthesecorrespondencesthedistancefrom the
pointsto thecameracentercanbeobtainedthroughtriangulation.Theseresultsarere�ned andcompleted
by combiningthecorrespondencesfrom multiple images.Finally all resultsareintegratedin atextured3D
surfacereconstructionof thesceneunderconsideration.Themodelis obtainedby approximatingthedepth
mapwith a triangularwire frame. The texture is obtainedfrom the imagesandmappedonto thesurface.
An overview of thesystemsis givenin �gure 1.7.

Throughoutthe restof thetext thedifferentstepsof themethodwill beexplainedin moredetail. An
imagesequenceof theArenberg castlein Leuvenwill beusedfor illustration. Someof theimagesof this
sequencecanbeseenin Figure1.2.Thefull sequenceconsistsof 24 imagesrecordedwith avideocamera.

Structur eof the text Chapter2 and3 give thegeometricfoundationto understandtheprinciplesbehind
the presentedapproaches.The former introducesprojective geometryandthestrati�cation of geometric
structure. The latter describesthe perspective cameramodel andderives the relationbetweenmultiple
views. Theseareat thebasisof thepossibility to achieve structureandmotion recovery. This allows the
interestedreaderto understandwhat is behindthetechniquespresentedin theotherchapters,but canalso
beskipped.

Chapter4 dealswith theextractionandmatchingof featuresandtherecoveryof multipleview relations.
A robusttechniqueis presentedto automaticallyrelatetwo views to eachother.

Chapter5 describeshow startingfrom therelationbetweenconsecutiveimagesthestructureandmotion
of thewholesequencecanbe built up. Chapter6 brie�y describessomeself-calibrationapproachesand
proposesa practicalmethodto reducetheambiguityon thestructureandmotionto metric.

Chapter7 is concernedwith computingcorrespondencesfor all the imagepoints. First an algorithm
for stereomatchingis presented.Thenrecti�cation is explained.A generalmethodis proposedwhichcan
transformevery imagepair to standardstereocon�guration. Finally, a multi-view approachis presented
whichallows to obtaindenserdepthmapsandbetteraccuracy.

In Chapter8 it is explainedhow theresultsobtainedin thepreviouschapterscanbecombinedto obtain
realisticmodelsof theacquiredscenes.At thispointa lot of informationis availableanddifferenttypesof
modelscanbecomputed.Thechapterdescribeshow to obtainsurfacemodelsor volumetricmodels.Even
plenopticmodelsandmodelsusablefor augmentedrealityarebrie�y discussed.
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Matching
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Figure1.7: Overview of thepresentedapproachfor 3D modelingfrom images
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Figure1.8: All even imagesof the Arenberg castlesequence(i.e. (

�




���������


 
 ). This sequenceis used
throughoutthis text to illustratethedifferentstepsof thereconstructionsystem.



Chapter 2

Projectivegeometry
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“ ����� experienceprovesthatanyonewhohasstudiedgeometryis in�nitely quickerto graspdif�cult subjects
thanonewhohasnot.”
Plato- TheRepublic,Book7, 375B.C.

2.1 Intr oduction

The work presentedin this thesisdraws a lot on conceptsof projective geometry. This chapterand the
next oneintroducemostof thegeometricconceptsusedin therestof the text. This chapterconcentrates
on projective geometryand introducesconceptsas points, lines, planes,conicsand quadricsin two or
threedimensions. A lot of attentiongoesto the strati�cation of geometryin projective, af�ne, metric
andEuclideanlayers.Projectivegeometryis usedfor its simplicity in formalism,additionalstructureand
propertiescanthenbeintroducedwereneededthroughthishierarchyof geometricstrata.Thissectionwas
inspiredby theintroductionson projectivegeometryfoundin Faugeras'book[42], in thebookby Mundy
andZisserman(in [124]) andby thebookonprojectivegeometryby SempleandKneebone[172].

2.2 Projectivegeometry

A point in projective , -space,-/. , is givenby a
N

,2. �

P

-vectorof coordinates0�&21 3

W

�����

3

.�4

W65

S

. At least
oneof thesecoordinatesshoulddiffer from zero. Thesecoordinatesarecalledhomogeneouscoordinates.
In the text thecoordinatevectorandthepoint itself will be indicatedwith thesamesymbol. Two points
representedby

N

,V. �

P

-vectors0 and 7 areequalif andonly if thereexists a nonzeroscalar A suchthat
3

	

&

A98

	

, for every �

N

�;: ��:<,8. �

P

. This will beindicatedby 0

;

7 .
Oftenthepointswith coordinate3

.�4

W

& ( aresaidto beat in�nity . This is relatedto theaf�ne space
=

. Thisconceptis explainedmorein detail in section2.3.
A collineation is a mappingbetweenprojective spaces,which preserves collinearity (i.e. collinear

points are mappedto collinear points). A collineationfrom -?> to -@. is mathematicallyrepresented
by a

N

� . �

P

�

N

, . �

P

-matrix
�

. Pointsaretransformedlinearly: 0BA CD09E

;

�

0 . Observe thatmatrices
�

and A

�

with A anonzeroscalarrepresentthesamecollineation.
A projectivebasisis theextensionof a coordinatesystemto projectivegeometry. A projectivebasisis

a setof ,�. 
 pointssuchthatno ,�. � of themarelinearly dependent.Theset �%F

&G1 (

�����

�

�����

(

5

S

for
every �

N

�B:>�H:I,�. �

P

, where1 is in the � th positionand �

.�4X,

&G1 ���

�����

�

5

S

is thestandardprojective
basis.A projectivepointof -/. canbedescribedasalinearcombinationof any , . � pointsof thestandard

9
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basis.For example:

�

&

.�4

W

�

F��

W

A

F � F

It canbeshown [44] thatany projective basiscanbe transformedvia a uniquelydeterminedcollineation
into thestandardprojectivebasis.Similarly, if two setof points �

W

������� �

�

.�4X,

and �

E

W

���������

�

E

.�4X,

bothform
a projective basis,thenthereexistsa uniquelydeterminedcollineation

�

suchthat �

E

F

;

�

��F for every �

N

�;:4�(: , . 


P

. Thiscollineation
�

describesthechangeof projectivebasis.In particular,
�

is invertible.

2.2.1 The projective plane

Theprojectiveplaneis theprojectivespace-�, . A point of -:, is representedby a 3-vector �

& 1 3

8��

5

S

.
A line

�

is alsorepresentedby a 3-vector. A point � is locatedona line
�

if andonly if

�

S

�

& (

� (2.1)

Thisequationcanhoweveralsobeinterpretedasexpressingthattheline
�

passesthroughthepoint � . This
symmetryin theequationshowsthatthereis noformaldifferencebetweenpointsandlinesin theprojective
plane.This is known astheprincipleof duality. A line

�

passingthroughtwo points ��� and ��� is givenby
their vectorproduct�

W

�

�

,

. Thiscanalsobewrittenas

�

;

1

�

W�5
	

�

,

with 1

�

W�5�	

&

�


(

�

W �

8

W

�

�

W

( 3

W

8

W �

3

W

(

��

� (2.2)

Thedualformulationgivestheintersectionof two lines.All thelinespassingthroughaspeci�c point form
apencilof lines. If two lines

�

W and
�

,

aredistinctelementsof thepencil,all theotherlinescanbeobtained
throughthefollowing equation:

�

;DA

W

�

W

.

A

,

�

,

(2.3)

for somescalarsA

W and A

,

. Notethatonly theratio ���

���

is important.

2.2.2 Projective3-space

Projective3Dspaceis theprojectivespace-�� . A pointof -�� is representedbya4-vector
�

& 1 + 043V%

5

S

.
In -�� thedualentity of a point is a plane,which is alsorepresentedby a 4-vector. A point

�

is locatedon
a plane

�

if andonly if
�

S

�

& (

� (2.4)

A line canbe given by the linear combinationof two points A

W

�

W

.

A

,

�

,

or by the intersectionof two
planes

�

W��

�

,

.

2.2.3 Transformations

Transformationsin theimagesarerepresentedby homographiesof -8, C -2, . A homographyof -:, C -2,

is representedbya � � � -matrix
�

. Again
�

and A

�

representthesamehomographyfor all nonzeroscalars
A . A point is transformedasfollows:

�

AC

�

E

;

�

�

� (2.5)

The correspondingtransformationof a line canbe obtainedby transformingthepointswhich areon the
line andthen�nding theline de�ned by thesepoints:

�

E

S

�

E

&

�

S

�

UXW

�

�

&

�

S

�

&)(

� (2.6)

Fromthepreviousequationthetransformationequationfor aline iseasilyobtained(with
�

UZS

&

N �

UXW
P

S

&

N �
S/P UZW

):
�

AC

�

E

;

�

U S

�

(2.7)



2.2. PROJECTIVEGEOMETRY 11

Similarreasoningin -�� givesthefollowing equationsfor transformationsof pointsandplanesin 3D space:

�

AC

�

E

;

�

�

� (2.8)
�

AC

�

E

;

�

U S

�

(2.9)

where
�

is a �8��� -matrix.

2.2.4 Conicsand quadrics

Conic A conicin -2, is thelocusof all points � satisfyingahomogeneousquadraticequation:

�

N

�

P

&

�

S��

�

&D(

� (2.10)

where
�

is a � �V� symmetricmatrix only de�ned up to scale.A conicthusdependson � ve independent
parameters.

Dual conic Similarly, thedualconceptexistsfor lines.A conicenvelopeor dual conicis thelocusof all
lines

�

satisfyingahomogeneousquadraticequation:

�

S �

7

�

&)(

� (2.11)

where
�

7

is a �T�-� symmetricmatrix only de�ned up to scale.A dual conic thusalsodependson � ve
independentparameters.

Line-conic intersection Let � and �

E be two pointsde�ning a line. A point on this line can thenbe
representedby �

.

A

�

E . Thispoint liesonaconic
�

if andonly if

�

N

�

.

A

�

E

P

&)(

�

whichcanalsobewrittenas
�

N

�

P

. 


A

�

N

�

�

�

E

P

.

A

,

�

N

�

E

P

� (2.12)

where
�

N

�

�

�

E

P

&

�

S
�

�

E

&

�

N

�

E

�

�

P

Thismeansthata line hasin generaltwo intersectionpointswith aconic.Theseintersectionpointscanbe
realor complex andcanbeobtainedby solvingequation(2.12).

Tangent to a conic The two intersectionpointsof a line with a conic coincideif the discriminantof
equation(2.12)is zero.Thiscanbewrittenas

�

N

�

�

�

E

P

�

�

N

�

P
�

N

�

E

P

&)(

�

If thepoint � is considered�x ed,this formsa quadraticequationin thecoordinatesof �

E which represents
thetwo tangentsfrom � to theconic. If � belongsto theconic,

�

N

�

P

& ( andtheequationof thetangents
becomes

�

N

�

�

�

E

P

&

�

S
�

�

E

&D(

�

which is linearin thecoef�cients of �

E . This meansthatthereis only onetangentto theconicat a point of
theconic.This tangent

�

is thusrepresentedby :

�

;

��S

�

&

�

� (2.13)

Relation betweenconic and dual conic When � variesalongtheconic, it satis�es �

S

�

� andthusthe
tangentline

�

to the conic at � satis�es
�

S

�

UZW

�

& ( . This shows that the tangentsto a conic
�

are
belongingto a dualconic

�

7

;

�

UXW

(assuming
�

is of full rank).
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Transformation of a conic/dual conic The transformationequationsfor conicsanddual conicsunder
a homography

�

canbe obtainedin a similar way to Section2.2.3. Using equations(2.5) and(2.7) the
following is obtained:

�

E

S �

E

�

E

;

�

S

�

S

�

UZS �

�

UXW

�

�

&)(

�

�

E

S �

7

E

�

E

;

�

S

�

UZW

�

�

7

�

S

�

UZS

�

&D(

�

andthus

�

AC

�

E

;

�

U S��

�

UXW

(2.14)
� 7

AC

� 7

E

;

�

� 7

�

S

(2.15)

Observethat(2.14)and(2.15)alsoimply that
N

�

E

P 7

&

N

�

7 P

E .

Quadric In projective 3-space-�� similar conceptsexist. Thesearequadrics.A quadric is the locusof
all points

�

satisfyinga homogeneousquadraticequation:

�

S

�

�

&D(

� (2.16)

where
�

is a � � � symmetricmatrixonly de�nedupto scale.A quadricthusdependsonnineindependent
parameters.

Dual quadric Similarly, thedualconceptexists for planes.A dual quadric is the locusof all planes
�

satisfyingahomogeneousquadraticequation:

�

S

�

7

�

&)( (2.17)

where
�

7

is a ���T� symmetricmatrixonly de�ned up to scaleandthusalsodependsonnineindependent
parameters.

Tangentto a quadric Similar to equation(2.13),thetangentplane
�

to aquadric
�

throughapoint
�

of
thequadricis obtainedas

�

&

�

�

� (2.18)

Relation betweenquadric and dual quadric When
�

variesalongthe quadric,it satis�es
�

S��

�

and
thusthetangentplane

�

to
�

at
�

satis�es
�

S
�

UXW

�

&>( . This shows thatthetangentplanesto a quadric
�

arebelongingto adualquadric
�

7

;

��UXW

(assuming
�

is of full rank).

Transformation of a quadric/dual quadric Thetransformationequationsfor quadricsanddualquadrics
undera homography

�

canbeobtainedin a similar way to Section2.2.3.Usingequations(2.8)and(2.9)
thefollowing is obtained

�

E

S

�

E

�

E

;

�

S

�

S

�

U S

�

�

UZW

�

�

&)(

�

E

S

�

7

E

�

E

;

�

S

�

UXW

�

�

7

�

S

�

U S

�

&)(

andthus

�

AC

�

E

;

�

U S

�

�

UXW

(2.19)
�

7

AC

�

7

E

;

�

�

7

�

S

(2.20)

Observeagainthat
N

�

E

P
7

&

N
�

7
P

E .
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2.3 The strati�cation of 3D geometry

Usuallytheworld is perceivedasa Euclidean3D space.In somecases(e.g.startingfrom images)it is not
possibleor desirableto usethefull Euclideanstructureof 3D space.It canbeinterestingto only dealwith
themorerestrictedandthussimplerstructureof projective geometry. An intermediatelayer is formedby
theaf�ne geometry. Thesestructurescanbethoughtof asdifferentgeometricstratawhichcanbeoverlaid
on theworld. Thesimplestbeingprojective,thenaf�ne, next metricand�nally Euclideanstructure.

This conceptof strati�cation is closelyrelatedto the groupsof transformationsactingon geometric
entitiesandleaving invariantsomepropertiesof con�gurationsof theseelements.Attachedto theprojective
stratumis the group of projective transformations,attachedto the af�ne stratumis the group of af�ne
transformations,attachedto the metric stratumis thegroupof similaritiesandattachedto the Euclidean
stratumis thegroupof Euclideantransformations.It is importantto noticethatthesegroupsaresubgroups
of eachother, e.g.themetricgroupis asubgroupof theaf�ne groupandbotharesubgroupsof theprojective
group.

An importantaspectrelatedto thesegroupsaretheir invariants.An invariant is a propertyof a con-
�guration of geometricentitiesthat is not alteredby any transformationbelongingto a speci�c group.
Invariantsthereforecorrespondto themeasurementsthatonecando consideringa speci�c stratumof ge-
ometry. Theseinvariantsareoftenrelatedto geometricentitieswhichstayunchanged– at leastasa whole
– underthetransformationsof a speci�c group.Theseentitieswill play a very importantrole in this text.
Recoveringthemallows to upgradethestructureof thegeometryto a higherlevel of thestrati�cation.

In the following paragraphsthe differentstrataof geometryarediscussed.The associatedgroupsof
transformations,their invariantsand the correspondinginvariant structuresare presented.This idea of
strati�cation canbefoundbackin [172] and[43].

2.3.1 Projectivestratum

The�rst stratumis theprojectiveone.It is thelessstructuredoneandhasthereforetheleastnumberof in-
variantsandthelargestgroupof transformationsassociatedwith it. Thegroupof projectivetransformations
or collineationsis themostgeneralgroupof lineartransformations.

As seenin thepreviouschaptera projective transformationof 3D spacecanberepresentedby a � ���

invertiblematrix

�

�

;

�

�

�
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�JW
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,

�
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�

���

�

�

�

�

(2.21)

This transformationmatrix is only de�ned up to a nonzeroscalefactorandhastherefore15 degreesof
freedom.

Relationsof incidence,collinearityandtangency areprojectively invariant.Thecross-ratiois aninvari-
antpropertyunderprojectivetransformationsaswell. It is de�ned asfollows: Assumethatthefour points

�

W

�

�

,

�

�

�

and
�

� arecollinear. Thenthey canbeexpressedas
�

	

&

�

.

A

	

�

E (assumenoneis coincident
with

�

E ). Thecross-ratiois de�ned as

�

�

W

�

�

,	�

�

�

�

�

��


&

A

W �

A

�

A

W
�

A

�

E

A

,

�

A

�

A

,

�

A

�

� (2.22)

Thecross-ratiois not dependingon thechoiceof the referencepoints
�

and
�

E andis invariantunderthe
groupof projective transformationsof -

� . A similar cross-ratioinvariantcanbe derived for four lines
intersectingin a point or four planesintersectingin acommonline.

Thecross-ratiocanin factbeseenasthecoordinateof a fourthpoint in thebasisof the�rst three,since
threepointsform a basisfor the projective line -

W

. Similarly, two invariantscould be obtainedfor � ve
coplanarpoints;and,threeinvariantsfor six points,all in generalposition.
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2.3.2 Af�ne stratum

Thenext stratumis theaf�ne one.In thehierarchyof groupsit is locatedin betweentheprojectiveandthe
metricgroup.This stratumcontainsmorestructurethantheprojectiveone,but lessthanthemetricor the
Euclideanstrata.Af�ne geometrydiffers from projective geometryby identifying a specialplane,called
theplaneat in�nity .

Thisplaneis usuallyde�ned by %'&)( andthus
� #

& 1 ( ( ( �

5

S

. Theprojectivespacecanbeseenas
containingtheaf�ne spaceunderthemapping

=

� C -�� E�1 + 013

5

S

AC 1 + 013 �

5

S

. This is a one-to-one
mapping.The plane % & ( in -�� canbeseenascontainingthe limit pointsfor

H

�

H

C

� , sincethese
pointsare 1

�

R�� R

�

R�� R

�

R�� R

W

R�� R 5

S

;

1 +

#

0

#

3

#

(

5 . This planeis thereforecalledthe planeat in�nity
� #

.
Strictly speaking,this planeis not part of the af�ne space,the pointscontainedin it can't be expressed
throughtheusualnon-homogeneous3-vectorcoordinatenotationusedfor af�ne, metricandEuclidean3D
space.

An af�ne transformationis usuallypresentedasfollows:
�


+ E

0@E

3 E

��

&

�
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W W

�

W

,
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, �
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� �
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.
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�

W �
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,

�
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�

�

��
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	�� P

B
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Usinghomogeneouscoordinates,this canberewrittenasfollows
�

E

;

���

�

with

���

;

�

�

�
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( ( ( �

�

�

�

�

� (2.23)

An af�ne transformationcounts12 independentdegreesof freedom. It can easily be veri�ed that this
transformationleavesthe planeat in�nity

�G#

unchanged(i.e.
�G#

;

�

UZS

�

�$#

or
�

S

�

� #

;

� #

). Note,
however, that thepositionof pointsin theplaneat in�nity canchangeunderanaf�ne transformation,but
thatall thesepointsstaywithin theplane

� #

.
All projective propertiesarea fortiori af�ne properties.For the (morerestrictive) af�ne groupparal-

lelism is addedasanew invariantproperty. Linesor planeshaving their intersectionin theplaneat in�nity
arecalledparallel. A new invariantpropertyfor thisgroupis theratio of lengthsalonga certaindirection.
Notethatthis is equivalentto a cross-ratiowith oneof thepointsat in�nity .

From projective to af�ne Up to now it wasassumedthatthesedifferentstratacouldsimply beoverlaid
ontoeachother, assumingthattheplaneat in�nity is at its canonicalposition(i.e.

�
#

& 1 ( (/( �

5

S

). This
is easyto achievewhenstartingfrom aEuclideanrepresentation.Startingfrom aprojectiverepresentation,
however, thestructureis only determinedup to anarbitraryprojective transformation.As wasseen,these
transformationsdo– in general– not leave theplaneat in�nity unchanged.

Therefore,in a speci�c projective representation,the planeat in�nity canbe anywhere. In this case
upgradingthegeometricstructurefrom projective to af�ne impliesthatone�rst hasto �nd thepositionof
theplaneat in�nity in theparticularprojectiverepresentationunderconsideration.

This canbe donewhensomeaf�ne propertiesof the sceneareknown. Sinceparallel linesor planes
areintersectingin theplaneat in�nity , this givesconstraintson thepositionof this plane.In Figure2.1a
projectiverepresentationof acubeis given.Knowing thisis acube,threevanishingpointscanbeidenti�ed.
Theplaneat in�nity is theplanecontainingthese3 vanishingpoints.

Ratiosof lengthsalonga line de�ne thepoint at in�nity of that line. In this casethepoints
��


,
�

W ,
�

,

andthecross-ratio
�

�

W

�

�

,
�

��


�

�
#


 areknown, thereforethepoint
�

#

canbecomputed.
Oncetheplaneat in�nity

�
#

is known, onecanupgradetheprojective representationto anaf�ne one
by applyinga transformationwhich bringsthe planeat in�nity to its canonicalposition. Basedon (2.9)
this equationshouldthereforesatisfy

�

�

�
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(

(

�

�

�

�

�

;

�

U S

�
#

or
�

S

�

�

�




(

(

(

�

�

�

�

�

;

�
#

(2.24)
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Figure2.1: Projective(left) and af�ne (right) structureswhich are equivalentto a cubeunder their re-
spectiveambiguities. Thevanishingpointsobtainedfrom lines which are parallel in the af�ne stratum
constrain thepositionof theplaneat in�nity in theprojectiverepresentation.Thiscanbeusedto upgrade
thegeometricstructure fromprojectiveto af�ne.

Thisdeterminesthefourthrow of
�

. Since,atthislevel, theotherelementsarenotconstrained,theobvious
choicefor thetransformationis thefollowing

�

�

�

;

�

\

�

	

�

(

�

�

S

#

���

(2.25)

with �

#

the �rst 3 elementsof
�

#

whenthe lastelementis scaledto 1. It is importantto note,however,
thatevery transformationof theform

�

�

(

�

�

S

#

�
�

with
� �
	 �

B

& ( (2.26)

maps
�$#

to 1 ( ( ( �

5

S

.

2.3.3 Metric stratum

Themetricstratumcorrespondsto thegroupof similarities.Thesetransformationscorrespondto Euclidean
transformations(i.e. orthonormaltransformation+ translation)complementedwith a scaling. Whenno
absoluteyardstickis available,this is the highestlevel of geometricstructurethat canbe retrieved from
images.This propertyis crucial for specialeffectssinceit enablesthepossibility to usescalemodelsin
movies.

A metrictransformationcanberepresentedasfollows:

�
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�

�

��

W W

�

W

,

�

W

�

�

,

W

�

, ,

�

, �
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�
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(2.27)
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W
P oo

*

Figure2.2: Theabsoluteconic
*

andtheabsolutedualquadric
*

7

in 3D space.

*ww oooo

Figure2.3: Theabsoluteconic 9

#

anddual absoluteconic 9

7

# representedin thepurely imaginary part
of theplaneat in�nity

�G#

with
�

	��

thecoef�cients of anorthonormalmatrix. Thecoef�cients
�

	��

arerelatedby 6 independentcon-
straints K

�

�

�

W

�

	

�

�

�

�

&

�

	��

�

N

� :>� :)�

�

� :D� :>�

P

with �

	L�

theKronecker delta1. This correspondsto
the matrix relationthat

"
S

"

&

"T"

S

& \ andthus
"

UXW

&

"
S

. Recallthat
"

is a rotationmatrix if
andonly if

"T"

S

& \ anddet
"

& � . In particular, anorthonormalmatrix only has3 degreesof freedom.
Usinghomogeneouscoordinates,(2.27)canberewrittenas
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E

;

���
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, with

�
�

;
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�
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(2.28)

A metric transformationthereforecounts7 independentdegreesof freedom,3 for orientation,3 for trans-
lationand1 for scale.

In this casetherearetwo importantnew invariantproperties:relativelengthsandangles. Similar to
theaf�ne case,thesenew invariantpropertiesarerelatedto aninvariantgeometricentity. Besidesleaving
theplaneat in�nity unchangedsimilarity transformationsalsotransformaspeci�c conicinto itself, i.e. the
absoluteconic. This geometricconceptis moreabstractthantheplaneat in�nity . It couldbeseenasan
imaginarycircle locatedin theplaneat in�nity . In this text theabsoluteconic is denotedby

*

. It will be
seenthatit is oftenmorepracticalto representthis entity in 3D spaceby its dualentity

* 7

. Whenonly the
planeat in�nity is underconsideration,9

#

and 9

7

# areusedto representtheabsoluteconicandthedual
absoluteconic(theseare2D entities).Figure2.2andFigure2.3 illustratetheseconcepts. Thecanonical
form for theabsoluteconic

*

is:
*

EF+

,

.10

,

.43

,

&)( and %'&D( (2.29)

1TheKronecker deltais de�ned asfollows
����� �
	��

for 


	��

��� �
	��

for 
��

	�� .
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Note that two equationsareneededto representthis entity. The associateddual entity, the absolutedual
quadric

*57

, however, canberepresentedasa singlequadric.Thecanonicalform is:

*

7

;

�

�

�




� ( ( (

( � ( (

( ( � (

( ( ( (

�

�

�

�

� (2.30)

Notethat
� #

&21 ( ( ( �

5

S

is thenull spaceof
*57

. Let
� #

;

1 +>013V(

5

S

beapointof theplaneat in�nity ,
thenthatpoint in theplaneat in�nity is easilyparameterizedas �

#

;

1 + 013

5

S

. In this casetheabsolute
coniccanberepresentedasa 2D conic:

9

#

;

�


� ( (

( � (

( ( �

��

and 9

7

#

;

�


� ( (

( � (

( ( �

��

� (2.31)

Accordingto (2.28),applyinga similarity transformationto
� #

resultsin �

#

AC

�

E

#

;

�

"

�

#

. Using
equations(2.14),(2.15)and(2.20),it cannow beveri�ed thatasimilarity transformationleavestheabsolute
conicandits associatedentitiesunchanged:
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(2.32)

and
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\
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;
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"
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"

S

� (2.33)

Inversely, it is easyto provethattheprojectivetransformationswhichleavetheabsolutequadricunchanged
form thegroupof similarity transformations(thesamecouldbedonefor theabsoluteconicandtheplane
at in�nity):
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Therefore
�T�TS

;

\

�

	

�

and �

&

�

�

whichareexactly theconstraintsfor a similarity transformation.
AnglescanbemeasuredusingLaguerre'sformula(seefor example[172]). Assumetwo directionsare

characterizedby theirvanishingpoints � and�
E in theplaneat in�nity (i.e. theintersectionof aline with the

planeat in�nity indicatingthedirection). Computethe intersectionpoints � and �9E betweentheabsolute
conicandthe line throughthetwo vanishingpoints. Thefollowing formulabasedon thecross-ratiothen
givestheangle(with � &��

�

� ):
�

&

�
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�

�

,
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�

�

�

E


 (2.34)

From projective or af�ne to metric In somecasesit is neededto upgradetheprojective or af�ne rep-
resentationto metric. This canbe doneby retrieving the absoluteconic or oneof its associatedentities.
Sincetheconicis locatedin theplaneat in�nity , it is easierto retrieveit oncethisplanehasbeenidenti�ed
(i.e. theaf�ne structurehasbeenrecovered). It is, however, possibleto retrieve bothentitiesat thesame
time. Theabsolutequadric

*67

is especiallysuitedfor thispurpose,sinceit encodesbothentitiesat once.
Everyknown angleor ratioof lengthsimposesaconstraintontheabsoluteconic.If enoughconstraints

areathand,theconiccanuniquelybedetermined.In Figure2.4thecubeof Figure2.1is furtherupgraded
to metric (i.e. thecubeis transformedsothatobtainedanglesareorthogonalandthesidesall have equal
length).

Oncetheabsoluteconichasbeenidenti�ed, thegeometrycanbeupgradedfrom projectiveor af�ne to
metricby bringingit to its canonical(metric)position.In Section2.3.2theprocedureto gofrom projective
to af�ne wasexplained.Therefore,we canrestrictourselveshereto theupgradefrom af�ne to metric. In
this case,theremustbeanaf�ne transformationwhich bringstheabsoluteconic to its canonicalposition;
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Figure2.4: Af�ne (left) and metric (right) representationof a cube. Theright anglesand the identical
lengthsin thedifferentdirectionsof a cubegiveenoughinformationto upgradethestructure fromaf�ne to
metric.

or, inversely, from its canonicalpositionto its actualpositionin theaf�ne representation.Combining(2.23)
and(2.20)yields
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;
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(2.35)

Underthesecircumstancestheabsoluteconicandits dualhave thefollowing form (assumingthestandard
parameterizationof theplaneat in�nity , i.e. % &)( ):

9

#

&

�

U S

�

UZW

and 9
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#

&

�T�

S

(2.36)

Onepossiblechoicefor thetransformationto upgradefrom af�ne to metricis

��� �

&

�

�YUZW

(

�

(

S

�

( �

(2.37)

wherea valid
�

canbe obtainedfrom
* 7

by Cholesky factorization. Combining(2.25) and(2.37) the
following transformationis obtainedto upgradethegeometryfrom projective to metricatonce
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(2.38)

2.3.4 Euclideanstratum

For the sake of completeness,Euclideangeometryis brie�y discussed. It doesnot differ much from
metric geometryaswe have de�ned it here. The differenceis that the scaleis �x ed and that therefore
not only relative lengths,but absolutelengthscanbemeasured.Euclideantransformationshave6 degrees
of freedom,3 for orientationand3 for translation.A Euclideantransformationhasthefollowing form
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(2.39)

with
�

	L�

representingthecoef�cients of anorthonormalmatrix,asdescribedpreviously. If
"

is a rotation
matrix (i.e.det

"

& � ) then,this transformationrepresentsa rigid motionin space.

2.3.5 Overview of the different strata

Thepropertiesof thedifferentstrataarebrie�y summarizedin Table2.1 . Thedifferentgeometricstrata
arepresented.Thenumberof degreesof freedom,transformationsandthespeci�c invariantsaregivenfor
eachstratum.Figure2.5 givesan exampleof an objectwhich is equivalentto a cubeunderthedifferent
geometricambiguities.Notefrom the�gure thatfor purposesof visualizationat leastametriclevel should
bereached(i.e. is perceivedasa cube).
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Table2.1: Numberof degreesof freedom,transformationsand invariantscorrespondingto the different
geometricstrata (thecoef�cients
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Figure2.5: Shapeswhich areequivalentto a cubefor thedifferentgeometricambiguities
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2.4 Conclusion

In this chaptersomeconceptsof projective geometrywerepresented.Thesewill allow us, in the next
chapter, to describedtheprojectionfrom asceneinto animageandto understandtheintricaterelationships
whichrelatemultipleviewsof ascene.Basedontheseconceptsmethodscanbeconceivedthatinversethis
processandobtain3D reconstructionsof theobservedscenes.This is themainsubjectof this thesis.



Chapter 3

Cameramodeland multiple view
geometry

3.1 Intr oduction

Beforediscussinghow 3D informationcanbeobtainedfrom imagesit is importantto know how images
areformed.First,thecameramodelis introduced;andthensomeimportantrelationshipsbetweenmultiple
viewsof a scenearepresented.

3.2 The cameramodel

In this work the perspective cameramodel is used. This correspondsto an ideal pinholecamera. The
geometricprocessfor imageformationin a pinholecamerahasbeennicely illustratedby Dürer (seeFig-
ure3.1). Theprocessis completelydeterminedby choosinga perspective projectioncenteranda retinal
plane. The projectionof a scenepoint is thenobtainedasthe intersectionof a line passingthroughthis
pointandthecenterof projection

�

with theretinalplane� .
Most camerasaredescribedrelatively well by this model. In somecasesadditionaleffects(e.g.radial

distortion)haveto betakeninto account(seeSection3.2.5).

3.2.1 A simplemodel

In thesimplestcasewheretheprojectioncenteris placedat theorigin of theworld frameandthe image
planeis theplane 3D& � , theprojectionprocesscanbemodeledasfollows:

3T&

�

�

8

&

�

� (3.1)

For a world point
N

+

�

0

�

3

P

andthecorrespondingimagepoint
N

3

�

8

P

. Usingthehomogeneousrepresen-
tationof thepointsa linearprojectionequationis obtained:

�


3

8

�

��

;
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� ( ( (

( � ( (

( ( � (

��
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�
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+

0

3

�

�

�

�

�

(3.2)

Thisprojectionis illustratedin Figure3.2.Theopticalaxispassesthroughthecenterof projection
�

andis
orthogonalto theretinalplane� . It' s intersectionwith theretinalplaneis de�ned astheprincipalpoint � .

21
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Figure3.1: ManDrawinga Lute(TheDraughtsmanof theLute),woodcut1525,Albrecht Dürer.
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c

Figure3.2: Perspectiveprojection
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Figure3.3: Fromretinal coordinatesto imagecoordinates

3.2.2 Intrinsic calibration

With anactualcamerathefocal length
�

(i.e. thedistancebetweenthecenterof projectionandtheretinal
plane)will bedifferentfrom 1, thecoordinatesof equation(3.2)shouldthereforebescaledwith

�

to take
this into account.

In additionthe coordinatesin the imagedo not correspondto the physicalcoordinatesin the retinal
plane.With aCCDcameratherelationbetweenbothdependsonthesizeandshapeof thepixelsandof the
positionof theCCD chip in thecamera.With a standardphotocamerait dependson thescanningprocess
throughwhich theimagesaredigitized.

Thetransformationis illustratedin Figure3.3.Theimagecoordinatesareobtainedthroughthefollow-
ing equations:
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where�

� and�

� arethewidth andtheheightof thepixels, �

& 1
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5

S

is theprincipalpoint and � the
skew angleasindicatedin Figure3.3. Sinceonly the ratios �

���

and �

��


areof importancethe simpli�ed
notationsof thefollowing equationwill beusedin theremainderof this text:
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(3.3)

with
�

� and
�

� beingthefocal lengthmeasuredin width andheightof thepixels,and � afactoraccounting
for the skew dueto non-rectangularpixels. The above uppertriangularmatrix is called the calibration
matrix of the camera;and the notation

!

will be usedfor it. So, the following equationdescribesthe
transformationfrom retinalcoordinatesto imagecoordinates.

�

&

!

�




� (3.4)

For mostcamerasthepixelsarealmostperfectlyrectangularandthus � is verycloseto zero.Furthermore,
theprincipalpoint is oftencloseto thecenterof theimage.Theseassumptionscanoftenbeused,certainly
to getasuitableinitialization for morecomplex iterativeestimationprocedures.

For a camerawith �x edopticstheseparametersareidenticalfor all theimagestakenwith thecamera.
For cameraswhichhavezoomingandfocusingcapabilitiesthefocal lengthcanobviouslychange,but also
theprincipalpoint canvary. An extensivediscussionof this subjectcanfor examplebefoundin thework
of Willson [219, 217, 218, 220].

3.2.3 Cameramotion

Motion of scenepointscanbemodeledasfollows
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(3.5)
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with
"

arotationmatrix and �

& 1

�

�

�

�

�

�

5

S

a translationvector.
Themotionof thecamerais equivalentto aninversemotionof thesceneandcanthereforebemodeled

as
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� (3.6)

with
"

and � indicatingthemotionof thecamera.

3.2.4 The projection matrix

Combiningequations(3.2), (3.3) and(3.6) the following expressionis obtainedfor a camerawith some
speci�c intrinsiccalibrationandwith a speci�c positionandorientation:
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(3.7)

or even
�

;
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� (3.8)

The � �T� matrix
�

is calledthecamera projectionmatrix.
Using (3.8) the planecorrespondingto a back-projectedimageline
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can also be obtained: Since
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,
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(3.9)

Thetransformationequationfor projectionmatricescanbeobtainedasdescribedin paragraph2.2.3.If the
pointsof a calibrationgrid aretransformedby thesametransformationasthecamera,their imagepoints
shouldstaythesame:
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(3.10)

andthus
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UZW

(3.11)

Theprojectionof theoutlineof aquadriccanalsobeobtained.Foraline in animageto betangentto the
projectionof theoutlineof a quadric,thecorrespondingplaneshouldbeon thedualquadric.Substituting
equation(3.9) in (2.17) the following constraint

�

S
�

�
7

�
S

�

& ( is obtainedfor
�

to be tangentto the
outline. Comparingthis resultwith the de�nition of a conic (2.10), the following projectionequationis
obtainedfor quadrics(this resultscanalsobefoundin [83]). :
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� (3.12)

Relation betweenprojection matricesand imagehomographies

The homographiesthat will be discussedherearecollineationsfrom - , C -2, . A homography
�

de-
scribesthe transformationfrom oneplaneto another. A numberof specialcasesareof interest,sincethe
imageis alsoa plane.Theprojectionof pointsof a planeinto an image � canbedescribedthrougha ho-
mography

�

�

	

. Thematrix representationof thishomographyis dependenton thechoiceof theprojective
basisin theplane.

As animageis obtainedby perspectiveprojection,therelationbetweenpoints
�

� belongingto a plane
�

in 3D spaceandtheir projections�
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in the imageis mathematicallyexpressedby a homography
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.
Thematrixof thishomographyis foundasfollows. If theplane
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Now, if thecameraprojectionmatrix is
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Consequently,
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.
Notethatfor thespeci�c plane
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thehomographiesaresimplygivenby
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;
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.
It is alsopossibleto de�ne homographieswhich describethetransferfrom oneimageto theotherfor

pointsandothergeometricentitieslocatedon a speci�c plane.Thenotation
� �

	��

will beusedto describe
sucha homographyfrom view � to � for a plane

�

. Thesehomographiescan be obtainedthroughthe
following relation
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andareindependentto reparameterizationsof theplane(andthusalso
to a changeof basisin -�� ).

In themetricandEuclideancase,
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where
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is therotationmatrix thatdescribestherelativeorientationfrom the ���	� camerawith
respecttop the �

�	�
one.

In the projective andaf�ne case,onecanassumethat
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known). In thatcase,thehomographies
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where �

W

	

is theprojectionof thecenterof projectionof the�rst camera(in this case,1 (/( ( �

5

S

) in image
� . Thispoint �
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is calledtheepipole, for reasonswhichwill becomeclearin Section3.3.1.
Notethatthisequationcanbeusedto obtain

�

�����

W

	

and �
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, but thatdueto theunknownrelative
scalefactors
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(where

�
#

&21 (F( ( �

5

S

), this yields
�

	

&21

�

#

W

	

�

�

W

	

5 .
Combiningequations(3.14)and(3.16),oneobtains
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This equationgivesan importantrelationshipbetweenthe homographiesfor all possibleplanes.Homo-
graphiescanonly differ by a term �
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1

�
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5

S

. This meansthat in theprojective casethehomographies
for theplaneat in�nity areknown up to 3 commonparameters(i.e. thecoef�cients of �

#

in theprojective
space).

Equation(3.16)alsoleadsto aninterestinginterpretationof thecameraprojectionmatrix:
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In otherwords,apointcanthusbeparameterizedasbeingon theline throughtheopticalcenterof the�rst
camera(i.e. 1 ( (F( �

5

S

) andapoint in thereferenceplane
�

�����

. This interpretationis illustratedin Figure3.4.

3.2.5 Deviations fr om the cameramodel

The perspective cameramodeldescribesrelatively well the imageformationprocessfor mostcameras.
However, whenhigh accuracy is requiredor whenlow-endcamerasareused,additionaleffectshave to be
takeninto account.
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Thefailuresof theopticalsystemto bring all light raysreceivedfrom a point objectto a singleimage
point or to a prescribedgeometricpositionshouldthenbetakeninto account.Thesedeviationsarecalled
aberrations.Many typesof aberrationsexist (e.g.astigmatism,chromaticaberrations,sphericalaberra-
tions,comaaberrations,curvatureof �eld aberrationanddistortionaberration).It is outsidethescopeof
this work to discussthemall. The interestedreaderis referredto the work of Willson [219] andto the
photogrammetryliterature[179].

Many of theseeffectsarenegligible undernormalacquisitioncircumstances.Radialdistortion,how-
ever, canhave a noticeableeffect for shorterfocal lengths. Radialdistortionis a linear displacementof
imagepointsradially to or from thecenterof theimage,causedby thefactthatobjectsatdifferentangular
distancefrom thelensaxisundergodifferentmagni�cations.

It is possibleto cancelmostof this effectby warpingtheimage.Thecoordinatesin undistortedimage
planecoordinates
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canbe obtainedfrom the observed imagecoordinates
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by the following
equation:
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where
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arethe�rst andsecondparametersof theradialdistortionand
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Note that it cansometimesbe necessaryto allow the centerof radial distortionto be different from the
principalpoint [220].

Whenthefocal lengthof thecamerachanges(throughzoomor focus)theparameters
�

W and
�

,

will
alsovary. In a �rst approximationthiscanbemodeledasfollows:
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Dueto thechangesin thelenssystemthis is only anapproximation,exceptfor digital zoomswhere(3.22)
is exact.
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Figure3.5: Correspondencebetweentwo views. Evenwhenthe exact positionof the 3D point
�

corre-
spondingto the image point � is not known,it hasto beon the line through

�

which intersectsthe image
planein � . Sincethis line projectsto the line

�

E in theother image, thecorrespondingpoint �

E shouldbe
locatedon this line. More generally, all thepointslocatedon theplanede�ned by

�

,
�

E and
�

havetheir
projectionon

�

and
�

E .

3.3 Multi view geometry

Differentviews of a scenearenot unrelated.Several relationshipsexist betweentwo, threeor moreim-
ages.Thesearevery importantfor thecalibrationandreconstructionfrom images.Many insightsin these
relationshipshavebeenobtainedin recentyears.

3.3.1 Two view geometry

In this sectionthe following questionwill be addressed:Givenan image point in one image, doesthis
restrict thepositionof thecorrespondingimage point in anotherimage? It turnsout that it doesandthat
this relationshipcanbeobtainedfrom thecalibrationor evenfrom asetof prior point correspondences.

Althoughtheexactpositionof thescenepoint
�

is notknown, it is boundto beontheline of sightof the
correspondingimagepoint � . This line canbeprojectedin anotherimageandthecorrespondingpoint �

E

is boundto beon thisprojectedline
�

E . This is illustratedin Figure3.5. In factall thepointson theplane
�

de�ned by thetwo projectioncentersand
�

havetheir imageon
�

E . Similarly, all thesepointsareprojected
on a line

�

in the �rst image.
�

and
�

E aresaidto be in epipolar correspondence(i.e. thecorresponding
pointof everypoint on

�

is locatedon
�

E , andviceversa).
Every planepassingthroughbothcentersof projection

�

and
�

E resultsin sucha setof corresponding
epipolarlines,ascanbeseenin Figure3.6.All theselinespassthroughtwo speci�c points � and �

E . These
pointsarecalledtheepipoles, andthey aretheprojectionof thecenterof projectionin theoppositeimage.

Thisepipolargeometrycanalsobeexpressedmathematically. Thefactthata point � is ona line
�

can
beexpressedas
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&)( . Theline passingtrough� andtheepipole � is
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with 1
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5
	 theantisymmetric� ��� matrix representingthevectorialproductwith � .
From(3.9) the plane
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is easilyobtainedas
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Combiningtheseequationsgives:
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with � indicating the Moore-Penrosepseudo-inverse. The notation
�

U S

is inspiredby equation(2.7).
Substituting(3.23)in (3.24)resultsin
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Figure3.6: Epipolar geometry. Theline connecting
�

and
�

E de�nesa bundleof planes.For everyoneof
theseplanesa correspondingline canbefoundin each image, e.g. for

�

theseare
�

and
�

E . All 3D points
locatedin

�

project on
�

and
�

E and thusall pointson
�

havetheir correspondingpoint on
�

E and vice
versa. Theselinesare saidto bein epipolarcorrespondence. All theseepipolarlinesmustpassthrough �

or �

E , which are theintersectionpointsof theline
� �

E with theretinalplanes� and � E respectively. These
pointsarecalledtheepipoles.
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� (3.25)

andthus,
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&D(

� (3.26)

This matrix
�

is called the fundamentalmatrix. Theseconceptswere introducedby Faugeras[44] and
Hartley [60]. Sincethenmany peoplehave studiedthepropertiesof this matrix (e.g.[102, 103]) anda lot
of effort hasbeenput in robustlyobtainingthismatrix from a pairof uncalibratedimages[195, 196, 225].

Having thecalibration,
�

canbecomputedandaconstraintis obtainedfor correspondingpoints.When
thecalibrationis not known equation(3.26)canbeusedto computethefundamentalmatrix

�

. Everypair
of correspondingpointsgivesoneconstrainton

�

. Since
�

is a �8�
� matrix which is only determinedup
to scale,it has �:�
�
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� unknowns.Therefore8 pairsof correspondingpointsaresuf�cient to compute
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with a linearalgorithm.
Notefrom (3.25)that
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 . This is anadditionalconstraint
on
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andtherefore7 point correspondencesaresuf�cient to compute
�

througha nonlinearalgorithm.In
Section4.3therobustcomputationof thefundamentalmatrix from imageswill bediscussedin moredetail.

Relation betweenthe fundamental matrix and imagehomographies

Therealsoexistsan importantrelationshipbetweenthehomographies
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andthe fundamentalmatrices
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bea point in image � . Then �
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shouldbe veri�ed. Moreover, equation(3.27) holds for every imagepoint �

	

. Sincethe fundamental
matrix mapspointsto correspondingepipolarlines,
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Let
�

�

bea line in image� andlet
�

betheplaneobtainedby back-projecting
�

�

into space.If �

�

	

is the
imageof apointof thisplaneprojectedin image� , thenthecorrespondingpoint in image� mustbelocated
on the correspondingepipolarline (i.e.
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). Sincethis point is alsolocatedon the line
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it canbe
uniquelydeterminedastheintersectionof both(if theselinesarenot coinciding):
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correspondsto thehomographyof a plane.By combiningthis resultwith equations(3.16)and(3.17)one
canconcludethatit is alwayspossibleto write theprojectionmatricesfor two viewsas
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(3.30)

Notethatthis is animportantresult,sinceit meansthataprojectivecamerasetupcanbeobtainedfrom the
fundamentalmatrixwhichcanbecomputedfrom 7 or morematchesbetweentwo views. Notealsothatthis
equationhas4 degreesof freedom(i.e. the3 coef�cients of � andthearbitraryrelative scalebetween

�

W

,

and �

W

,

). Therefore,this equationcanonly beusedto instantiatea new frame(i.e. anarbitraryprojective
representationof thescene)andnot to obtaintheprojectionmatricesfor all theviews of a sequence(i.e.
compute

�

�

�

�

�

������� ). How thiscanbedoneis explainedin Section5.2.

3.3.2 Threeview geometry

Consideringthreeviewsit is,of course,possibleto groupthemin pairsandto getthetwo view relationships
introducedin thelastsection.Usingthesepairwiseepipolarrelations,theprojectionof a point in thethird
imagecanbepredictedfrom thecoordinatesin the�rst two images.This is illustratedin Figure3.7. The
point in the third imageis determinedas the intersectionof the two epipolarlines. This computation,
however, is notalwaysverywell conditioned.Whenthepoint is locatedin thetrifocal plane(i.e. theplane
goingthroughthethreecentersof projection),it is completelyundetermined.

Fortunately, thereareadditionalconstraintsbetweenthe imagesof a point in threeviews. Whenthe
centersof projectionarenot coinciding,a point canalwaysbereconstructedfrom two views. This point
thenprojectsto a uniquepoint in thethird image,ascanbeseenin Figure3.7,evenwhenthis point is lo-
catedin thetrifocal plane.For two views,noconstraintis availableto restrictthepositionof corresponding
lines. Indeed,back-projectinga line formsa plane,theintersectionof two planesalwaysresultsin a line.
Therefore,no constraintcanbe obtainedfrom this. But, having threeviews, the imageof the line in the
third view canbepredictedfrom its locationin the�rst two images,ascanbeseenin Figure3.8.Similar to
whatwasderivedfor two views, therearemulti linearrelationshipsrelatingthepositionsof pointsand/or
linesin threeimages[181]. Thecoef�cients of thesemulti linearrelationshipscanbeorganizedin atensor
which describesthe relationshipsbetweenpoints [176] and lines [63] or any combinationthereof[65].
Severalresearchershaveworkedonmethodsto computethetrifocal tensor(e.g.see[193, 194]).

Thetrifocal tensor
�

is a �O� � � � tensor. It contains27parameters,only 18of whichareindependent
due to additionalnonlinearconstraints.The trilinear relationshipfor a point is given by the following
equation1:
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Any triplet of correspondingpointsshouldsatisfythisconstraint.
A similar constraintappliesfor lines.Any triplet of correspondinglinesshouldsatisfy:
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E E
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�

1TheEinsteinconventionis used(i.e. indicesthatarerepeatedshouldbesummedover).
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Figure3.7: Relationbetweenthe image of a point in threeviews. Theepipolar lines of points � and �

E

couldbeusedto obtain �

E E . Thisdoes,however, notexhaustall therelationsbetweenthethreeimages.For
a point locatedin the trifocal plane(i.e. theplanede�ned by

�

�

�

E and
�

E E ) this would not give a unique
solution,althoughthe 3D point could still be obtainedfrom its image in the �r st two views and thenbe
projectedto �

E E . Therefore, onecanconcludethat in thethreeview casenotall theinformationis described
by theepipolargeometry. Theseadditionalrelationshipsare describedby thetrifocal tensor.
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Figure3.8: Relationbetweentheimageof a line in threeimages.Whilein thetwoview casenoconstraints
are availablefor lines, in the threeview caseit is alsopossibleto predict thepositionof a line in a third
image fromits projectionin theothertwo. Thistransferis alsodescribedby thetrifocal tensor.
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3.3.3 Multi view geometry

Many peoplehave beenstudyingmulti view relationships[72, 198, 47]. Without going into detail we
would like to give someintuitive insights to the reader. For a more in depthdiscussionthe readeris
referredto [116].

An imagepoint has2 degreesof freedom. But , imagesof a 3D point do not have 
�, degreesof
freedom,but only 3. So, theremustbe 
�,

�

� independentconstraintsbetweenthem. For lines,which
alsohave 2 degreesof freedomin the image,but 4 in 3D space,, imagesof a line mustsatisfy 
�,

�

�

constraints.
Somemorepropertiesof theseconstraintsareexplainedhere.A line canbeback-projectedinto space

linearly (3.9). A point canbe seenasthe intersectionof two lines. To correspondto a realpoint or line
the planesresultingfrom the backprojectionmust all intersectin a single point or line. This is easily
expressedin termsof determinants,i.e.

�

�

W

�

,

�

�

�

�

�

& ( for pointsandthatall the � �Y� subdeterminants
of 1

�

W

�

,

�

�

5 shouldbe zero for lines. This explainswhy the constraintsaremulti linear, sincethis is a
propertyof columnsof a determinant.In additionno constraintscombiningmore than4 imagesexist,
sincewith 4-vectors(i.e. therepresentationof theplanes)maximum �T�V� determinantscanbeobtained.
The twofocal (i.e. the fundamentalmatrix) and the trifocal tensorshave beendiscussedin the previous
paragraphs,recentlyHartley [68] proposedan algorithmfor thepracticalcomputationof thequadrifocal
tensor.

3.4 Conclusion

In this chaptersomeimportantconceptswereintroduced.A geometricdescriptionof theimageformation
processwasgivenandthecameraprojectionmatrixwasintroduced.Someimportantrelationshipsbetween
multipleviewswerealsoderived.Theinsightsobtainedby carefullystudyingthesepropertieshaveshown
thatit is possibleto retrievearelativecalibrationof atwo view camerasetupfrom pointmatchesonly. This
is an importantresultwhich will be exploited further on to obtaina 3D reconstructionstartingfrom the
images.
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Chapter 4

Relating images

Startingfrom a collectionof imagesthe �rst stepconsistsin relatingthe differentimagesto eachother.
This is notaseasyproblem.As seenin thepreviouschapter, a restrictednumberof correspondingpointsis
suf�cient to determinethegeometricrelationshipor multi-view constraintsbetweentheimages.Sincenot
all pointsareequallysuitedfor matching(e.g. a pixel in a homogeneousregion), the �rst stepconsistof
selectinganumberof interestingpointsor featurepoints. Someapproachesalsouseotherfeatures,suchas
linesor curves,but thesewill notbediscussedhere.Featurepointsarecomparedandanumberof potential
correspondencesareobtained.Fromthesethemulti-view constraintscanbecomputed.However, sincethe
correspondenceproblemis anill-posedproblem,thesetof correspondingpointsis typically contaminated
with an importantnumberof wrongmatchesor outliers. In this case,a traditionalleast-squaresapproach
will fail andthereforea robustmethodis needed.Oncethemulti-view constraintshavebeenobtainedthey
canbeusedto guidethesearchfor additionalcorrespondences.Thesecanthenbeusedto furtherre�ne the
resultsfor themulti-view constraints.

4.1 Featurepoint extraction

Thereare two importantrequirementsfor featurepoints. First, pointscorrespondingto the samescene
pointsshouldbe extractedconsistentlyover the differentviews. If this were not the case,it would be
impossibleto �nd correspondencesamongstthem. Secondly, thereshouldbe enoughinformationin the
neighborhoodof thepointssothatcorrespondingpointscanbeautomaticallymatched.Many featurepoint
extractorshavebeenproposed[120, 59, 52, 31, 180].

In our systemtheHarris cornerdetector[59] is used.Considerthefollowing matrix
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is thegrey level intensity. If atacertainpoint thetwo eigenvaluesof thematrix
�

arelarge,
thena smallmotion in any directionwill causeanimportantchangeof grey level. This indicatesthat the
point is acorner. Thecornerresponsefunctionis givenby:
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where� is aparametersetto 0.04(asuggestionof Harris).Cornersarede�ned aslocalmaximaof thecor-
nernessfunction. Sub-pixel precisionis achievedthrougha quadraticapproximationof theneighborhood
of thelocalmaxima.

To avoid cornersdueto imagenoise,it canbe interestingto smooththe imageswith a Gaussian�l-
ter. This shouldhowever not be doneon the input images,but on imagescontainingthe squaredimage

derivatives(i.e.
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Figure4.1: Two imageswith extractedcorners

In practiceoftenfar toomuchcornersareextracted.In thiscaseit is ofteninterestingto �rst restrictthe
numbersof cornersbeforetrying to matchthem.Onepossibilityconsistsof only selectingthecornerswith
a value

�

above a certainthreshold.This thresholdcanbe tunedto yield thedesirednumberof features.
Sincefor somescenesmostof thestrongestcornersarelocatedin thesamearea,it canbe interestingto
re�ne thisschemefurtherto ensurethatin everypartof theimageasuf�cient numberof cornersarefound.

In �gure 4.1 two imagesareshown with theextractedcorners.Note that it is not possibleto �nd the
correspondingcornerfor eachcorner, but thatfor many of themit is.

4.2 similarity measures

To beableto automaticallymatchfeaturesit is importantto haveameasurethatdeterminesif two features
in differentimagesaresimilaror not. For cornerfeaturesonecouldfor examplelook at thelocal intensity
value. Theproblemwith this measureis thatmany pointswill have similar intensityvaluesandthat this
measureis verysensitive to noiseandchangesin illumination.

4.2.1 Intensity cross-correlation

A betterapproachshouldtake the informationof morepixels into account. This could be achieved by
comparinglocal neighborhoodsof cornersthroughintensitycross-correlation.As a neighborhooda small
window of
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with � and � E theintensityvaluesata certainpointand � and �

E

themeanintensityvalueof theconsidered
neighborhood.Typically

�

&D� whichyields
�

�

�

windows.
In �gure 4.2correspondingpartsof two imagesareshown. In eachthepositionof 5 cornersis indicated.

In �gure 4.3 the neighborhoodof eachof thesecornersis shown. The intensity cross-correlationwas
computedfor every possiblecombination. This is shown in Table4.1. It canbe seenthat in this case
the correctpair matchesall yield the highestcross-correlationvalues(i.e. highestvalueson diagonal).
However, the combination2-5, for example,comesvery closeto 2-2. In practice,onecancertainlynot
rely on the fact that all matcheswill be correctandautomaticmatchingproceduresshouldthereforebe
ableto dealwith importantfractionof outliers. Therefore,furtheron robustmatchingprocedureswill be
introduced.

If one can assumethat the motion betweentwo imagesis small (which is neededanyway for the
intensitycross-correlationmeasureto yield goodresults),thelocationof thefeaturecannotchangewidely
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Figure4.2: Detail of theimagesof �gure 4.1with 5 correspondingcorners.

Figure4.3: Localneighborhoodsof the5 cornersof �gure 4.2.

0.9639 -0.3994 -0.1627 -0.3868 0.1914
-0.0533 0.7503 -0.4677 0.5115 0.7193
-0.1826 -0.3905 0.7730 0.1475 -0.7457
-0.2724 0.4878 0.1640 0.7862 0.2077
0.0835 0.5044 -0.4541 0.2802 0.9876

Table4.1: Intensitycross-correlationvaluesfor all possiblecombinationsof the 5 cornersindicated�g-
ure4.2.
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Figure4.4: Basedon the edgesin the neighborhoodof a cornerpoint � an af�nely invariant region is
determinedup to two parameters�
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betweentwo consecutiveviews. This canthereforebeusedto reducethecombinatorialcomplexity of the
matching.Only featureswith similar coordinatesin bothimageswill becompared.For acornerlocatedat

N

3

�

8

P

, only thecornersof theotherimagewith coordinateslocatedin theinterval 1 3

�

�

	

�

32.

�

	

5

� 1

8

�

�
	

�

8

.

�
	

5 . �

	

and
�

	

aretypically � (�� or 
F(�� of theimage.

4.2.2 Matching usingaf�nely invariant regions

Onecannotethat thesimilarity measurepresentedin theprevioussectionis only invariantto translation
andoffsetsin theintensityvalues.If importantrotationor scalingtakesplacethesimilarity measureis not
appropriate.Thesameis truewhenthelighting conditionsdiffer toomuch.Thereforethecross-correlation
basedapproachcanonly beusedbetweenimagesfor which thecameraposesarenot too farapart.

In thissectionamoreadvancedmatchingprocedureis presentedthatcandealwith muchlargerchanges
in viewpoint andillumination [208]. As shouldbeclearfrom thepreviousdiscussion,it is importantthat
pixelscorrespondingto thesamepartof thesurfaceareusedfor comparisonduringmatching.By assuming
thatthesurfaceis locally planarandthatthereis no perspectivedistortion,local transformationsof pixels
from oneimageto theotheraredescribedby 2D af�ne transformations.Sucha transformationis de�ned
by threepoints.At this level we only haveone,i.e. thecornerunderconsideration,andthereforeneedtwo
more.Theideais to go look for themalongedgeswhich passthroughthepoint of interest.It is proposed
to only usecornershaving two edgesconnectedto them,asin �gure 4.4.For curvededgesit is possibleto
uniquelyrelateapointononeedgewith apointontheotheredge(usinganaf�ne invariantparameterization

�

W canbelinkedto �

,

), yieldingonly onedegreeof freedom.For straightedgestwo degreesof freedomare
left. Overtheparallelogram-shapedregion(see�gure 4.4)functionsthatreachtheirextremain aninvariant
way for bothgeometricandphotometricchanges,areevaluated.Two possiblefunctionsare:
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with �
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the imageintensity, � thecenterof gravity of the region, weightedwith imageintensityand
theotherpointsde�ned asin �gure 4.4.
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Theregionsfor which suchanextremumis reachedwill thusalsobe determinedinvariantly. In practice
it turnsout that theextremaareoftennot very well de�ned whentwo degreesof freedomareleft (i.e. for
straightedges),but occurin shallow “valleys”. In thesecasesmorethanonefunction is usedat thesame
timeandintersectionsof these“valleys” areusedto determineinvariantregions.
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Now that we have a methodat handfor the automaticextraction of local, af�nely invariant image
regions,thesecaneasilybedescribedin anaf�nely invariantwayusingmomentinvariants[212]. As in the
region �nding steps,invariancebothunderaf�ne geometricchangesandlinearphotometricchanges,with
differentoffsetsanddifferentscalefactorsfor eachof thethreecolor bands,is considered.

For eachregion, a featurevectorof momentinvarianceis composed.Thesecanbe comparedquite
ef�ciently with the invariant vectorscomputedfor other regions,using a hashing-technique.It can be
interestingto take the region type (curvedor straightedges?Extremaof which function?) into account
aswell. Oncethe correspondingregionshave beenidenti�ed, the cross-correlationbetweenthem(after
normalizationto a squarereferenceregion) is computedasa �nal checkto rejectfalsematches.

4.3 Two view geometrycomputation

As wasseenin Section3.3.1,even for an arbitrarygeometricstructure,the projectionsof points in two
viewscontainssomestructure.Findingbackthisstructureis notonly very interestingsinceit is equivalent
to the projective calibrationof the camerafor the two views, but alsoallows to simplify the searchfor
morematchessincethesehave to satisfytheepipolarconstraint.As will beseenfurther it alsoallows to
eliminatemostof theoutliersfrom thematches.

4.3.1 Eight-point algorithm

Thetwo view structureis equivalentto thefundamentalmatrix. Sincethefundamentalmatrix
�

is a ���T�

matrixdeterminedup to anarbitraryscalefactor, 8 equationsarerequiredto obtainauniquesolution.The
simplestway to computethefundamentalmatrix consistsof usingEquation(3.26). This equationcanbe
rewrittenunderthefollowing form:
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a vectorcontainingthe
elementsof the fundamentalmatrix

�

. By stackingeightof theseequationsin a matrix
�

the following
equationis obtained:
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& ( (4.7)

Thissystemof equationiseasilysolvedby SingularValueDecomposition(SVD) [58]. ApplyingSVD to
�

yieldsthedecomposition���
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with � and 	 orthonormalmatricesand � adiagonalmatrixcontaining
thesingularvalues.Thesesingularvalues�

	

arepositive andin decreasingorder. Thereforein our case
��� is guaranteedto beidenticallyzero(8 equationsfor 9 unknowns)andthusthe lastcolumnof 	 is the
correctsolution(at leastaslong astheeightequationsarelinearly independent,which is equivalentto all
othersingularvaluesbeingnon-zero).

It is trivial to reconstructthefundamentalmatrix
�

from thesolutionvector � . However, in thepresence
of noise,this matrix will not satisfytherank-2constraint.This meansthat therewill not berealepipoles
throughwhich all epipolarlines pass,but that thesewill be “smearedout” to a small region. A solution
to this problemis to obtain

�

astheclosestrank-2approximationof thesolutioncomingout of thelinear
equations.

4.3.2 Seven-point algorithm

In fact the two view structure(or the fundamentalmatrix) only hasseven degreesof freedom. If oneis
preparedto solve non-linearequations,sevenpointsmustthusbesuf�cient to solve for it. In this casethe
rank-2constraintmustbeenforcedduringthecomputations.

A similarapproachasin theprevioussectioncanbefollowedto characterizetheright null-spaceof the
systemof linearequationsoriginatingfrom thesevenpointcorrespondences.Thisspacecanbeparameter-
izedasfollows 
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whichis apolynomialof degree3 in A . Thiscansimplybesolvedanalytically. Therearealways1 or 3 real
solutions.Thespecialcase

�

W (whichis notcoveredby thisparameterization)is easilycheckedseparately,
i.e. it shouldhave rank-2. If morethanonesolutionis obtainedthenmorepointsareneededto obtainthe
truefundamentalmatrix.

4.3.3 Mor epoints...

It is clearthatwhenmorepointmatchesareavailabletheredundancy shouldbeusedto minimizetheeffect
of thenoise.Theeight-pointalgorithmcaneasilybeextendedto beusedwith morepoints.In thiscasethe
matrix

�

of equation4.7 will bemuchbigger, it will have onerow perpoint match.Thesolutioncanbe
obtainedin thesameway, but in this casethelastsingularvaluewill not beperfectlyequalto zero. It has
beenpointedout [66] that in practiceit is very importantto normalizetheequations.This is for example
achievedby transformingthe imageto the interval 1
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5 so thatall elementsof thematrix
�

areof thesameorderof magnitude.
Eventhentheerror that is minimizedis analgebraicerrorwhich hasnor real “physical” meaning.It

is alwaysbetterto minimize a geometricallymeaningfulcriterion. The error measurethat immediately
comesto mind is thedistancebetweenthepointsandtheepipolarlines. Assumingthatthenoiseon every
featurepoint is independentzero-meanGaussianwith thesamesigmafor all points,theminimizationof
thefollowing criterionyieldsamaximumlikelihoodsolution:
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theorthogonaldistancebetweenthepoint � andtheline
�

. This criterioncanbeminimized
througha Levenberg-Marquardalgorithm[156]. Theresultsobtainedthroughlinear least-squarescanbe
usedfor initialization.

4.3.4 Robust algorithm

Themostimportantproblemwith thepreviousapproachesis thatthey cannotcopewith outliers.If theset
of matchesis contaminatedwith evena smallsetof outliers,theresultwill probablybeunusable.This is
typical for all typesof least-squaresapproaches(evennon-linearones).Theproblemis that thequadratic
penalty(which is optimal for Gaussiannoise)allows a singleoutlier beingvery far apartfrom the true
solutionto completelybiasthe�nal result.

Theproblemis that it is very hardto segmentthesetof matchesin inliers andoutliersbeforehaving
the correctsolution. The outliers could have sucha disastrouseffect on the least-squarecomputations
thatalmostno pointswould beclassi�ed asinliers (seeTorr [196] for a morein depthdiscussionof this
problem).

A solutionto this problemwasproposedby FischlerandBolles [48] (seealso[162] for moredetails
on robuststatistics).Their algorithmis calledRANSAC (RANdom SAmplingConsensus)andit canbe
appliedto all kindsof problems.

Let us take a subsetof the dataandcomputea solutionfrom it. If wereare lucky andthereareno
outliersin our set,thesolutionwill becorrectandwe will beableto correctlysegmentthedatain inliers
and outliers. Of course,we can not rely on being lucky. However, by repeatingthis procedurewith
randomlyselectedsubsets,in theendwe shouldendup with thecorrectsolution. Thecorrectsolutionis
identi�ed asthesolutionwith thelargestsupport(i.e. having thelargestnumberof inliers).

Matchesareconsideredinliers if they arenot morethan �

� �

�

� pixelsaway from their epipolarlines,
with � characterizingtheamountof noiseon thepositionof thefeatures.In practice� is hardto estimate
andonecouldjustsetit to 0.5or 1 pixel, for example.

Theremainingquestionis of course'how many samplesshouldbetaken?'. Ideally onecould try out
every possiblesubset,but this is usuallycomputationallyinfeasible,soonetakesthenumberof samples

� suf�ciently high to give a probability � in excessof �

� � that a goodsubsamplewasselected.The
expressionfor this probabilityis [162]
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5% 10% 20% 30% 40% 50% 60% 70% 80%
3 5 13 35 106 382 1827 13692 233963

Table4.2: Thenumberof 7-pointsamplesrequiredto ensure�
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(
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� for a givenfractionof outliers.

Step1. Extractfeatures

Step2. Computea setof potentialmatches

Step3. While �

N��
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���

�

P��

�

��� do

step3.1selectminimal sample(7 matches)

step3.2computesolutionsfor F

step3.3determineinliers

step4. Re�ne F basedonall inliers

step5. Look for additionalmatches

step6. Re�ne F basedonall correctmatches

Table4.3: Overview of thetwo-view geometrycomputationalgorithm.

where � is the fractionof outliers,and � thenumberof featuresin eachsample.In thecaseof thefunda-
mentalmatrix �

&

�

. Table4.2givestherequirednumberof samplesfor a few valuesof � . Thealgorithm
caneasilydealwith up to �F(�� outliers,abovethis therequirednumberof samplesbecomesveryhigh.

Oneapproachis to decidea priori which level of outlier contaminationthealgorithmshoulddealwith
andsetthenumberof samplesaccordingly(e.g.copingwith up to �F(�� outliersimplies382samples).

Often a lower percentageof outliers is presentin the dataandthe correctsolutionwill alreadyhave
beenfound after muchfewer samples.Assumethat sample57 yields a solutionwith

�

(�� of consistent
matches,in this caseonecould decideto stopat sample106, beingsure-at leastfor �

��� - not to have
missedany biggersetof inliers.

Oncethesetof matcheshasbeencorrectlysegmentedin inliersandoutliers,thesolutioncanbere�ned
usingall theinliers. Theprocedureof Section4.3.3canbeusedfor this. Table4.3summarizestherobust
approachto thedeterminationof thetwo-view geometry. Oncetheepipolargeometryhasbeencomputedit
canbeusedto guidethematchingtowardsadditionalmatches.At thispointonly featuresbeingin epipolar
correspondenceshouldbeconsideredfor matching.For acornerin oneimage,only thecornersof theother
imagethatarewithin a smallregion (1 or 2 pixels)aroundthecorrespondingepipolarline, areconsidered
for matching.At this point the initial coordinateinterval thatwasusedfor matchingcanbe relaxed. By
reducingthenumberof potentialmatches,theambiguityis reducedanda numberof additionalmatches
areobtained.Thesecannot only beusedto re�ne thesolutionevenfurther, but will beveryusefulfurther
on in solvingthestructurefrom motionproblemwhereit is importantthattrackedfeaturessurviveaslong
aspossiblein thesequence.

4.3.5 Degeneratecase

Thecomputationof the two-view geometryrequiresthat thematchesoriginatefrom a 3D sceneandthat
the motion is morethana purerotation. If the observedsceneis planar, the fundamentalmatrix is only
determinedup to threedegreesof freedom.Thesameis truewhenthecameramotion is a purerotation.
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In this lastcase-only having onecenterof projection-depthcannot beobserved. In theabsenceof noise
thedetectionof thesedegeneratecaseswould notbetoohard.Startingfrom real-andthusnoisy-data,the
problemis muchhardersincetheremainingdegreesof freedomin theequationsarethendeterminedby
noise.

A solutionto this problemhasbeenproposedby Torr et al. [197]. Themethodswill try to �t different
modelsto the dataand the oneexplaining the databestwill be selected.The approachis basedon an
extensionof Akaike's informationcriterion [1] proposedby Kanatani[82]. It is outsidethescopeof this
text to describethismethodinto details.Thereforeonly thekey ideawill brie�y besketchedhere.

Differentmodelsare evaluated. In this casethe fundamentalmatrix (correspondingto a 3D scene
andmorethana purerotation),a generalhomography(correspondingto a planarscene)anda rotation-
inducedhomographyarecomputed.Selectingthemodelwith thesmallestresidualwouldalwaysyield the
mostgeneralmodel. Akaike's principleconsistof taking into accounttheeffect of theadditionaldegrees
of freedom(which whennot neededby thestructureof thedataendup �tting thenoise)on theexpected
residual. Thisboilsdown to addingapenaltyto theobservedresidualsin functionof thenumberof degrees
of freedomof themodel.This makesa fair comparisonbetweenthedifferentmodelsfeasible.

4.4 Thr eeand four view geometrycomputation

It is possibleto determinethe threeor four view geometryin a similar way to the two view geometry
computationexplainedin theprevioussection.Moredetailson theseconceptscanbefoundin Section3.3.
Sincethepointssatisfyingthethreeor four view geometrycertainlymustsatisfythetwo view geometry,
it is often interestingto have a hierarchicalapproach.In this casethe two view geometryis estimated
�rst from consecutiveviews. Thentriplet matchesareinferredby comparingtwo consecutivesetsof pair-
matches.Thesetripletsarethenusedin arobustapproachsimilar to themethodpresentedin Section4.3.4.
In thiscaseonly 6 tripletsof pointsareneeded.A similarapproachis possiblefor thefour view geometry.

Themethodto recover structureandmotionpresentedin thenext chapteronly relieson thetwo view
geometry. Thereforetheinterestedreaderis referredto theliteraturefor moredetailson thedirectcompu-
tationof threeandfour view geometricrelations.Many authorsstudieddifferentapproachesto compute
multi view relations(e.g. [176, 65]). Torr andZisserman[193] have proposeda robust approachto the
computationof thethreeview geometry. Hartley [68] proposeda methodto computethefour view geom-
etry.



Chapter 5

Structur eand motion

In the previous chapterit wasseenhow differentviews could be relatedto eachother. In this chapter
the relationbetweentheviews andthecorrespondencesbetweenthe featureswill be usedto retrieve the
structureof thesceneandthemotionof thecamera.This problemis calledStructure andMotion. In this
chapter, thestructureandmotionwill only bedeterminedup to anarbitraryprojectivetransformation.The
questionhow to restrictthis ambiguitywill beansweredin thechapteronself-calibration.

At �rst two imagesareselectedandan initial reconstructionframe is set-up. Then the poseof the
camerafor the otherviews is determinedin this frameandeachtime the initial reconstructionis re�ned
andextended.In this way theposeestimationof views thathave no commonfeatureswith thereference
views alsobecomepossible.This approachwasinspiredby thework of Beardsley et al. [9]. Typically, a
view is only matchedwith its predecessorin thesequence.In mostcasesthisworks�ne, but in somecases
(e.g.whenthecameramovesbackandforth) it canbeinterestingto alsorelatea new view to a numberof
additionalviews. Oncethestructureandmotionhasbeendeterminedfor thewholesequence,theresults
canbere�ned to achievethebestpossiblereconstruction.

5.1 Initial frame

Thetwo �rst imagesof thesequenceareusedto determinea referenceframe.Theworld frameis aligned
with the �rst camera. The secondcamerais chosenso that the epipolargeometrycorrespondsto the
retrieved
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	 indicatesthe vectorproductwith �
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. Equation5.1 is not completelydeterminedby the
epipolargeometry(i.e.
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and �
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), but has4 moredegreesof freedom(i.e. � and � ). � determinesthe
positionof thereferenceplane(i.e. theplaneat in�nity in anaf�ne or metricframe)and � determinesthe
globalscaleof thereconstruction.Theparameter� cansimply beput to oneor alternatively thebaseline
betweenthetwo initial viewscanbescaledto one.

Determiningsuitablevaluesfor � is lessobvious. Although strictly speakingat this level only the
projective structurewill be recovered,several stepsaresimpli�ed if onecanassumethat the projective
skew is not too large. In this casemeasurementsin spacecanat leastbeusedqualitatively. How this can
beachievedis explainedin thefollowing section.

5.1.1 Initial projection matrices

Thismethodis adaptedfrom themethodproposedin [9]. In ametricframe,valid choicesfor theprojection
matricesof a camerawith intrinsic parameters
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quasi-metricframe,
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, usingapproximatevaluesfor
thecameraintrinsics
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andtherotation
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.
Theimagesshouldbenormalized�
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� . Equation(5.1)canbe�lled in. In this case� should
bechosenso that
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. This is achievedby orthogonalprojectionof
"

onto
thesubspaceof possible

�

.
Sincetwo consecutive views arein generalnot too far apart,often

"

7

&D\ is a goodapproximation.
For mostof theintrinsicsa goodapproximationis known beforehand(i.e. principalpoint in thecenterof
the image,aspectratio oneandno skew). This is not alwaysthecasefor the focal length. If no a priori
guessfor thefocal lengthis availabledifferentaretried out andtheonewith mostpointsreconstructedin
front of the camerais selected.If morevalueshave a similar amountof valid points,the smallestvalue
is taken. Although the frameobtainedassuchcanstill be far from the realmetric frame,it is in general
suf�cient to allow for theapproachto succeed.In fact this approachis basedon theconceptof cheirality
of Harley [62] or theorientedprojectivegeometryintroducedin computervision by Laveau[96]. How to
recover thequantitativemetricpropertiesof spacewill beexplainedin thenext chapter.

5.1.2 Initial structure

Oncethe two projectionmatriceshave beenfully determinedthe matchescanbe reconstructedthrough
triangulation.For eachpoint a correspondingline of sightcanbeplacedin space.In theabsenceof noise
theselinesshouldintersectin the3D points. In practice,however, theselineswill not perfectlyintersect
anda tradeoff shouldbe made. In a metric frameonewould take the point in themiddle. In projective
space,however, thisconceptis notde�ned.

In theuncalibratedcasetheonly meaningfulminimizationscanbecarriedout in theimageandnot in
space.Therefore,thedistancebetweenthereprojected3D pointandtheimagepointsshouldbeminimized:
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It wasnotedby Hartley andSturm[67] that theonly importantchoiceis to selectin which epipolarplane
thepoint is reconstructed.Oncethis choiceis madeit is trivial to selecttheoptimalpoint from theplane.

A bundle of epipolarplaneshasonly one parameter. In this casethe dimensionof the problemis
reducedfrom 3-dimensionsto 1-dimension.Minimizing thefollowing equationis thusequivalentto mini-
mizeequation5.2.
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with
�

W

N

�

P

and
�

,

N

�

P

theepipolarlinesobtainedin functionof theparameter� describingthebundleof
epipolarplanes.It turnsout [67] that this equationis a polynomialof degree6 in � . Theglobalminimum
of equation5.3canthuseasilybecomputed.

In both imagesthe point on the epipolar line
�

W

N

�

P

and
�

,

N

�

P

closestto the points �

W resp. �

,

is
selected.Sincethesepointsarein epipolarcorrespondencetheir linesof sightmeetin a 3D point.

Thisprocedureis followedfor everymatchthatwasobtainedbetweenthetwo �rst images.Thisyields
aninitial 3D structure.In thenext sectionwe will seehow thisallowsusto placeall theotherviews in the
framede�ned by thetwo �rst views.

5.2 Adding a view

Theprevioussectiondealtwith obtaininganinitial reconstructionfrom two views. This sectiondiscusses
how to add a view to an existing reconstruction.First the poseof the camerais determined,then the
structureis updatedbasedon theaddedview and�nally new pointsareinitialized.

5.2.1 projective poseestimation

For every additionalview theposetowardsthepre-existing reconstructionis determined,thentherecon-
structionis updated.Thisis illustratedin Figure5.1.The�rst stepconsistsof �nding theepipolargeometry
asdescribedin Section4.3. Thenthematcheswhich correspondto alreadyreconstructedpointsareused
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Figure5.2: (a) a priori search range, (b) search rangealongtheepipolarline and(c) search rangearound
thepredictedpositionof thepoint.

to computetheprojectionmatrix
�

� . This is doneusinga robustproceduresimilar to theonelaid out in
Table4.3. In this casea minimal sampleof 6 matchesis neededto compute

�

� . Once
�

� hasbeendeter-
minedtheprojectionof alreadyreconstructedpointscanbepredicted.This allows to �nd someadditional
matchesto re�ne theestimationof

�

� . Thismeansthatthesearchspaceis graduallyreducedfrom thefull
imageto theepipolarline to thepredictedprojectionof thepoint. This is illustratedin Figure5.2.

5.2.2 Re�ning structure

Thestructureis re�ned usinganIteratedExtendedKalmanFilter for eachpoint. Thenotation�

� is usedto
indicateaquantity � in view � , and �

�

� to indicateaestimationbasedon theobservationsupto view � . The
observationequationis:
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where 3

� and 8

� arethe imagecoordinatesof theobservedfeature,
�

is theobserved3D point and �

� is
zero-meanGaussiannoise(uncorrelatedover the images).

�

�

	

is the � th row of theprojectionmatrix
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� .
Theupdateequationsfor statevectorandcovariancematrix are
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wheretheKalmangainmatrix, innovationvector, andinnovationcovarianceare
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respectively, and
"

is the covariancematrix for the observed imagepoints � . The Jacobian
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� of the
non-linearobservationequation5.4is evaluatedat
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whose� � -th elementis �
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Within anIEKF, theupdatecycle in equations5.5and5.6 is repeatedfor a numberof iterationswith
�

�

�

evaluatedat thecurrentvalueof
�

�

� oneachiteration.Beardsley et al [9] proposed3 iterations.
If a3D point is notobservedthepositionis notupdated.In thiscaseonecancheckif thepointwasseen

in a suf�cient numberof views to bekept in the�nal reconstruction.This minimumnumberof views can
for examplebeput to three.Thisavoidsto haveanimportantnumberof outliersdueto spuriousmatches.

5.2.3 Initialize new structure

Of coursein an imagesequencesomenew featureswill appearin every new image. If point matchesare
availablethatwerenot relatedto anexistingpoint in thestructure,thena new pointcanbeinitializedasin
section5.1.2.

After thisprocedurehasbeenrepeatedfor all theimages,onedisposesof cameraposesfor all theviews
andthereconstructionof theinterestpoints. In thefurthermodulesmainly thecameracalibrationis used.
Thereconstructionitself is usedto obtainanestimateof thedisparityrangefor thedensestereomatching.

5.3 Relating to other views

Theprocedureto addaview describedin theprevioussectiononly relatestheimageto thepreviousimage.
In fact it is implicitly assumedthatoncea point getsout of sight, it will not comeback. Althoughthis is
truefor many sequences,thisassumptionsdoesnotalwayshold. Assumethataspeci�c 3D pointgotoutof
sight,but thatit is visibleagainin thelasttwo views. In thiscasea new 3D pointwill beinstantiated.This
will not immediatelycauseproblems,but sincefor thesystemthesetwo 3D pointsareunrelated,nothing
enforcestheir positionto correspond.

This is especiallycrucial for longer imagesequenceswherethe errorsaccumulate. It resultsin a
degradedcalibrationor evencausesthefailureof thealgorithmafteracertainnumberof views.

A possiblesolutionconsistsof relatingeverynew view with all previousviews usingtheprocedureof
Section4.3. It is clear that this would requirea considerablecomputationaleffort. We proposea more
pragmaticapproach.Thisapproachworkedwell in thecaseswe encountered(seeSection8.3).

Let �

�

	

bethe initial estimateof thecameraposeobtainedasdescribedin theprevioussection.A cri-
terion is thenusedto de�ne which views arecloseto theactualview. All thesecloseviews arematched
with the actualview (asdescribedin Section4.3). For every closeview a setof potential2D-3D corre-
spondencesis obtained.Thesesetsaremergedandthecameraprojectionmatrix

�

	

is reestimatedusing
thesamerobustprocedureasdescribedin theprevioussection.Figure5.3 illustratesthis approach.

We applieda verysimplecriterionto decideif viewswerecloseor not. It workedwell for theapplica-
tionswe hadin mind, but it couldeasilybere�ned if needed.Theposition �

	

of thecamerais extracted
from �

�

	

andthe distance
�M	��

to all the othercamerapositionsis computed.Closeviews areselectedas
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Figure5.3: Sequentialapproach (left) and extendedapproach (right). In the traditional schemeview 8
wouldbematchedwith view 7 and9 only. A point

�

which wouldbevisiblein views2,3,4,7,8,9,12,13and
14 would therefore result in 3 independentlyreconstructedpoints. With the extendedapproach only one
pointwill beinstantiated.It is clear that this resultsin a higheraccuracyfor thereconstructedpointwhile
it alsodramaticallyreducestheaccumulationof calibrationerrors.

Figure5.4: Imageof the sphere sequence(left) and resultof calibrationstep(right). The camerasare
representedby little pyramids.Imageswhichwerematchedtogetherareconnectedwith ablackline.

views for which
� 	L�

�

�

�

�

�

	

�

	

UZW�� . Note that strictly speakingsuchmeasureis meaninglessin projective
space,but sincea quasi-metricinitialization wascarriedout andsinceonly local qualitative comparisons
aremadetheobtainedresultsaregood.

Example

Figure5.4shows oneof theimagesof thesphere sequenceandtherecoveredcameracalibrationtogether
with the trackedpoints. This calibrationcanthenbeusedto generatea plenopticrepresentationfrom the
recordedimages(seeSection8.3). Figure5.5showsall theimagesin whicheach3D point is tracked.The
pointsarein theorderthat they wereinstantiated.This explainstheuppertriangularstructure.It is clear
thatfor thesequentialapproach,evenif somepointscanbetrackedasfaras30 images,mostareonly seen
in a few consecutive images.From the resultsfor the extendedapproachseveral thingscanbe noticed.
Theproposedmethodis clearlyeffective in therecoveryof pointswhich werenot seenin thelast images,
therebyavoidingunnecessaryinstantiationsof new points(thesystemonly instantiated2170pointsinstead
of 3792points).Thebandstructureof theappearancematrix for thesequentialapproachhasbeenreplaced
by a denseupperdiagonalstructure.Somepointswhich wereseenin the�rst imagesarestill seenin the
last one(more than60 imagesfurther down the sequence).The meshstructurein the uppertriangular
part re�ects theperiodicity in the motion during acquisition.On the average,a point is trackedover 9.1
imagesinsteadof 4.8 imageswith thestandardapproach.Comparisonwith ground-truthdatashows that
thecalibrationaccuracy wasimprovedfrom 2.31%of themeanobjectdistanceto 1.41%by extendingthe
standardstructureandmotiontechniqueby scanningtheviewpointsurfaceasdescribedin this section.
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Figure5.5: Statisticsof the sphere sequence.This �gure indicatesin which imagesa 3D point is seen.
Points(vertical) versusimages(horizontal). The resultsare illustratedfor both the sequentialapproach
(left) astheextendedapproach(right) areillustrated.

5.4 Re�ning structur eand motion

Oncethe structureandmotion hasbeenobtainedfor the whole sequence,it is recommendedto re�ne it
througha global minimizationstep. A maximumlikelihoodestimationcanbe obtainedthroughbundle
adjustment[21, 179]. The goal is to �nd the projectionmatrices
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� andthe 3D points
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for which the
meansquareddistancesbetweenthe observed imagepoints �
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andthe reprojectedimagepoints
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is
minimized.For � viewsand , pointsthefollowing criterionshouldbeminimized:
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where
�

N

�

�

�

�

P

is the Euclideanimagedistance. If the imageerror is zero-meanGaussianthen bundle
adjustmentis the Maximum LikelihoodEstimator. Although it canbe expressedvery simply, this mini-
mizationproblemis huge. For a typical sequenceof 20 views and2000points,a minimizationproblem
in morethan6000variableshasto be solved. A straight-forwardcomputationis obviously not feasible.
However, thespecialstructureof theproblemcanbeexploitedto solve theproblemmuchmoreef�ciently .
Beforegoingmoreinto detailonef�ciently solvingthebundleadjustment,theLevenberg-Marquardtmin-
imization is presented.Basedone this an ef�cient methodfor bundle adjustmentwill be proposedin
Section5.4.2.

5.4.1 Levenberg-Marquardt minimization

Givena vectorrelation 7 &
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where 0 and 7 canhave differentdimensionsandanobservation
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7 , we
want to �nd the vector 0 which bestsatis�es the given relation. More precisely, we arelooking for the
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Newton iteration Newton's approachstartsfrom an initial value 0
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Figure5.6: Sparsestructureof Jacobianfor bundleadjustment.

with � theJacobianmatrixand � asmalldisplacement.Undertheseassumptionsminimizing
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Thisequationis calledthenormalequation.Thesolutionto theproblemis foundby startingfrom aninitial
solutionandre�ning it basedonsuccessive iterations
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with �

	

the solution of the normal equation5.14 evaluatedat 0

	

. One hopesthat this algorithm will
convergeto thedesiredsolution,but it couldalsoendup in a local minimumor not convergeat all. This
dependsa lot on theinitial value 0




.

Levenberg-Marquardt iteration The levenberg-Marquardtiteration is a variation on the Newton it-
eration. The normal equations
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theKroneckerdelta.
The value A is initialized to a small value,e.g. � (

U

� . If the valueobtainedfor � reducesthe error,
the incrementis acceptedand A is divided by 10 beforethe next iteration. On the other hand, if the
error increasesthen A is multiplied by 10 and the augmentednormal equationsare solved again,until
an incrementis obtainedthat reducesthe error. This is boundto happen,sincefor a large A the method
approachesa steepestdescent.

5.4.2 Bundle adjustment

The observed points �
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, is only dependenton the
point � -th point andthe � -th projectionmatrix. This resultsin a very sparsematrix for theJacobian.This
is illustratedin �gure 5.6 for 3 views and4 points.Becauseof theblock structureof theJacobiansolving
thenormalequations�
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��� &�� haveastructureasseenin �gure 5.7. It is possibleto write down explicit
formulasfor eachblock. Let us�rst introducethefollowing notation:
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Figure5.7: Block structureof normalequations.
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with
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Thiscanbeseparatedin two groupsof equations.The�rst oneis
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andcanbeusedto solve for �

N �
P

. Thesolutioncanbesubstitutedin theothergroupof equations:
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Notethatdueto thesparseblockstructureof 	 its inversecanbecomputedveryef�ciently .
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Step1. Initialize thestructureandmotionrecovery

step1.1.Extractthefeaturesfrom thetwo �rst images.

step1.2. Relatethesetwo views by �nding cornermatchesandcomputingthe
two view geometry.

step1.3.Setup theinitial frame.

step1.4.Reconstructtheinitial structure.

Step2. For everyadditionalview

step2.1.Extractthefeatures

step2.2. Relatethis view with the previousoneby �nding cornermatchesand
computingthetwo view geometry.

step2.3.Computetheposefor thecurrentview usinga robustalgorithm.

step2.4.Re�ne theexistingstructurepoints.

step2.5. (optional)For all precedingviewswhichare“close”

2.5.1.Relatethis view with thecurrentview by �nding cornermatchesand
computingthetwo view geometry.
2.5.2.Infernew matchesfromthecurrentview to theexistingstructurebased
on thecomputedmatchesandaddtheseto thelist usedin step2.3.

Re�ne theposefor thecurrentview usingall thematches.

step2.6. Initialize new structurepoints.

Step3. Re�ne thecomputedstructureandmotionthroughbundleadjustment.

Table5.1: Overview of thestructureandmotionalgorithm.

The only computationallyexpensive stepconsistof solving equation5.23. This is however much
smallerthantheoriginalproblem.For 20viewsand2000pointstheproblemis reducedfrom solving6000
unknownsconcurrentlyto moreor less200unknowns.To simplify thenotationsthenormalequationswere
usedin this presentation.It is howeversimpleto extendthis to theaugmentednormalequations.

5.5 Conclusion

In this sectionanoverview of thealgorithmto retrieve structureandmotionfrom a sequenceof imagesis
given. First a projective frameis initialized from the two �rst views. Theprojective cameramatricesare
chosenso that they satisfythe computedfundamentalmatrix. The matchedcornersarereconstructedso
that an initial structureis obtained.The otherviews in the sequencearerelatedto the existing structure
by matchingthemwith their predecessor. Oncethis is donethestructureis updated.Existingpointsare
re�ned andnew pointsareinitialized. Whenthecameramotionimpliesthatpointscontinuouslydisappear
andreappearit is interestingto relateanimageto other“close” views. Oncethestructureandmotionhas
beenretrieved for thewhole sequence,the resultscanbe re�ned throughbundleadjustment.The whole
procedureis resumedin Table5.1.
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Chapter 6

Self-calibration

The reconstructionobtainedasdescribedin the previous chaptersis only determinedup to an arbitrary
projective transformation.This might be suf�cient for someroboticsor inspectionapplications,but cer-
tainly not for visualization.Thereforeweneedamethodto upgradethereconstructionto ametricone(i.e.
determinedup to anarbitraryEuclideantransformationanda scalefactor).

In generalthreetypesof constraintscanbeappliedto achieve this: sceneconstraints,cameramotion
constraintsandconstraintson the cameraintrinsics. All of thesehave beentried separatelyor in con-
junction. In the caseof a hand-heldcameraandan unknown sceneonly the last type of constraintscan
be used. Reducingthe ambiguityon the reconstructionby imposingrestrictionson the intrinsic camera
parametersis termedself-calibration (in the areaof computervision). In recentyearsmany researchers
have beenworking on this subject. Mostly self-calibrationalgorithmsareconcernedwith unknown but
constantintrinsiccameraparameters(seefor exampleFaugerasetal. [45], Hartley [62], PollefeysandVan
Gool[146, 148, 134], Heydenand 	Aström[70] andTriggs[199]). Recently, theproblemof self-calibration
in thecaseof varyingintrinsiccameraparameterswasalsostudied(seePollefeysetal. [145, 135, 131] and
Heydenand 	Aström [71, 74]).

Many researchersproposedspeci�c self-calibrationalgorithmsfor restrictedmotions(i.e. combining
cameramotion constraintsandcameraintrinsics constraints). In several casesit turnsout that simpler
algorithmscanbeobtained.However, thepriceto payis that theambiguitycanoftennot berestrictedto
metric.Someinterestingapproacheswereproposedby Moonsetal. [117] for puretranslation,Hartley [64]
for purerotationsandby Armstronget al. [3] (seealso[41]) for planarmotion.

Recentlysomemethodswere proposedto combineself-calibrationwith sceneconstraints. A spe-
ci�c combinationwas proposedin [147] to resolve a casewith minimal information. Bondyfalat and
Bougnoux[13] proposeda methodof eliminationto imposethesceneconstraints.Liebowitz andZisser-
man[100] on the otherhandformulateboth the sceneconstraintsandthe self-calibrationconstraintsas
constraintson theabsoluteconicsothata combinedapproachis achieved.

Anotherimportantaspectof theself-calibrationproblemis theproblemof critical motionsequences.In
somecasesthemotionof thecamerais not generalenoughto allow for self-calibrationandanambiguity
remainson the reconstruction.A �rst completeanalysisfor constantcameraparameterswasgiven by
Sturm[185]. Othershavealsoworkedon thesubject(e.g.Pollefeys [131], Ma etal. [106] andKahl [80]).

6.1 Calibration

In thissectionsomeexistingcalibrationapproachesarebrie�y discussed.ThesecanbebasedonEuclidean
or metricknowledgeaboutthescene,thecameraor its motion. Oneapproachconsistsof �rst computing
a projective reconstructionandthenupgradingit a posteriorito a metric(or Euclidean)reconstructionby
imposingsomeconstraints.Thetraditionalapproacheshoweverimmediatelygofor ametric(or Euclidean)
reconstruction.
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6.1.1 Sceneknowledge

Theknowledgeof (relative) distancesor anglesin thescenecanbe usedto obtaininformationaboutthe
metricstructure.Oneof theeasiestmeansto calibratethesceneat a metric level is theknowledgeof the
relativepositionof 5 or morepointsin generalposition.Assumethepoints

�

E

F arethemetriccoordinatesof
theprojectively reconstructedpoints

�

F , thenthetransformation
�

whichupgradesthereconstructionfrom
projectiveto metriccanbeobtainedfrom thefollowing equations
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F (6.1)

which canberewritten aslinearequationsby eliminating A

F . Boufamaet al. [14] investigatedhow some
Euclideanconstraintscouldbeimposedonanuncalibratedreconstruction.Theconstraintsthey dealtwith
areknown 3D points,pointson a groundplane,verticalalignmentandknown distancesbetweenpoints.
BondyfalatandBougnoux[13] recentlyproposeda methodin which theconstraintsare�rst processedby
a geometricreasoningsystemsothata minimal representationof thesceneis obtained.Theseconstraints
canbe incidence,parallelismandorthogonality. This minimal representationis thenfed to a constrained
bundleadjustment.

Thetraditionalapproachtakenby photogrammetrists[20, 56, 179, 57] consistsof immediatelyimpos-
ing thepositionof known controlpointsduringreconstruction.Thesemethodsusebundleadjustment[21]
which is a global minimizationof the reprojectionerror. This can be expressedthroughthe following
criterion:
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where�

	

is thesetof indicescorrespondingto thepointsseenin view � and
�

	

N

�

F

P

describestheprojection
of a point

�

F with camera
�

	

takingall distortionsinto account.Note that
�

F is known for controlpoints
andunknown for otherpoints. It is clearthat this approachresultsin a hugeminimizationproblemand
that,evenif thespecialstructureof theJacobianis taken into account(in a similar way aswasexplained
in Section5.4.2,it is computationallyveryexpensive.

Calibration object In thecaseof a calibrationobject,theparametersof thecameraareestimatedusing
an objectwith known geometry. The known calibrationcanthenbe usedto obtain immediatelymetric
reconstructions.

Many approachesexist for this type of calibration. Most of thesemethodsconsistof a two step
procedurewherea calibrationis obtained�rst for a simpli�ed (linear) modeland thena morecomplex
model,takingdistortionsinto account,is �tted to themeasurements.Thedifferencebetweenthemethods
mainly lies in the type of calibrationobjectthat is expected(e.g.planaror not) or the complexity of the
cameramodel that is used. Someexisting techniquesareFaugerasandToscani[40], Weng,Cohenand
Herniou[215], Tsai[202, 203] (seealsotheimplementationby Willson [219]) andLenzandTsai[98].

6.1.2 Cameraknowledge

Knowledgeaboutthecameracanalsobeusedto restricttheambiguityonthereconstructionfromprojective
to metric or evenbeyond. Differentparametersof thecameracanbe known. Both knowledgeaboutthe
extrinsicparameters(i.e. positionandorientation)astheintrinsicparameterscanbeusedfor calibration.

Extrinsic parameters Knowing therelative positionof theviewpointsis equivalentto knowing therel-
ative positionof 3D points. Thereforethe relative positionof 5 viewpoints in generalpositionsuf�ces
to obtaina metric reconstruction.This is the principle behindthe omni-rig [175] recentlyproposedby
Shashua(a similarbut morerestrictedapplicationwasdescribedin Pollefeyset al. [150, 149]).

It is lessobviousto dealwith theorientationparameters,exceptwhentheintrinsic parametersarealso
known (seebelow).
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Intrinsic parameters If theintrinsiccameraparametersareknown it is possibleto obtainametricrecon-
struction.E.g. this calibrationcanbeobtainedthroughoff-line calibrationwith a calibrationobject.In the
minimal caseof 2 views and5 pointsmultiple solutionscanexist [46], but in generala uniquesolutionis
easilyfound. Traditionalstructurefrom motionalgorithmsassumeknown intrinsic parametersandobtain
metricreconstructionsoutof it (e.g.[101, 201, 6, 27, 181, 189]).

Intrinsic and extrinsic parameters Whenbothintrinsicandextrinsiccameraparametersareknown, the
full cameraprojectionmatrixis determined.In thiscaseaEuclideanreconstructionis obtainedimmediately
by back-projectingthepoints.

In thecaseof known relativepositionandorientationof thecameras,the�rst view canbealignedwith
the world framewithout lossof generality. If only the (relative) orientationandthe intrinsic parameters
areknown, the�rst � �T� partof thecameraprojectionmatricesis known andit is still possibleto linearly
obtainthetransformationwhichupgradestheprojectivereconstructionto metric.

6.2 Self-calibration

In this sectionsomeimportantsconceptsfor self-calibrationareintroduced.Thesearethenusedto brie�y
describesomeof theexistingself-calibrationmethods.

6.2.1 A counting argument

To restrict the projective ambiguity (15 degreesof freedom)to a metric one(3 degreesof freedomfor
rotation, 3 for translationand 1 for scale),at least8 constraintsare needed. This thus determinesthe
minimum length of a sequencefrom which self-calibrationcan be obtained,dependingon the type of
constraintswhich areavailablefor eachview. Knowinganintrinsic cameraparameterfor , viewsgives ,

constraints,�xing oneyieldsonly ,

�

� constraints.
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Of coursethiscountingargumentis only valid if all theconstraintsareindependent.In thiscontext critical
motionsequencesareof specialimportance(seeSection6.2.5).

Thereforethe absenceof skew (1 constraintper view) should in generalbe enoughto allow self-
calibrationon a sequenceof 8 or more images(this was shown in [144, 74, 131]). If in addition the
aspectratio is known (e.g.

�

�

&

�

� ) then4 views shouldbesuf�cient. Whentheprincipalpoint is known
aswell apair of imagesis suf�cient.

6.2.2 Geometric interpretation constraints

In this sectiona geometricinterpretationof a cameraprojectionmatrix is given. It is seenthatconstraints
on theinternalcameraparameterscaneasilybegivena geometricinterpretationin space.

A cameraprojectionplanede�nesa setof threeplanes.The�rst oneis parallelto theimageandgoes
throughthecenterof projection.This planecanbeobtainedby back-projectingthe line at in�nity of the
image(i.e. 1 (F( �

5

S

). The two othersrespectively correspondto the back-projectionof the image 3 - and
8 -axis(i.e. 1 ( � (

5

S

and 1 � (F(

5

S

resp.).A line canbeback-projectedthroughequation(3.9):
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Let uslook at therelativeorientationof theseplanes.Thereforetherotationandtranslationcanbeleft out
without lossof generality(i.e. acameracenteredrepresentationis used).Let usthende�ne thevectors�

� ,
�

� and �

	

asthe�rst threecoef�cients of theseplanes.This thenyieldsthefollowing threevectors:
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Thevectorscoincidingwith thedirectionof the 3 andthe 8 axiscanbeobtainedby intersectionsof these
planes:
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Thefollowing dotproductscannow betaken:
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Equation(6.6) provesthat the constraintfor rectangularpixels (i.e. �

& ( ), andzerocoordinatesfor the
principal point (i.e.

�

�

& ( and
�

�

& ( ) canall be expressedin termsof orthogonalitybetweenvectors
in space.Notefurther that it is possibleto pre-warpthe imagesothata known skew1 or known principal
pointparameterscoincidewith zero.Similarly a known focal lengthor aspectratiocanbescaledto one.

TheAC is alsopossibleto give a geometricinterpretationto a known focal lengthor aspectratio. Put
a planeparallelwith theimageat distance

�

from thecenterof projection(i.e. 3 &

�

in cameracentered
coordinates).In this casea horizontalmotionin theimageof

�

� pixelswill move theintersectionpoint of
the line of sightover a distance

�

. In otherwordsa known focal lengthis equivalentto knowing that the
lengthof two (typically orthogonal)vectorsareequal. If the aspectratio is de�ned asthe ratio between
the horizontalandvertical sidesof a pixel (which makesit independentof � ), a similar interpretationis
possible.

6.2.3 The imageof the absoluteconic

Oneof the mostimportantconceptsfor self-calibrationis the AbsoluteConic (AC) andits projectionin
theimages(IAC) 2. Sinceit is invariantunderEuclideantransformations,its relative positionto a moving
camerais constant.For constantintrinsiccameraparametersits imagewill thereforealsobeconstant.This
is similar to someonewho hasthe impressionthat themoonis following him whendriving on a straight
road.NotethattheAC is moregeneral,becauseit is not only invariantto translationsbut alsoto arbitrary
rotations.

It can be seenas a calibrationobject which is naturally presentin all the scenes.Oncethe AC is
localized,it canbe usedto upgradethe reconstructionto metric. It is, however, not alwaysso simpleto
�nd theAC in thereconstructedspace.In somecasesit is not possibleto make thedifferencebetweenthe
trueAC andothercandidates.Thisproblemwill bediscussedin theSection6.2.5.

In practicethesimplestway to representtheAC is throughtheDual AbsoluteQuadric(DAQ). In this
caseboththeAC andits supportingplane,theplaneat in�nity , areexpressedthroughonegeometricentity.
TherelationshipbetweentheAC andtheIAC is easilyobtainedusingtheprojectionequationfor theDAQ:
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with 9

7

	

representingthedualof theIAC,
*67

theDAQ and
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theprojectionmatrix for view � . Figure6.1
illustratestheseconcepts. For a Euclideanrepresentationof the world the cameraprojectionmatrices
canbe factorizedas:
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. Substitutingthis in Equation(6.7),oneobtains:
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Thisequationis veryusefulbecauseit immediatelyrelatestheintrinsiccameraparametersto theDIAC.
In thecaseof a projective representationof theworld theDAQ will not beat its standardposition,but

will have the following form:
*67
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*57
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with
�

beingthe transformationfrom the metric to the
projective representation.But, sincethe imageswereobtainedin a Euclideanworld, the images9

7

	

still
satisfyEquation(6.8). If

*67

is retrieved,it is possibleto upgradethegeometryfrom projective to metric.
1In this casethe skew shouldbegiven asananglein the imageplane. If the aspectratio is alsoknown, this correspondsto an

anglein theretinalplane(e.g.CCD-array).
2SeeSection2.3.3for details.
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Figure6.1: Theabsoluteconic(locatedin theplaneat in�nity) andits projectionin theimages
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Figure6.2: TheKruppaequationsimposethat the image of theabsoluteconicsatis�estheepipolarcon-
straint. In bothimagestheepipolar linescorrespondingto thetwo planesthrough
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TheIAC canalsobetransferredfrom oneimageto anotherthroughthehomographyof its supporting
plane(i.e. theplaneat in�nity):
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It is alsopossibleto restrictthisconstraintto theepipolargeometry. In thiscaseoneobtainstheKruppa
equations[93] (seeFigure6.2):
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with
�

	L�

thefundamentalmatrix for views � and� and �

	L�

thecorrespondingepipole.In thiscaseonly 2 (in
steadof 5) independentequationscanbeobtained[222]. In factrestrictingtheself-calibrationconstraints
to theepipolargeometryis equivalentto theeliminationof thepositionof in�nity from theequations.The
resultis thatsomearti�cial degeneraciesarecreated(see[183]).

6.2.4 Self-calibration methods

In this sectionsomeself-calibrationapproachesarebrie�y discussed.CombiningEquation(6.7)and(6.8)
oneobtainsthefollowing equation:
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critical motiontype ambiguity
puretranslation af�ne transformation(5DOF)
purerotation3 arbitrarypositionfor planeat in�nity (3DOF)
orbitalmotion projectivedistortionalongrotationaxis(2DOF)
planarmotion scalingaxisperpendicularto plane(1DOF)

Table6.1: Critical motionsequencesfor constantintrinsicparameters

Severalmethodsarebasedonthisequation.ForconstantintrinsicparametersTriggs[199] proposedto min-
imize thedeviation from Equation(6.11). A similar approachwasproposedby Heydenand 	Aström [70].
Pollefeys and Van Gool [148] proposeda relatedapproachbasedon the transferequation(i.e. Equa-
tion (6.9)) ratherthantheprojectionequation.Thesedifferentapproachesarevery similar aswasshown
in [148]. Themore�e xible self-calibrationmethodwhichallowsvaryingintrinsiccameraparameters[135]
is alsobasedonEquation(6.11).

The�rst self-calibrationmethodwasproposedby Faugeraset al. [45] basedon theKruppaequations
(Equation(6.10)). The approachwasimprovedover the years[104, 222]. An interestingfeatureof this
self-calibrationtechniqueis that no consistentprojective reconstructionmustbe available,only pairwise
epipolarcalibration. This canbe very useful is somecaseswhereit is hardto relateall the imagesinto
a single projective frame. The price paid for this advantageis that 3 of the 5 absoluteconic transfer
equationsare usedto eliminatethe dependenceon the position of the planeat in�nity . This explains
why this methodperformspoorly comparedto otherswhena consistentprojective reconstructioncanbe
obtained(see[134]).

Whenthe homographyof the planeat in�nity
�

#

	L�

is known, thenEquation(6.9) canbe reducedto
a setof linearequationsin thecoef�cients of 9

	

or 9

7

	

(this wasproposedby Hartley [62]). Severalself-
calibrationapproachesrely on this possibility. Somemethodsfollow a strati�ed approachandobtainthe
homographiesof theplaneat in�nity by �rst reachinganaf�ne calibration,basedanapuretranslation(see
Moonsetal. [117]) or usingthemodulusconstraint(seePollefeysetal. [134]). Othermethodsarebasedon
purerotations(seeHartley [64] for constantintrinsic parametersanddeAgapitoet al. [29] for a zooming
camera).

6.2.5 Critical motion sequences

Onenoticedvery soonthat not all motion sequencesaresuitedfor self-calibration.Someobviouscases
aretherestrictedmotionsdescribedin theprevioussection(i.e. puretranslation,purerotationandplanar
motion). However therearemoremotion sequenceswhich do not leadto uniquesolutionsfor the self-
calibrationproblem.This meansthatat leasttwo reconstructionsarepossiblewhichsatisfyall constraints
on the cameraparametersfor all the imagesof the sequenceand which are not relatedby a similarity
transformation.

Several researchersrealizedthis problemandmentionedsomespeci�c casesor did a partial analy-
sis of the problem[199, 222, 151]. Sturm[185, 186] provided a completecatalogueof critical motion
sequences(CMS) for constantintrinsic parameters.Additionally, he identi�ed speci�c degeneraciesfor
somealgorithms[183].

However it is very importantto noticethattheclassesof CMSthatexist dependon theconstraintsthat
areenforcedduringself-calibration.The extremesbeingall parametersknown, in which casealmostno
degeneraciesexist, and,noconstraintsat all, in whichcaseall motionsequencesarecritical.

In table6.1and6.2themostimportantcritical motionsequencesfor self-calibrationusingtheconstraint
of constant-but unknown- intrinsicsrespectively intrinsicsknown up to a freely moving focal lengthare
listed. More detailscanbe found in [131]. For self-calibrationto be successfulit is importantthat the
globalmotionover thesequenceis generalenoughsothat it is not containedin any of thecritical motion
sequenceclasses.

3In this caseevenaprojective reconstructionis impossiblesinceall thelinesof sightof a point coincide.
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critical motiontype ambiguity
purerotation4 arbitrarypositionfor planeat in�nity (3DOF)
forwardmotion projectivedistortionalongopticalaxis(2DOF)
translationand scalingopticalaxis(1DOF)
rotationaboutopticalaxis
hyperbolicand/orelliptic motion oneextrasolution

Table6.2: Critical motionsequencesfor varyingfocal length

Figure6.3: Structureandmotionbefore (top)andafter (bottom)self-calibration.

6.3 Flexible self-calibration

In theprevioussectionseveralself-calibrationmethodswerebrie�y presented.In thissectionwewill work
out a �e xible self-calibrationapproach(this methodwasproposedin [144], seealso[135] or [131]). This
methodcandealwith varyingintrinsiccameraparameters.Thisis importantsinceit allowstheuseof zoom
andauto-focusavailableonmostcameras.

The only assumptionwhich is strictly neededby the methodis that pixels arerectangular(seefor a
proof [144, 131]). In practicehowever it is interestingto make moreassumptions.In many casespixels
aresquareand the principal point is locatedcloseto the centerof the image. Our systems�rst usesa
linear methodto obtainan approximatecalibration. This calibrationis thenre�ned througha non-linear
optimizationstepin a secondphase.

In Figure6.3theretrievedstructureandmotionis shownbefore(top)andafter(bottom)self-calibration.
Notethatmetricpropertiessuchasorthogonalityandparallelismcanbeobservedafterself-calibration.

6.3.1 Linear approach

To obtaina linearalgorithmbasedonequation(6.7)linearconstraintsonthedualimageabsoluteconicare
needed.The problemis that the constraintsaregiven in termsof intrinsic cameraparameterswhich are

4No reconstructionpossible.
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However, aknown principalpointyieldstwo independentlinearconstraintson 9

7

. If theprincipalpoint is
known thenaknown skew alsoresultsin alinearconstraint(i.e. by transformingtheimagesothattheskew
vanishes).If thesethreeconstraintsareavailable,thena known focal lengthor aspectratio alsoresultsin
a linear constraint. Even if someof theseconstraintsareonly roughly satis�ed this canbe suf�cient to
providea suitableinitialization for thenonlinearmethod.

Thesetof constraintswhich is typically usedfor initialization consistsof all intrinsicsknown but the
focal length.Theconstraintswe imposesimplify equation(6.7)asfollows:

A

�


�

,

	

( (

(

�

,

	

(

( ( �

��

&

�

	

�

�

�




�

W

�

,

�

�

�

�

�

,

�

�

��� ���

�

�

� � ��� �

�

�

�

� � �

�

�

W




�

�

�

�

�

S

	

(6.13)

with A anexplicit scalefactor. Fromtheleft-handsideof equation(6.13)it canbeseenthatthefollowing
equationshave to besatis�ed:
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with 9
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representingthe elementon row � andcolumn � of 9
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. Note that due to symmetry (6.15)
and (6.16) result in identicalequations.Theseconstraintscan thusbe imposedon the right-handside,
yielding � independentlinearconstraintsin
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parameterizedas in (6.13). The rank 3 constraintcan be
imposedby taking the closestrank 3 approximation(usingSVD for example). This approachholdsfor
sequencesof 3 or moreimages.

Thespecialcaseof 2 imagescanalsobedealtwith, but with a slightly differentapproach.Whenonly
two viewsareavailablethesolutionis only determinedupto aoneparameterfamily of solutions
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Imposingtherank3 constraintin thiscaseshouldbedonethroughthedeterminant:
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This resultsin up to 4 possiblesolutions. The constraintthat the squaredparametersshouldbe positive
canbeusedto eliminatesomeof thesesolutions.If morethanonesolutionpersistsadditionalconstraints
shouldbeused.Thesecancomefrom knowledgeaboutthecamera(e.g.constantfocal length)or aboutthe
scene(e.g.known angle).

Thelinearapproachsuffersfrom anadditionalcritical motionsequence.This is causedby thefactthat
the planarityof the DAQ is only imposeda posteriori(closestrank 3 approximation).If a point is kept
�x edat thecenterof theimage,all spheres-realor virtual- centeredaroundthatpointwill satisfythelinear
constraints.
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6.3.2 Non-linear approach

Equation(6.7)canbeusedto obtainthemetriccalibrationfrom theprojective one.Thedual imageabso-
lute conics 9

7

	

shouldbeparameterizedin sucha way that they enforcetheconstraintson thecalibration
parameters.For theabsolutedualquadric

* 7

a minimumparameterization(8 parameters)shouldbeused.
This canbe doneby putting
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� � from the rank 3 constraint.The following
parameterizationsatis�estheserequirements:
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projectiveto metricis particularlysimple:
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An approximatesolutionto theseequationscanbeobtainedthroughnon-linearleastsquares.Thefollowing
criterionshouldbeminimized(with
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If onechooses
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andthefollowing criterionis obtained:
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In thisway5 of the8 parametersof theabsoluteconicareeliminatedatonce,whichsimpli�es convergence
issues.On theotherhandthis formulationimpliesa biastowardsthe �rst view sinceusingthis parame-
terizationthe equationsfor the �rst view areperfectlysatis�ed, whereasthe noisehasto be spreadover
the equationsfor the otherviews. In the experimentsit will be seenthat this is not suitablefor longer
sequenceswherein thiscasethepresentredundancy cannotbeusedoptimally. Thereforeit is proposedto
�rst usethesimpli�ed criterionof equation(6.22)andthento re�ne theresultswith theunbiasedcriterion
of equation(6.20).

To applythisself-calibrationmethodto standardzooming/focusingcameras,someassumptionsshould
be made. It cansafelybe assumedthat the pixels arerectangular. Often they aresquaresandfor most
camerastheprincipalpoint canbe assumedcloseto thecenterof the image. This leadsto the following
parameterizationsfor
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Theseparameterizationscanbeusedin (6.20).

6.3.3 Maximum Lik elihoodapproach

Thecalibrationresultscouldbere�ned evenmorethroughaMaximumLikelihoodapproach.Traditionally
several assumptionsaremadein this case. It is assumedthat the error is only dueto mislocalizationof
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the imagefeatures.Additionally, this error shouldbe uniformly andnormally distributed5. This means
thattheproposedcameramodelis supposedto beperfectlysatis�ed. In thesecircumstancesthemaximum
likelihoodestimationcorrespondsto thesolutionof a least-squaresproblem.In this casea criterionof the
typeof equation(6.2)shouldbeminimized:
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where �

	

is the set of indicescorrespondingto the points seenin view � and
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shouldbe parameterizedso that the self-calibrationconstraintsare
satis�ed. Themodelcouldalsobeextendedwith parametersfor radialdistortion.

An interestingextensionof thisapproachwouldbeto introducesomeuncertaintyontheappliedcamera
modelandself-calibrationconstraints.Insteadof havinghardconstraintsontheintrinsiccameraparameters
imposedthroughthe parameterization,onecould imposesoft constraintson theseparametersthrougha
trade-off duringtheminimizationprocess.Thiswould yield acriterionof thefollowing form:
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with A

� aregularizationfactorand
�
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N !

	 P

representingtheconstraintsontheintrinsiccameraparameters,
e.g.
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(known principalpoint) or
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� (constantfocal
length).Thevaluesof thefactorsA

� dependonhow stronglytheconstraintsshouldbeenforced.

6.4 Conclusion

In this chapterwe discussedhow to restrict theprojective ambiguityof the reconstructionto metric (i.e.
Euclideanup to scale).After a brief discussionof traditionalcalibrationapproaches,we focussedon the
problemof self-calibration.Thegeneralconceptswereintroducedandthemostimportantmethodsbrie�y
presented.Then a �e xible self-calibrationapproachthat can deal with focusing/zoomingcameraswas
workedout in detail.

5This is a realisticassumptionsinceoutliersshouldhave beenremovedat this stageof theprocessing.



Chapter 7

Densedepth estimation

With the cameracalibrationgiven for all viewpointsof the sequence,we canproceedwith methodsde-
velopedfor calibratedstructurefrom motion algorithms.The featuretrackingalgorithmalreadydelivers
a sparsesurfacemodelbasedon distinct featurepoints. This however is not suf�cient to reconstructge-
ometricallycorrectandvisually pleasingsurfacemodels.This taskis accomplishedby a densedisparity
matchingthatestimatescorrespondencesfrom thegrey level imagesdirectlyby exploiting additionalgeo-
metricalconstraints.

Thischapteris organizedasfollows. In a�rst sectionanapproachto solvethestandardstereomatching
problemis presented.Thenext sectionon recti�cation discusseshow any pair of imagescanbewarpedto
thestandardstereocon�guration.Finally amulti-view approachthatallowsto integratetheresultsobtained
from severalpairsis presented.

7.1 Stereomatching

Stereomatchingis a problemthat hasbeenstudiedover several decadesin computervision andmany
researchershave worked at solving it. The proposedapproachescanbe broadlyclassi�ed into feature-
andcorrelation-basedapproaches[37]. Someimportantfeaturebasedapproacheswereproposedby Marr
andPoggio[107], Grimson[55], Pollard,MayhemandFrisby[130] (all relaxationbasedmethods),Gim-
mel'Farb[53] andBakerandBinford [7] andOhtaandKanade[126] (usingdynamicprogramming).

Successfulcorrelationbasedapproacheswere for exampleproposedby Okutomi andKanade[127]
or Cox et al.[26]. The latter wasrecentlyre�ned by Koch [86] andFalkenhagen[38, 39]. It is this last
algorithmthatwill bepresentedin this section.Anotherapproachbasedon optical �o w wasproposedby
Proesmanset al. [159].

7.1.1 Exploiting sceneconstraints

Theepipolarconstraintrestrictsthesearchrangefor acorrespondingpoint �

� in oneimageto theepipolar
line in theotherimage.It imposesnorestrictionsontheobjectgeometryotherthatthereconstructedobject
point

�

layson the line of sight
�

� from theprojectioncenterof
�

� andthroughthecorrespondingpoint
�

� asseenin Figure7.1(left).Thesearchfor thecorrespondingpoint �"F is restrictedto theepipolarline but
no restrictionsareimposedalongthesearchline.

If we now think of the epipolarconstraintasbeinga planespannedby the line of sight
�

� andthe
baselineconnectingthecameraprojectioncenters,thenwe will �nd theepipolarline by intersectingthe
imageplane\

F with this epipolarplane.
This planealsointersectsthe imageplane \

� andit cutsa 3D pro�le out of the surfaceof the scene
objects.Thepro�le projectsontothecorrespondingepipolarlines in \

� and \

F whereit formsanordered
setof neighboringcorrespondences,asindicatedin Figure7.1(right).

For well behaved surfacesthis orderingis preserved anddeliversan additionalconstraint,known as
'ordering constraint'. Sceneconstraintslike this canbe appliedby makingweakassumptionsaboutthe

61
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Figure7.1: Objectpro�le triangulationfrom orderedneighboringcorrespondences(left). Recti�cationand
correspondencebetweenviewpoints � and � (right).

object geometry. In many real applicationsthe observed objectswill be opaqueand composedout of
piecewisecontinuoussurfaces.If this restrictionholdsthenadditionalconstraintscanbe imposedon the
correspondenceestimation. Koschan[92] listed as many as 12 different constraintsfor correspondence
estimationin stereopairs.Of them,themostimportantapartfrom theepipolarconstraintare:

1. OrderingConstraint: For opaquesurfacesthe order of neighboringcorrespondenceson the cor-
respondingepipolarlines is alwayspreserved. This orderingallows theconstructionof a dynamic
programmingschemewhichis employedby many densedisparityestimationalgorithms[53, 26, 39].

2. UniquenessConstraint:Thecorrespondencebetweenany two correspondingpointsis bidirectional
as long asthereis no occlusionin oneof the images. A correspondencevectorpointing from an
imagepoint to its correspondingpoint in theotherimagealwayshasa correspondingreversevector
pointingback.This testis usedto detectoutliersandocclusions.

3. DisparityLimit: Thesearchbandis restrictedalongtheepipolarline becausetheobservedscenehas
only a limited depthrange(seeFigure7.1,right).

4. Disparity continuity constraint: The disparitiesof the correspondencesvary mostly continuously
andstepedgesoccuronly at surfacediscontinuities.This constraintrelatesto the assumptionof
piecewisecontinuoussurfaces.It providesmeansto furtherrestrictthesearchrange.For neighboring
imagepixelsalongtheepipolarline onecanevenimposeanupperboundon thepossibledisparity
change.Disparitychangesabovetheboundindicateasurfacediscontinuity.

All above mentionedconstraintsoperatealongtheepipolarlines which may have an arbitraryorien-
tation in the imageplanes.Thematchingprocedureis greatlysimpli�ed if the imagepair is recti�ed to a
standardgeometry. How this canbeachievedfor anarbitraryimagepair is explainedin theSection7.2.2.
In standardgeometrybothimageplanesarecoplanarandtheepipolesareprojectedto in�nity . Therecti�ed
imageplanesareorientedsuchthattheepipolarlinescoincidewith theimagescanlines.Thiscorresponds
to a cameratranslatedin thedirectionof the 3 -axis of the image. An exampleis shown in �gure 7.2. In
this casetheimagedisplacementsbetweenthetwo imagesor disparitiesarepurelyhorizontal.

7.1.2 Constrainedmatching

For densecorrespondencematchinga disparityestimatorbasedon thedynamicprogrammingschemeof
Cox et al. [26], is employed that incorporatesthe above mentionedconstraints.It operateson recti�ed
imagepairswheretheepipolarlinescoincidewith imagescanlines. Thematchersearchesat eachpixel
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Figure7.2: Standardstereosetup

in image \

�

� for maximumnormalizedcrosscorrelationin \

�

� by shifting a small measurementwindow
(kernelsize5x5 or 7x7) alongthe correspondingscanline. The selectedsearchstepsize �

�

(usually
1 pixel) determinesthesearchresolutionandtheminimumandmaximumdisparityvaluesdeterminethe
searchregion. This is illustratedin Figure7.3.

Matchingambiguitiesareresolvedby exploiting theorderingconstraintin thedynamicprogramming
approach[86]. The algorithmwasfurtheradaptedto employ extendedneighborhoodrelationshipsanda
pyramidalestimationschemeto reliably dealwith very large disparityrangesof over 50% of the image
size[39]. Theestimateis storedin a disparitymap
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A con�dencevalue is kept togetherwith the correspondencethat tells if a correspondenceis valid

and how good it is. The con�dence is derived from the local imagevarianceand the maximumcross
correlation[90]. To furtherreducemeasurementoutlierstheuniquenessconstraintis employedby estimat-
ing correspondencesbidirectionally
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7.2 Imagepair recti�cation

Thestereomatchingproblemcanbesolvedmuchmoreef�ciently if imagesarerecti�ed. Thisstepconsists
of transformingthe imagesso that the epipolarlines arealignedhorizontally. In this casestereomatch-
ing algorithmscan easily take advantageof the epipolarconstraintand reducethe searchspaceto one
dimension(i.e. correspondingrowsof therecti�ed images).

Thetraditionalrecti�cation schemeconsistsof transformingtheimageplanessothatthecorresponding
spaceplanesarecoinciding[5]. Thereexist many variantsof this traditionalapproach(e.g. [5, 42, 128,
227]), it wasevenimplementedin hardware[25]. This approachfails whentheepipolesarelocatedin the
imagessincethiswouldhaveto resultsin in�nitely largeimages.Evenwhenthis is not thecasetheimage
canstill becomevery large(i.e. if theepipoleis closeto theimage).

Roy et al. [163] proposeda methodto avoid this problem,but their approachis relatively complex and
showssomeproblems.RecentlyPollefeysetal. [136] proposedasimplemethodwhichguaranteesminimal
imagesizeandworksfor all possiblecon�guration.Thismethodwill bepresentedin detailfurtheron,but
�rst thestandardplanarrecti�cation is brie�y discussed.
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Figure7.3: Cross-correlationfor two correspondingepipolarlines(light meanshigh cross-correlation).A
dynamicprogrammingapproachis usedto estimatetheoptimalpath.
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7.2.1 Planar recti�cation

The standardrecti�cation approachis relatively simple. It consistsof selectinga planeparallelwith the
baseline.Thetwo imagearethenreprojectedinto this plane.This is illustratedin Figure7.4. Thesenew
imagessatisfythestandardstereosetup.The differentmethodsfor recti�cation mainly differ in how the
remainingdegreesof freedomarechosen.In thecalibratedcaseonecanchoosethedistancefrom theplane
to thebaselinesothatnopixelsarecompressedduringthewarpingfrom theimagesto therecti�ed images
andthenormalon theplanecanbechosenin themiddleof thetwo epipolarplanescontainingtheoptical
axes.In theuncalibratedcasethechoiceis lessobvious.Severalapproacheswereproposed(e.g.[42, 227]).

7.2.2 Polar recti�cation

Herewe presenta simplealgorithmfor recti�cation which candealwith all possiblecamerageometries.
Only theorientedfundamentalmatrix is required.All transformationsaredonein theimages.Theimage
sizeis assmallascanbeachievedwithoutcompressingpartsof theimages.This is achievedby preserving
thelengthof theepipolarlinesandby determiningthewidth independentlyfor everyhalf epipolarline.

For traditionalstereoapplicationsthelimitationsof standardrecti�cation algorithmsarenot soimpor-
tant.Themaincomponentof cameradisplacementis parallelto theimagesfor classicalstereosetups.The
limited vergencekeepsthe epipolesfar from the images.New approachesin uncalibratedstructureand
motion aspresentedin this text however make it possibleto retrieve 3D modelsof scenesacquiredwith
hand-heldcameras.In this caseforwardmotioncanno longerbeexcluded.Especiallywhena streetor a
similar kind of sceneis considered.

Epipolar geometry

The epipolargeometrydescribesthe relationsthat exist betweentwo images. The epipolargeometryis
describedby thefollowing equation:

�
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�

& ( (7.1)

where� and �

E arehomogeneousrepresentationsof correspondingimagepointsand
�

is thefundamental
matrix. This matrix hasrank two, the right andleft null-spacecorrespondto theepipoles� and �

E which
arecommonto all epipolarlines. Theepipolarline correspondingto a point � is givenby

�

E

;

�

� with
; meaningequalityup to anon-zeroscalefactor(astrictly positivescalefactorwhenorientedgeometryis
used,seefurther).
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Figure7.5:Epipolargeometrywith theepipolesin theimages.Notethatthematchingambiguityis reduced
to half epipolarlines.

Epipolar line transfer Thetransferof correspondingepipolarlines is describedby thefollowing equa-
tions:
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with
�

a homographyfor anarbitraryplane.As seenin [103] a valid homographycanbeobtainedimme-
diatelyfrom thefundamentalmatrix:
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with � a randomvectorfor which det
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is invertible. If onedisposesof cameraprojection
matricesanalternativehomographyis easilyobtainedas:
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where � indicatestheMoore-Penrosepseudoinverse.

Orienting epipolar lines Theepipolarlinescanbeorientedsuchthatthematchingambiguityis reduced
to half epipolarlinesinsteadof full epipolarlines.This is importantwhentheepipoleis in theimage.This
factwasignoredin theapproachof Roy etal. [163].

Figure7.5 illustratesthis concept. Pointslocatedin the right halvesof the epipolarplaneswill be
projectedon theright partof theimageplanesanddependingon theorientationof theimagein this plane
this will correspondto theright or to theleft partof theepipolarlines.Theseconceptsareexplainedmore
in detail in thework of Laveau[95] onorientedprojectivegeometry(seealso[61]).

In practicethis orientationcanbeobtainedasfollows. Besidestheepipolargeometryonepoint match
is needed(note that 7 or more matcheswere neededanyway to determinethe epipolargeometry). An
orientedepipolarline

�

separatestheimageplaneinto apositiveanda negativeregion:
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Note that in this casethe ambiguity on
�

is restrictedto a strictly positive scalefactor. For a pair of
matchingpoints
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both
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and
�

���

N

�

E

P

shouldhave the samesign . Since
�

E is obtainedfrom
�

throughequation(7.2), this allows to determinethe sign of
�

. Oncethis sign hasbeendeterminedthe
epipolarline transferis oriented.We take theconventionthatthepositive sideof theepipolarline hasthe
positiveregionof theimageto its right. This is clari�ed in Figure7.6.
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Recti�cation method

Thekey ideaof ournew recti�cation methodconsistsof reparameterizingtheimagewith polarcoordinates
(aroundtheepipoles).Sincetheambiguitycanbereducedto half epipolarlinesonly positive longitudinal
coordinateshave to be taken into account.Thecorrespondinghalf epipolarlinesaredeterminedthrough
equation(7.2) takingorientationinto account.

The�rst stepconsistsof determiningthecommonregionfor bothimages.Then,startingfrom oneof the
extremeepipolarlines,therecti�ed imageis built up line by line. If theepipoleis in theimageanarbitrary
epipolarline canbe chosenasstartingpoint. In this caseboundaryeffectscanbe avoidedby addingan
overlapof thesizeof thematchingwindow of thestereoalgorithm(i.e. usemorethan360degrees).The
distancebetweenconsecutiveepipolarlinesis determinedindependentlyfor everyhalf epipolarline sothat
no pixel compressionoccurs.This non-linearwarpingallows to obtaintheminimal achievableimagesize
without losingimageinformation.

Thedifferentstepsof thismethodsaredescribedmorein detail in thefollowing paragraphs.

Determining the commonregion Beforedeterminingthecommonepipolarlinestheextremalepipolar
lines for a single imageshouldbe determined.Theseare the epipolarlines that touch the outer image
corners.Thedifferentregionsfor thepositionof theepipolearegivenin Figure7.7.Theextremalepipolar
linesalwayspassthroughcornersof theimage(e.g.if theepipole � is in region1 theareabetween�

�

and
�

�

). Theextremeepipolarlinesfrom thesecondimagecanbeobtainedthroughthesameprocedure.They
shouldthenbetransferedto the�rst image.Thecommonregion is theneasilydeterminedasin Figure7.8

Determining the distancebetweenepipolar lines To avoid losingpixel informationtheareaof every
pixel shouldbeat leastpreservedwhentransformedto therecti�ed image.Theworstcasepixel is always
locatedon the imageborderoppositeto theepipole.A simpleprocedureto computethis stepis depicted
in Figure7.9.Thesameprocedurecanbecarriedout in theotherimage.In this casetheobtainedepipolar
line shouldbetransferredbackto the�rst image.Theminimumof bothdisplacementsis carriedout.

Constructing the recti�ed image Therecti�ed imagesarebuilt up row by row. Eachrow corresponds
to a certainangularsector. The length along the epipolarline is preserved. Figure7.10 clari�es these
concepts.Thecoordinatesof every epipolarline aresavedin a list for later reference(i.e. transformation
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�

is easilyobtainedfrom thepreviousby moving
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backto original images).The distanceof the �rst andthe last pixelsarerememberedfor every epipolar
line. This informationallowsasimpleinversetransformationthroughtheconstructedlook-uptable.

Note that an upperboundfor the imagesizeis easilyobtained.The height is boundby the contour
of the image 
T�

N

% .��

P

. The width is boundby thediagonal �

%

,

.��

,

. Note that the imagesize
is uniquelydeterminedwith our procedureandthat it is theminimumthatcanbeachievedwithout pixel
compression.

Transferring information back Informationaboutaspeci�c point in theoriginal imagecanbeobtained
as follows. The information for the correspondingepipolarline canbe looked up from the table. The
distanceto theepipoleshouldbecomputedandsubtractedfrom thedistancefor the�rst pixel of theimage
row. Theimagevaluescaneasilybeinterpolatedfor higheraccuracy.

To warp backa completeimagea moreef�cient procedurethana pixel-by-pixel warpingcanbe de-
signed.Theimagecanbereconstructedradially (i.e. radarlike). All thepixelsbetweentwo epipolarlines
canthenbe �lled in at oncefrom the informationthat is availablefor theseepipolarlines. This avoids
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Figure7.10:Theimageis transformedfrom (x,y)-spaceto (r,� )-space.Notethatthe � -axisis non-uniform
sothateveryepipolarline hasanoptimalwidth (thiswidth is determinedover thetwo images).
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Figure7.11: Imagepair from anArenberg castlein Leuvenscene.

Figure7.12:Recti�ed imagepairfor bothmethods:standardhomographybasedmethod(top),new method
(bottom).

multiple look-upsin thetable.More detailsondigital imagewarpingcanbefoundin [221].

7.2.3 Examples

As anexamplea recti�ed imagepair from theArenberg castleis shown for boththestandardrecti�cation
andthenew approach.Figure7.11showstheoriginal imagepairandFigure7.12showstherecti�ed image
pair for bothmethods.

A secondexampleshowsthatthemethodworksproperlywhentheepipoleis in theimage.Figure7.13
shows thetwo original imageswhile Figure7.14shows thetwo recti�ed images.In this casethestandard
recti�cation procedurecannotdeliver recti�ed images.

A stereomatchingalgorithmwasusedon this imagepair to computethe disparities. The raw and
interpolateddisparitymapscanbeseenin Figure7.15.Figure7.16showsthedepthmapthatwasobtained.
Notefrom theseimagesthatthereis animportantdepthuncertaintyaroundtheepipole.In facttheepipole
forms a singularity for the depthestimation. In the depthmap of Figure 7.16 an artifact can be seen
aroundthepositionof theepipole.Theextendis muchlongerin onespeci�c directiondueto thematching
ambiguityin this direction(seetheoriginal imageor themiddle-rightpartof therecti�ed image).
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Figure7.13: Imagepair of theauthor's deska few daysbeforea deadline.Theepipoleis indicatedby a
whitedot (top-rightof 'Y' in 'V OLLEYBALL').

7.3 Multi-view stereo

The pairwisedisparityestimationallows to computeimageto imagecorrespondencesbetweenadjacent
recti�ed imagepairs,andindependentdepthestimatesfor eachcameraviewpoint. An optimal joint esti-
matewill be achievedby fusing all independentestimatesinto a common3D model. The fusioncanbe
performedin an economicalway throughcontrolledcorrespondencelinking asdescribedin this section.
The approachutilizes a �e xible multi-viewpoint schemeby combiningthe advantagesof small baseline
andwidebaselinestereo.

As small baselinestereowe de�ne viewpointswherethebaselineis muchsmallerthantheobserved
averagescenedepth.This con�gurationis usuallyvalid for imagesequencesweretheimagesaretakenas
a spatialsequencefrom many slightly varyingview-points.Theadvantages(+) anddisadvantages(–) are

+ easycorrespondenceestimation,sincetheviewsaresimilar,
+ smallregionsof viewpoint relatedocclusions1,
– smalltriangulationangle,hencelargedepthuncertainty.
Thewide baselinestereoin contrastis usedmostlywith still imagephotographsof a scenewherefew

imagesaretakenfrom averydifferentviewpoint. Herethedepthresolutionis superiorbut correspondence
andocclusionproblemsappear:

– hardcorrespondenceestimation,sincetheviewsarenot similar,
– largeregionsof viewpoint relatedocclusions,
+ big triangulationangle,hencehighdepthaccuracy.
The multi-viewpoint linking combinesthe virtuesof both approaches.In addition it will produce

denserdepthmapsthaneitherof theothertechniques,andallowsadditionalfeaturesfor depthandtexture
fusion.Advantagesare:

+ verydensedepthmapsfor eachviewpoint,
+ noviewpointdependentocclusions,
+ highestdepthresolutionthroughviewpoint fusion,
+ textureenhancement(meantexture,highlight removal, super-resolutiontexture).

7.3.1 Corr espondenceLinking Algorithm

Thecorrespondencelinking is describedin this section.It concatenatescorrespondingimagepointsover
multiple viewpointsby correspondencetrackingover adjacentimagepairs. This of courseimplies that
the individually measuredpair matchesareaccurate.To accountfor outliers in pair matches,somero-
bustcontrolstrategiesneedto beemployedto checkthevalidity of thecorrespondencelinking. Consider
an imagesequencetaken from �4& 1 �

�

�

5 viewpoints. Assumethat the sequenceis taken by a camera
moving sidewayswhile keepingtheobjectin view. For any view point

�

let usconsiderthe imagetriple
1 \

�

UZW

�

\

�

�

\

�

4

W
5 . The imagepairs( \

�

UXW , \

� ) and( \

� , \

�

4

W ) form two stereoscopicimagepairswith cor-
respondenceestimatesasdescribedabove. We have now de�ned 3 representationsof imageandcamera
matricesfor eachviewpoint: theoriginal image \

� andprojectionmatrix
�

� , their transformedversions

1As view point relatedocclusionswe considerthosepartsof the object that arevisible in one imageonly, dueto objectself-
occlusion.
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Figure7.14: Recti�ed pair of imagesof thedesk.It canbeveri�ed visually thatcorrespondingpointsare
locatedoncorrespondingimagerows. Theright sideof theimagescorrespondsto theepipole.
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Thislinking processis repeatedalongtheimagesequenceto createachainof correspondencesupwards
and downwards. Every correspondencelink requires2 mappingsand 1 disparity lookup. Throughout
the sequenceof N images,


N �

�

�

P

disparitymapsarecomputed.The multi-viewpoint linking is then
performedef�ciently via fastlookupfunctionson thepre-computedestimates.

Due to the recti�cation mappingtransformedimagepoint will normally not fall on integer pixel co-
ordinatesin the recti�ed image. The lookup of an imagedisparityin the disparitymapD will therefore
requirean interpolationfunction. Sincedisparitymapsfor piecewisecontinuoussurfaceshave a spatially
low frequency content,abilinearinterpolationbetweenpixelssuf�ces.

Occlusionsand visibility

In atriangulationsensorwith two viewpoints � and � two typesof occlusionoccur. If partsof theobjectare
hiddenin bothviewpointsdueto objectself-occlusion,thenwespeakof objectocclusionswhichcannotbe
resolvedfrom thisviewpoint. If asurfaceregionis visiblein viewpoint � but not in � , wespeakof ashadow
occlusion. Theregionshave a shadow-like appearanceof unde�neddisparityvaluessincetheocclusions
at view � casta shadow on theobjectasseenfrom view � . Shadow occlusionsarein factdetectedby the
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Figure7.15:Raw andinterpolateddisparityestimatesfor thefar imageof thedeskimagepair.

Figure7.16:Depthmapfor thefar imageof thedeskimagepair.

uniquenessconstraintdiscussedin section7.1. A solutionto avoid shadow occlusionsis to incorporate
a symmetricalmulti-viewpoint matcherasproposedin this contribution. Pointsthatareshadowedin the
(right) view � . � arenormally visible in the (left) view �

�

� andvice versa. The exploitation of up-
anddown-links will resolve for mostof theshadow occlusions.A helpful measurein this context is the
visibility V that de�nes for a pixel in view � the maximumnumberof possiblecorrespondencesin the
sequence.

�

& � is causedby a shadow occlusion,
���

& 
 allowsadepthestimate.

Depth estimationand outlier detection

Caremustbe taken to excludeinvalid disparityvaluesor outliersfrom the chain. If an invalid disparity
valueis encountered,thechainis terminatedimmediately. Outliersaredetectedby controllingthestatistics
of thedepthestimatecomputedfrom thecorrespondences.Inliers will updatethedepthestimateusinga
1-D Kalman�lter .

Depth and uncertainty Assumea 3D surfacepoint
�

that is projectedonto its correspondingimage
points �

�

&

�

�

�

�

��F

&

�

F

�

. The inverseprocessholdsfor triangulating
�

from thecorrespondingpoint
pair

N

�

�

�

��F

P

. We canin factexploit thecalibratedcamerageometryandexpressthe3D point
�

asa depth
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Figure 7.17: Depth fusion and uncertaintyreductionfrom correspondencelinking (left). Detectionof
correspondenceoutliersby depthinterval testing(right).

value
�

� alongtheknown line of sight
�

�

� thatextendsfrom thecameraprojectioncenterthroughtheimage
correspondence�

� . Triangulationcomputesthedepthasthelengthof
�

�

� connectingthecameraprojection
centerandthe locusof minimum distancebetweenthecorrespondinglinesof sight. The triangulationis
computedfor eachimagepoint andstoredin a densedepthmapassociatedwith theviewpoint.

Thedepthfor eachreferenceimagepoint 0

� is improvedby thecorrespondencelinking thatdelivers
two listsof imagecorrespondencesrelativeto thereference,onelinking down from � C � andonelinking
up from � C

�

. For eachvalid correspondingpoint pair
N

�

	

�

�

�

P

we cantriangulatea consistentdepth
estimate

�

N

�

�

�

�9F

P

along
�

�

� with �

F representingthe depthuncertainty. Figure7.17(left) visualizesthe
decreasinguncertaintyinterval during linking. While the disparity measurementresolution �

�

in the
imageis keptconstant(at1 pixel), thereprojecteddeptherror �

F decreaseswith thebaseline.

Outlier detectionand inlier fusion As measurementnoisewe assumea contaminatedGaussiandistri-
bution with a mainpeakwithin a small interval (of 1 pixel) anda smallpercentageof outliers.Inlier noise
is causedby the limited resolutionof thedisparitymatcherandby the interpolationartifacts.Outliersare
undetectedcorrespondencefailuresandmay be arbitrarily large. As thresholdto detectthe outlierswe
utilize thedepthuncertaintyinterval �

� . Thedetectionof an outlier at � terminatesthe linking at �

�

� .
All depthvalues 1

�

�

�

�

�

4

W

��� � � �

�

F

UZW65 areinlier depthvaluesthatfall within theuncertaintyinterval around
themeandepthestimate.They arefusedby a simple1-D kalman�lter to obtainan optimalmeandepth
estimate.

Figure7.17(right)explainstheoutlier selectionandlink terminationfor theup-link. Theoutlierdetec-
tion schemeis not optimalsinceit relieson thepositionof theoutlier in thechain.Valid correspondences
behindtheoutlierarenotconsideredanymore.It will, however, alwaysbeasgoodasasingleestimateand
in generalsuperiorto it. In addition,sincewe processbidirectionallyup- anddown-link, we alwayshave
two correspondencechainsto fusewhichallows for oneoutlierperchain.

7.3.2 Someresults

In thissectiontheperformanceof thealgorithmis testedonthetwo outdoorsequencesCastleandFountain.

Castlesequence TheCastlesequenceconsistsof imagesof 720x576pixel resolutiontakenwith a stan-
dardsemi-professionalcamcorderthat wasmoved freely in front of a building. The quantitative perfor-
manceof correspondencelinking canbe testedin differentways. Onemeasurealreadymentionedis the
visibility of an objectpoint. In connectionwith correspondencelinking, we have de�ned visibility

�

as
thenumberof viewslinkedto thereferenceview. Anotherimportantfeatureof thealgorithmis thedensity
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Figure7.18: Statisticsof thecastlesequence.In�uence of sequencelength
�

on visibility
�

andrelative
deptherror � . (left) In�uence of minimum visibility

�
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.

on �ll rate � anddeptherror � for
�

& ���

(center). Depthmap(above: dark=near, light=far) anderror map(below: dark=large error, light=small
error)for

�

& � � and
�
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.

&)� (right).

andaccuracy of thedepthmaps.To describeits improvementover the2-view estimator, we de�ne the�ll
rate � andtheaveragerelativedeptherror � asadditionalmeasures.

Visibility
�

1

�

���

�

�

5 : averagenumberof views linkedto thereferenceimage.

Fill Rate � 1 �

5 : Numberof valid pixels
Totalnumberof pixels

Depth error �B1 �

5 : standarddeviationof relativedeptherror �

� for all valid pixels.

The 2-view disparity estimatoris a specialcaseof the proposedlinking algorithm, henceboth can
be comparedon an equalbasis. The 2-view estimatoroperateson the imagepair

N

�

�

��. �

P

only, while
themulti-view estimatoroperateson a sequence�

�

�

�
�

with
� �

& � . Theabovede�ned statistical
measureswerecomputedfor differentsequencelengthsN. Figure7.18displaysvisibility andrelativedepth
error for sequencesfrom 2 to 15 images,chosensymmetricallyaroundthereferenceimage.Theaverage
visibility

�

showsthatfor up to 5 imagesnearlyall viewsareutilized. For 15 images,ataverage9 images
arelinked. Theamountof linking is re�ected in therelative deptherror thatdropsfrom 5% in the2 view
estimatorto about1.2%for 15 images.

Linking two views is the minimum casethat allows triangulation. To increasethe reliability of the
estimates,a surfacepoint shouldoccur in morethantwo images.We canthereforeimposea minimum
visibility

�

>

	

.

on a depthestimate.This will rejectunreliabledepthestimateseffectively, but will also
reducethe�ll rateof thedepthmap.

The graphsin �gure 7.18(center)show the dependency of the �ll rateanddeptherror on minimum
visibility for N=11. The �ll ratedropsfrom 92% to about70%, but at the sametime the deptherror is
reducedto 0.5%dueto outlier rejection.Thedepthmapandtherelative errordistribution over thedepth
mapis displayedin Figure7.18(right).Theerrordistributionshowsaperiodicstructurethatin factre�ects
the quantizationuncertaintyof the disparityresolutionwhenit switchesfrom onedisparityvalueto the
next.

Fountain sequence TheFountainsequenceconsistsof 5 imagesof thebackwall of theUpperAgoraat
thearchaeologicalsiteof Sagalassosin Turkey, takenwith a digital camerawith 573x764pixel resolution.
It showsaconcavity in whichonceastatuewassituated.

The performancecharacteristicsaredisplayedin the table7.1. The �ll rate is high and the relative
erroris ratherlow becauseof a fairly wide baselinebetweenviews. This is re�ectedin thehigh geometric
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N[view]
�

1

�

� �

�

�

5

� 1 �

5

�B1 �

5

2 2 89.8728 0.294403
3 2.85478 96.7405 0.208367
5 4.23782 96.4774 0.121955

Table7.1: Statisticsof thefountainsequencefor visibility
�

, �ll rate � anddeptherror � .

quality of depththe mapandthe reconstruction.Figure7.19shows from left to right images1 and3 of
thesequence,thedepthmapascomputedwith the2-view estimator, andthedepthmapwhenusingall 5
images.Thewhite (unde�ned)regionsin the2-view depthmaparedueto shadow occlusionswhich are
almostcompletelyremovedin the5-view depthmap.This is re�ectedin the�ll ratethatincreasesfrom 89
to 96%. It shouldbenotedthat for this sequencea very largesearchrangeof 400pixelswasused,which
is over70%of theimagewidth. Despitethis largesearchrangeonly few matchingerrorsoccurred.

7.4 Conclusion

In thischapterwepresentedaschemethatcomputesdenseandaccuratedepthmapsbasedonthesequence
linking of pairwiseestimateddisparitymaps.First a matchingalgorithmwaspresentedwhich computes
correspondingpointsfor animagepair in standardstereocon�guration.Thenit wasexplainedhow images
canberecti�ed sothatany pairof imagescanbebroughtto thiscon�guration.Finally amulti-view linking
approachwaspresentedwhichallowsto combinetheresultsto obtainmoreaccurateanddensedepthmaps.
The performanceanalysisshowed that very densedepthmapswith �ll ratesof over 90 % anda relative
deptherrorof 0.1%canbemeasuredwith off-the-shelfcamerasevenin unrestrictedoutdoorenvironments
suchasanarchaeologicalsite.
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Figure7.19: First andlast imageof fountainsequence(left). Depthmapsfrom the2-view andthe5-view
estimator(from left to right) showing theverydensedepthmaps(right).



Chapter 8

Modeling

In thepreviouschapterswehaveseenhow theinformationneededto build a3D modelcouldautomatically
be obtainedfrom images.This chapterexplainshow this informationcanbe combinedto build realistic
representationsof thescene.It is notonly possibleto generateasurfacemodelor volumetricmodeleasily,
but all the necessaryinformationis availableto build plenopticmodelsor even constructan augmented
reality system.Thesedifferentcaseswill now bediscussedin moredetail.

8.1 Surfacemodel

The 3D surfaceis approximatedby a triangularmeshto reducegeometriccomplexity and to tailor the
model to the requirementsof computergraphicsvisualizationsystems. A simple approachconsistsof
overlayinga 2D triangularmeshon top of the imageandthenbuild a corresponding3D meshby placing
theverticesof the trianglesin 3D spaceaccordingto thevaluesfound in thedepthmap. To reducenoise
it is recommendedto �rst smooththedepthimage(thekernelcanbechosenof thesamesizeasthemesh
triangles).Theimageitself canbeusedastexturemap(thetexturecoordinatesaretrivially obtainedasthe
2D coordinatesof thevertices).

It canhappenthat for someverticesno depthvalueis availableor that thecon�denceis too low (see
Section7.1.2). In thesecasesthecorrespondingtrianglesarenot reconstructed.Thesamehappenswhen
trianglesare placedover discontinuities. This is achieved by selectinga maximumanglebetweenthe
normalof a triangleandtheline of sightthroughits center(e.g.85degrees).

Thissimpleapproachworksverywell on thedepthmapsobtainedaftermulti-view linking. Onsimple
stereodepthmapsit is recommendedto usea moreadvancedtechniquedescribedin [90]. In this casethe
boundariesof theobjectsto bemodeledarecomputedthroughdepthsegmentation.In a�rst step,anobject
is de�ned asaconnectedregion in space.Simplemorphological�ltering removesspuriousandverysmall
regions. Thena boundedthin platemodelis employedwith a secondordersplineto smooththesurface
andto interpolatesmallsurfacegapsin regionsthatcouldnotbemeasured.

The surfacereconstructionapproachis illustratedin Figure8.1. The obtained3D surfacemodel is
shown in Figure8.2with shadingandwith texture. Notethatthis surfacemodelis reconstructedfrom the
viewpointof a referenceimage.If thewholescenecannotbeseenfrom oneimage,it it necessaryto apply
a techniqueto fusedifferentsurfacestogether(e.g.[205]).

8.1.1 Texture enhancement

Thecorrespondencelinking builds a controlledchainof correspondencesthatcanbeusedfor textureen-
hancementaswell. At eachreferencepixel onemay collecta sortedlist of imagecolor valuesfrom the
correspondingimagepositions.This allows to enhancetheoriginal texturein many waysby accessingthe
colorstatistics.Somefeaturesthatarederivednaturallyfrom thelinking algorithmare:

1. Highlight and re�ection removal: A medianor robustmeanof thecorrespondingtexturevaluesis
computedto discardimagingartifactslikesensornoise,specularre�ectionsandhighlights[125].

77
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Figure 8.1: Surfacereconstructionapproach:A triangularmesh(left) is overlaid on top of the image
(middle).Theverticesareback-projectedin spaceaccordingto thevaluefoundin thedepthmap(right).

Figure8.2: 3D surfacemodelobtainedautomaticallyfroman uncalibratedimage sequence, shaded(left),
textured(right).
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Figure8.3: close-upview (left), 4x zoomedoriginalregion(top-right),generationof median-�lteredsuper-
resolutiontexture(bottom-right).

2. Super-resolution texture: The correspondencelinking is not restrictedto pixel-resolution,since
eachsub-pixel-positionin thereferenceimagecanbeusedto startacorrespondencechain.Thecor-
respondencevaluesarequeriedfrom thedisparitymapthroughinterpolation.Theobjectis viewed
by many camerasof limited pixel resolution,but eachimagepixel grid will in generalbe slightly
displaced.This canbe exploited to createsuper-resolutiontexture by fusing all imageson a �ner
resamplinggrid[77].

3. Bestview selectionfor highesttextureresolution: For eachsurfaceregionaroundapixel theimage
whichhasthehighestpossibletextureresolutionis selected,basedontheobjectdistanceandviewing
angle.Thecompositeimagetakesthehighestpossibleresolutionfrom all imagesinto account.

An exampleof highlight removal is shown in Figure8.3.

8.2 Volumetric model

The datacomputedasdescribedin the previous chaptersallows to generatevolumetricmodelsaswell.
Herea relatively simpleapproachis described.Otherapproacheshavebeendescribedin theliteratureand
couldbeappliedaswell (e.g.[28]).

Theapproachworkswith a voxel spacewhich enclosesthe3D scene.For everydepthmapthevoxels
aresegmentedin threecategories:betweenthecameraandthesurface(A), behindthesurface(B) andnot
seen(C). This is illustratedin Figure8.4. Onceall depthmapshave beenconsidered,the voxels which
have beenseenat least

�

�

timesbetweenthecameraandthesurfacearelabeledA. From theremaining
voxels theonesthathave beenseenat least

�

� timesbehindthesurfacearelabeledB. Theothervoxels
arelabeledC.

�

�

and
�

� arethresholdswhich canfor examplebesetto 1 or 2. The B voxels form the
volume.The�nal volumecanbecleanedupby anerosionschemethateliminatesisolatedvoxels.

If the goal is to createa surfacefrom the volume it is proposedto usea modi�ed marchingcubes
algorithm. In this caseonly the interfacebetweenregionsA andB shouldbe triangulated.Someresults
obtainedon thecastlesequenceareshown in Figure8.5.

Placinga textureon thissurfacemodelis notaseasyasin Section8.1.All trianglesarenotnecessarily
seenin a speci�c view. We haveworkedout anapproachwhichdeterminesfor eachtrianglewhich image
shouldbeusedastexture.Thisdecisionis basedon theprojectedareaof thetrianglein theimagesandon
thevisibility. Determiningthevisibility is notasimpletaskandcouldtakealongtimeif it wereperformed
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C

B

A

Figure8.4: Segmentationof voxelsin threecategoriesfor everydepthmap.

Figure8.5: Surfaceobtainedthroughvolumetricapproach
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Figure8.6: Volumetriclabel

Figure8.7: Texturedsurfacemodelobtainedthroughvolumetricapproach.

in software.However, this taskis doneby thegraphicshardwarewhenrenderinganew view. Thevisibility
is determinedbasedon a view whereevery triangleis labeledwith a differentcolor. If thecorrectcolor is
seenat thepositionwherethetriangleprojectsin theimage,it meansthatthetriangleis visible. Two label
imagesareshown in Figure8.6Theresulting3D surfacemodelis shown in Figure8.7.

8.3 Plenopticmodel

In this sectionour goal is to createa plenopticmodelfrom a sceneto rendernew views interactively. Our
approachhasbeenpresentedin a numberof consecutive papers[85, 84, 69]. For renderingnew views
two major conceptsare known in literature. The �rst one is the geometrybasedconcept. The scene
geometryis reconstructedfrom a streamof imagesanda singletexture is synthesizedwhich is mapped
onto this geometry. For this approach,a limited set of cameraviews is suf�cient, but speculareffects
cannot behandledappropriately. This approachhasbeendiscussedextensively in this text. Thesecond
major conceptis image-basedrendering. This approachmodelsthe sceneas a collection of views all
aroundthescenewithout anexactgeometricalrepresentation[99]. New (virtual) views arerenderedfrom
the recordedonesby interpolationin real-time. Optionally approximategeometricalinformationcanbe
usedto improve the results[54]. Herewe concentrateon this secondapproach.Up to now, the known
scenerepresentationhasa �x edregularstructure.If thesourceis animagestreamtakenwith a hand-held
camera,this regular structurehasto be resampled.Our goal is to usethe recordedimagesthemselve as
scenerepresentationandto directly rendernew views from them. Geometricalinformationis considered
as far as it is known andasdetailedas the time for renderingallows. The approachis designedsuch,
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thattheoperationsconsistof projectivemappingsonly whichcanef�ciently beperformedby thegraphics
hardware. For eachof thesescenemodelingtechniquesthecameraparametersfor theoriginal views are
supposedto beknown. We retrievethemby applyingknown structureandmotiontechniquesasdescribed
in the previous chapters.Local depthmapsarecalculatedapplyingstereotechniqueson recti�ed image
pairsaspreviouslyexplained.

8.3.1 structure and motion

To do a denseplenopticmodelingas describedbelow, we needmany views from a scenefrom many
directions.For this,wecanrecordanextendedimagesequencemoving thecamerain azigzaglikemanner.
The cameracancrossits own moving pathseveral timesor at leastgetscloseto it. Known calibration
methodsusuallyonly considertheneighborhoodswithin the imagestream.Typically no linking is done
betweenviews whosepositionis closeto eachotherin 3-D spacebut which have a largedistancein the
sequence.To deal with this problem,we thereforeexploit the 2-D topologyof the cameraviewpoints
to further stabilizethe calibration. We processnot only the next sequentialimagebut searchfor those
imagesin thestreamthatarenearestin thetopologyto thecurrentviewpoint. Typically we canestablish
a reliablematchingto 3-4 neighboringimageswhich improvesthe calibrationconsiderably. The details
weredescribedin Section5.3. We will alsoshow how to uselocal depthmapsfor improving rendering
results.To thisenddensecorrespondencemapsarecomputedfor adjacentimagepairsof thesequence(see
Chapter7).

8.3.2 Plenopticmodelingand rendering

We usethecalibratedcamerasto createa scenemodelfor visualization.In [111] this is doneby plenoptic
modeling. Theappearanceof a sceneis describedthroughall light rays(2D) thatareemittedfrom every
3D scenepoint, generatinga 5D radiancefunction. Recentlytwo equivalentrealizationsof theplenoptic
functionwereproposedin form of thelight�eld [99], andthelumigraph[54]. They handlethecasewhen
weobserveanobjectsurfacewithin a transparentmedium.Hencetheplenopticfunctionis reducedto four
dimensions.The radianceis representedasa functionof light rayspassingthroughthescene.To create
suchaplenopticmodelfor realscenes,a largenumberof viewsis taken.Theseviewscanbeconsideredas
a collectionof light rayswith accordingcolor values.They arediscretesamplesof theplenopticfunction.
Thelight rayswhicharenot representedhaveto beinterpolatedfrom recordedonesconsideringadditional
informationon physicalrestrictions.Often,realobjectsaresupposedto be lambertian,meaningthatone
point of the objecthasthe sameradiancevaluein all possibledirections. This implies that two viewing
rayshave thesamecolorvalue,if they intersectat a surfacepoint. If speculareffectsoccur, this is not true
any more. Two viewing raysthenhave similar color values,if their directionis similar andif their point
of intersectionis nearthe real scenepoint which originatestheir color value. To rendera new view we
supposeto havea virtual cameralookingat thescene.We determinethoseviewing rayswhicharenearest
to thoseof this camera.Thenearera ray is to a givenray, thegreateris its supportto thecolorvalue.

Regular grid representation

Theoriginal 4D light�eld [99] datastructureemploysa two-planeparameterization.Eachlight ray passes
throughtwo parallel planeswith planecoordinates

N

�

�

�

P

and
N




�

�

P

(seeFigure 8.8). Thus the ray is
uniquelydescribedby the4-tuple
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�

�

�
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�

�

P

. The
N

�

�

�

P

-planeis theviewpointplanein which all camera
focal pointsareplacedon regulargrid points. The camerasareconstructedsuch,that the

N




�

�

P

-planeis
their commonimageplaneandthat their opticalaxesareperpendicularto it. Fromthe two-planeparam-
eterizationnew views canbe renderedby placinga virtual cameraon an arbitraryviewing positionwith
arbitraryparameters(e.g.focal length)andintersectingeachviewing raywith thetwo planesat
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�

�




�

�

P

.
Theresultingradianceis a look-up into theregulargrid. For rayspassingin betweenthe

N

�

�

�

P

and
N




�

�

P

grid coordinatesaninterpolationis appliedthatwill degradetherenderingquality dependingon thescene
geometry. In fact,thelight�eld containsanimplicit geometricalassumption:Thescenegeometryis planar
andcoincideswith the focal plane(Figure8.9). Deviation of the scenegeometryfrom the focal plane
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Figure8.8: 4D representationof viewing raysin theregulargrid representationof thelight�eld.
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causesimagewarping. Figure8.9 shows that the radianceof theviewing ray
�

is interpolatedfrom radi-
ancevalues�

�

UXW and �

� of neighboringcameraviewpoints,dependingon thegeometricaldeviation from
thefocalplane.
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introducesa blurredimagewith ghost-
ing artifacts. In reality we will alwayshave to choosebetweenhigh densityof storedviewing rayswith
highdatavolumeandhigh �delity , or low densitywith poorimagequality.

If we have a sequenceof imagestaken with a hand-heldcamera,in generalthecamerapositionsare
not placedat thegrid pointsof theviewpoint plane.In [54] a methodis shown for resamplingthis regular
two planeparameterizationfrom real imagesrecordedfrom arbitrarypositions(rebinning). Therequired
regular structureis resampledand gapsare �lled by applyinga multi-resolutionapproach,considering
depthcorrections.Thedisadvantageof this rebinningstepis thattheinterpolatedregularstructurealready
containsinconsistenciesandghostingartifactsbecauseof errorsin thescantilyapproximatedgeometry. To
renderviews a depthcorrectedlook-up is performed.During this stepthe effect of ghostingartifactsis
repeatedsoduplicateghostingeffectsoccur.

Representationwith recordedimages

Our goal is to overcometheseproblemsdescribedin the lastsectionby relaxingtherestrictionsimposed
by the regular light�eld structureandto renderviews directly from the calibratedsequenceof recorded
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Figure8.10: Drawing trianglesof neighboringprojectedcameracentersandapproximatinggeometryby
oneplanefor thewholescene,for onecameratriple or by severalplanesfor onecameratriple.

imageswith useof local depthmaps.Without loosingperformancewe directly maptheoriginal images
ontooneor moreplanesviewedby a virtual camera.

2D mapping The following approacheswill usethis formalism to map imagesonto planesand vice
versa.We de�ne a local coordinatesystemin a plane � giving onepoint �




on theplaneandtwo vectors
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W and �
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Eachmappingbetweena local planecoordinatesystemanda cameracanbedescribedby a single �T�Y�

matrix �8&��"1 �

W

�

,

N

�




�

�

P

5 .

Mapping via global plane In a �rst approach,we approximatethescenegeometryby a singleplane �

by minimizing theleastsquareerror. We mapall givencameraimagesontoplane � andview it througha
virtual camera.Thiscanbeachievedby directlymappingthecoordinates3

�

�

8

� of image� ontothevirtual
cameracoordinates1 3��
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. Thereforewe canperforma directlook-upinto the
originally recordedimagesand determinethe radianceby interpolatingthe recordedneighboringpixel
values. This techniqueis similar to the light�eld approach[99] which implicitly assumesthe 


�

� plane
asthe planeof geometry. Thusto constructa speci�c view we have to interpolatebetweenneighboring
views. Thoseviews give themostsupportto thecolor valueof a particularpixel whoseprojectioncenter
is closeto the viewing ray of this pixel. This is equivalentto the fact that thoseviews whoseprojected
cameracentersarecloseto its imagecoordinategive themostsupportto a speci�edpixel. We restrictthe
supportto thenearestthreecameras(seeFigure8.10).Weprojectall cameracentersinto thevirtual image
andperforma 2D triangulation.Thenthe neighboringcamerasof a pixel aredeterminedby the corners
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Figure 8.11: Imageof the desksequence(left) and result of calibrationstep(right). The camerasare
representedby little pyramids.

of the trianglewhich this pixel belongsto. Eachtriangleis drawn asa sumof threetriangles. For each
camerawe look up the color valuesin the original imagelike describedabove andmultiply themwith
weight 1 at the correspondingvertex andwith weight 0 at both othervertices. In between,the weights
are interpolatedlinearly similar to the Gouraudshading. Within the triangle the sumof weightsis 1 at
eachpoint. The total imageis built up asa mosaicof thesetriangles. Although this techniqueassumes
a very sparseapproximationof geometry, the renderingresultsshow only small ghostingartifacts(see
experiments).

Mapping via local planes Theresultscanbefurtherimprovedby consideringlocaldepthmaps.Spend-
ing moretime for eachview, we cancalculatethe approximatingplaneof geometryfor eachtrianglein
dependenceon theactualview. This improvestheaccuracy furtherastheapproximationis not donefor
the whole scenebut just for that part of the imagewhich is seenthroughthe actualtriangle. The depth
valuesaregivenasfunctions �

� of thecoordinatesin therecordedimages�

�

N

1 3

�

8

�

�

5

S P

. They describe
thedistanceof a point perpendicularto the imageplane. Using this depthfunction,we calculatethe 3D
coordinatesof thosescenepointswhich have the same2D imagecoordinatesin the virtual view as the
projectedcameracentersof the realviews. The3D point �

� which correspondsto therealcamera� can
be calculatedas �

�

&
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�

N �
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�
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� , where
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. The function , scalesthegiven3D
vectorsuch,that its third componentequalsone. We caninterpretthepoints �

� asthe intersectionof the
line �

�

�

� with thescenegeometry. Knowing the3D coordinatesof trianglecorners,wecande�ne aplane
throughthemandapplythesamerenderingtechniqueasdescribedabove.

Re�nement Finally, if the trianglesexceeda givensize,they canbesubdivided into four sub-triangles
by splitting thethreesidesinto two parts,each.For eachof thesesub-triangles,a separateapproximative
planeis calculatedin theabovemanner. We determinethemidpointof thesideandusethesamelook-up
methodasusedfor radiancevaluesto �nd thecorrespondingdepth.After that,wereconstructthe3D point
andprojectit into thevirtual cameraresultingin a point nearthesideof the triangle. Of course,further
subdivisioncanbedonein thesamemannerto improveaccuracy. Especially, if justfew trianglescontribute
to a singlevirtual view, this subdivision is really necessary. It shouldbedonein a resolutionaccordingto
performancedemandsandto thecomplexity of geometry.

8.3.3 Experiments

We have testedour approacheswith an uncalibratedsequenceof 187 imagesshowing an of�ce scene.
Figure8.11 (left) shows oneparticularimage. A digital consumervideo camerawassweptfreely over
a clutteredsceneon a desk,covering a viewing surfaceof about � �

, . Figure 8.11 (right) shows the
calibrationresult. Figure8.12 illustratesthe successof the modi�ed structureandmotion algorithmas
describedin Section5.3. Featuresthat are lost arepicked up againwhen they reappearin the images.
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Figure8.12:Trackingof thepointsover thesequence.Points(vertical)versusimages(horizontal).

Figure8.13(left) showsthecalibrationresultswith theviewpointmesh.Oneresultof areconstructedview
is shown in Figure8.13 (right). Figure8.14shows detailsfor the differentmethods.In the caseof one
globalplane(left image),the reconstructionis sharpwheretheapproximatingplaneintersectstheactual
scenegeometry. Thereconstructionis blurredwherethescenegeometrydivergesfrom this plane. In the
caseof local planes(middle image),at the cornersof the triangles,the reconstructionis almostsharp,
becausetherethescenegeometryis considereddirectly. Within a triangle,ghostingartifactsoccurwhere
thescenegeometrydivergesfrom theparticularlocalplane.If thesetrianglesaresubdivided(right image)
theseartifactsarereducedfurther.

8.3.4 conclusion

In this section,we have shown how the proposedapproachfor modelingfrom imagescould easily be
extendedto allow theacquisitionof plenopticmodels. The quality of renderedimagescanbe variedby
adjustingthe resolutionof the consideredscenegeometry. Up to now, our approachesarecalculatedin
software.But they aredesignedsuch,thatusingalphablendingandtexturemappingfacilitiesof graphics
hardware,renderingcanbedonein real-time.More detailson this approachcanbefoundin [85, 84, 69].

8.4 Augmentedreality

AugmentedReality (AR) aims at merging the real and the virtual in order to enricha real environment
with virtual information. Augmentationsrangefrom simpletext annotationsaccompanying real objects
to virtual mimicsof real-life objectsinsertedinto a realenvironment. In the latter casetheultimategoal
is to make it impossibleto differentiatebetweenreal andvirtual objects. Several problemsneedto be
overcomebeforerealizingthis goal. Amongstthemare the rigid registrationof virtual objectsinto the
real environment,the problemof mutual occlusionof real andvirtual objectsand the extractionof the
illuminationdistributionof therealenvironmentin orderto renderthevirtual objectswith this illumination
model.Thissectionwill unfoldhow weproceededto implementanAugmentedRealitySystemthatregisters
virtual objectsinto a totally uncalibratedvideo sequenceof a real environmentthat may containsome
moving parts.More detailson this work canbefoundin [24].
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Figure8.13:Calibrationresultandviewpointmesh(left)andreconstructedsceneview usingoneplaneper
imagetriple.

Figure8.14:Detailsof renderedimagesshowing thedifferencesbetweentheapproaches:oneglobalplane
of geometry(left), onelocalplanefor eachimagetriple (middle)andre�nementof localplanes(right).
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8.4.1 PreviousWork

Accurateregistrationof virtual objectsinto a real environmentis an outspoken problemin Augmented
Reality(AR).Thisproblemneedsto besolvedregardlessof thecomplexity of thevirtual objectsonewishes
to enhancethe real environmentwith. Both simpletext annotationsandcomplex virtual mimics of real-
life objectsneedto beplacedrigidly into therealenvironment.Augmentedreality systemsthat lack this
requirementwill demonstrateserious̀ jittering' of virtual objectsin therealenvironmentandwill therefore
fail to give theusera real-life impressionof theaugmentedoutcome.

Theregistrationproblemhasalreadybeentackledby severalresearchersin theAR-domain.A general
discussionof all coordinateframesthatneedto beregisteredwith eachothercanbefoundin [204]. Some
researchersuseprede�nedgeometricmodelsof real objectsin the environmentto obtain vision-based
objectregistration[79, 171, 209]. However, thisdelimitstheapplicationof suchsystemsbecausegeometric
modelsof real objectsin a generalscenearenot always readily available. Other techniqueshave been
devisedto make thecalibrationof thevideocameraobsoleteby usingaf�ne objectrepresentations[94].
Thesetechniquesaresimpleandfastbut fail to providearealimpressionwhenprojectiveskew is dominant
in thevideoimages.Thereforevirtual objectscanbeviewedcorrectlyonly from largedistanceswherethe
af�ne projectionmodelis almostvalid. So it seemsthat themost�e xible registrationsolutionsarethose
thatdon't dependonany apriori knowledgeof therealenvironmentandusethefull perspectiveprojection
model.OurAR-Systembelongsto this classof �e xible solutions.

To furtherenhancethereal-lifeimpressionof anaugmentationtheocclusionandilluminationproblems
needto be solved. Thesolutionsto theocclusionproblemareversatile.They differ in whethera 3D re-
constructionof the real environmentis neededor not [11, 19]. Also the illumination problemhasbeen
handledin differentways. A �rst methodusesan imageof a re�ective objectat theplaceof insertionof
thevirtual objectto getanideaof theincominglight at thatpoint [33]. A secondapproachobtainsthetotal
reconstructionof a 3D radiancedistribution by the samemethodsusedto reconstructa 3D scene[164].
Anotherapproachconsistsof theapproximationof theilluminationdistributionby asphereof illumination
directionsat in�nity [165].

As computergeneratedgraphicsof virtual objectsaremostly createdwith non physically-basedren-
deringmethods,techniquesthatuseimage-basedrenderingcanbeappliedto incorporaterealobjectsinto
anotherrealenvironment[173] to obtainrealisticresults.

However, the `jittering' of virtual objectsin the real environmentcan degradethe �nal augmented
resultseverely, even if problemsof occlusionandillumination canbe resolved exactly. We focussedon
developinganAR-Systemthatsolvestheregistrationproblemasa prerequisite.It is basedprimarily on a
3D reconstructionschemethatextractsmotionandstructurefrom uncalibratedvideoimagesandusesthe
resultsto incorporatevirtual objectsinto therealenvironment.

8.4.2 Overview

In the�rst upcomingsectionwewill describetheadaptationof thestructureandmotionrecoveryalgorithm
of theAR-System.Althoughthemaingoal is therecovery of motionof thecamerathroughoutthevideo
sequence,thesystemalsorecoversacrude3D structureof therealenvironment.Thiscanbeusefulto han-
dleproblemslike resolvingocclusionsandextractingtheilluminationdistributionof therealenvironment.
We will focuson themotionrecoveryabilitiesof theAR-System.

In afollowingsectionwewill discusstheuseof therecoveredmotionparametersandthe3D structureto
registervirtual objectswithin therealenvironment.This involvesusingthecrude3D representationof the
realenvironmentwhichweobtainasanextrafrom themotionrecoveryalgorithm.Dense3D reconstruction
of therealenvironmentis notnecessarybut mayproveusefulfor futuresolutionsto theocclusionproblem.

As input to theAR-Systemwe cantake totally uncalibratedvideosequences.Thevideosequencesare
neitherpreprocessednorsetupto containcalibrationframesor �ducial markersin orderto simplify motion
andstructurerecovery. Extraknowledgeoncalibrationparametersof thevideocameracanbeusedto help
theAR-Systemto recovermotionandstructurebut is notnecessaryto obtaingoodresults.

The video sequencesarenot requiredto be taken from a purely staticenvironment. As long as the
moving partsin the real environmentaresmall in the video sequencethe algorithmwill still be ableto
recovermotionandstructure.
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Figure8.15: If the imagesarechosentoo closeto eachotherthe positionandorientationof the camera
hasn't changedmuch. Uncertaintiesin the imagecornersleadto a largeuncertaintyellipsoidaroundthe
reconstructedpoint (left). If imagesaretakenfurtherapartthecamerapositionandorientationmaydiffer
morefrom oneimageto thenext, leadingto smalleruncertaintyon thepositionof thereconstructedpoint
(right).

8.4.3 Structure and motion

Thestructureandmotionrecoveryapproachdescribedin this text caneasilybeadaptedto �t theneedsof
AR applications.However, themethodsof Chapter4 and5 implicitly assumethat two consecutiveviews
arenot ' tooclose'. If this is thecase,e.g.for two consecutiveimagesin avideosequence,thecomputation
of thematrixF andthereforethedeterminationof thecornermatchesbetweenthetwo imagesbecomesan
ill-conditionedproblem.Evenif thematchescouldbefoundexactly theupdatingof motionandstructure
is ill-conditionedasthe triangulationof newly reconstructed3D points is very inaccurateasdepictedin
Figure8.15.

We solvedthis problemby runningthroughthevideosequencea �rst time to build up anaccuratebut
crude3D reconstructionof the real environment. Accuracy is obtainedby usingkey-frameswhich are
separatedsuf�ciently from eachotherin thevideosequence(seeFigure8.16). Structureandmotion are
extractedfor thesekey-frames.In thenext stepeachunprocessedimageis calibratedusingcornermatches
with the two key-framesbetweenwhich it is positionedin thevideosequence.For thesenew imagesno
new 3D structurepointsarereconstructedasthey will probablybe ill-conditioneddueto theclosenessof
thenew imageunderscrutiny andits neighboringkey-frames.In thiswayacrudebut accurate3D structure
is built up in a �rst passalongwith thecalibrationof thekey-frames.In a secondpass,everyotherimage
is calibratedusingthe 2D-3D cornermatchesit haswith its neighboringkey-frames. This leadsto both
a robustdeterminationof the reconstructed3D environmentandthecalibrationof eachimagewithin the
videosequence.

8.4.4 AugmentedVideo

Virtual Object Embedding

Resultsobtainedin theprevioussectioncanbeusedto mergevirtual objectswith theinputvideosequence.
Onecanimport the�nal calibrationof eachsingleimageof thevideosequenceandthereconstructedcrude
3D environmentinto a computergraphicssystemto generateaugmentedimages.

In a computergraphicssystemvirtual camerascanbe instantiatedwhich correspondto the retrieved
calibrationsof eachimage. The imagecalibrationsinclude translation,rotation, focal length,principal
point andskew of the actualreal camerathat took the imageat that time. Typically computergraphics
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Figure8.16:Thesmalldotson thebackgroundrepresenttherecoveredcrude3D environment.Thelarger
dark spotsrepresentcamerapositionsof key-framesin the videostream.The lighter spotsrepresentthe
camerapositionsof theremainingframes.

systemsdo not supportskew of the camera.This caneasilybe adaptedin the softwareof the computer
graphicssystemby includingaskew transformationafterperformingthetypicalperspectivetransformation
asexplainedin [51]. WeusetheVisualizationToolKit [170] asourcomputergraphicspackage.Thevirtual
camerascannow beusedto createimagesof virtual objects.

Thesevirtual objectsneedto be properlyregisteredin the real 3D environment. This is achieved in
the following manner. First virtual objectsareplacedroughlywithin the3D environmentusingits crude
reconstruction.Finetuningof thepositionis achievedby viewing theresultof a roughpositioningby sev-
eralvirtual camerasandoverlayingtherenderingresultsfrom thesevirtual camerasontheircorresponding
real imagesin thevideosequence.SeeFigure8.17. Usingspeci�c featuresin therealvideo imagesthat
werenot reconstructedin thecrude3D environmenta betterand�nal placementof all virtual objectscan
be obtained. Note that at this stageof the implementationwe don't take into accountocclusionswhen
renderingvirtual objects.

Virtual Object Merging

After satisfactoryplacementof eachsinglevirtual objectthevirtual cameracorrespondingto eachimage
is usedto producea virtual image.Thevirtual objectsarerenderedagainsta backgroundthatconsistsof
theoriginal realimage.By doingsothevirtual objectscanberenderedwith anti-aliasingtechniquesusing
thecorrectbackgroundfor mixing.

8.4.5 Examples

We �lmed a sequenceof a pillar standingin front of our department.Using theAR-Systemwe placeda
virtual box on top of this pillar. Note thatby doing sowe didn't have to solve theocclusionproblemas
thebox wasneveroccludedsincewe werelooking down ontothepillar. TheAR-Systemperformedquite
well. The`jittering' of thevirtual boxontopof thepillar is still noticeablebut verysmall.SeeFigure8.18.

Anotherexampleshows a walk througha street. The cameramotion of the persontaking the �lm
wasfar from smooth.However theAR-Systemmanagedto registereachcamerapositionquitewell. See
Figure8.19.

A third exampleshowsanotherstreetscenebut with apersonwalkingaroundin it. Despitethismoving
real object the motion andstructurerecovery algorithmextractedthe correctcameramotion. SeeFig-
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Figure 8.17: The AR-interface: In the top right the virtual objectscan be roughly placedwithin the
crudereconstructed3D environment.Theresultof this placementcanbeviewedinstantaneouslyon some
selectedimages.

Figure8.18: A virtual box is placedon top of a realpillar. `Jittering' is still noticeablein theaugmented
videosequencebut is verysmall.
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Figure8.19: A streetscene:Thevirtual box seemsto stay�rmly in placedespitethejaggednatureof the
cameratrajectory.

ure8.20.
All videoexamplescanbefoundat

http://www.esat.kuleuven.ac.be/; kcorneli/smile2.

8.4.6 Discussion

In thissectionanAR-Systemwhichsolvestheregistrationproblemof virtual objectsinto avideosequence
of a realenvironmentwaspresented.It consistsof two mainparts.

The�rst parttriesto recovermotionandstructurefrom theimagesin thevideosequence.This motion
andstructurecanbe projective but is upgradedto metric by self-calibration.In this way the registration
of thevirtual objectsin thesceneis reducedfrom 15 to 7 degreesof freedom.The secondpart usesthe
resultsof the �rst part to con�gure a computergraphicssystemin orderto placevirtual objectsinto the
inputvideosequence.

Theinput to theAR-Systemis a videosequencewhichcanbetotally uncalibrated.No specialcalibra-
tion framesor �ducial markersareusedin theretrieval of motionandstructurefrom thevideosequence.
Also thevideosequencedoesnothaveto beoneof apurelystaticrealenvironment.As longasthemoving
partsin thevideosequencearesmall themotionandstructurerecoveryalgorithmwill treatthesepartsas
outliers(RANSAC) andthereforewill discardthemcorrectlyin thedeterminationof motionandstructure.
Thecomputergraphicssystemusedfor renderingthevirtual objectsis adaptedto usegeneralcamerasthat
includeskew of imagepixels.

ThepresentAR-Systemis far from complete.Futureresearchefforts will bemadeto solve occlusion
andilluminationproblemswhicharecommonin AugmentedReality.

8.5 Conclusion

In this chapterdifferentmethodswereproposedto obtain3D modelsfrom datacomputedasdescribedin
thepreviouschapters.The �e xibility of theapproachalsoallowedus to computeplenopticmodelsfrom
imagesequencesacquiredwith a hand-heldcameraandto developea �e xible augmentedreality system
thatcanaugmentvideoseamlessly.
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Figure8.20: Anotherstreetscene:Despitethemoving personthemotionof thecameracanbeextracted
andusedfor augmentingtherealenvironmentwith virtual objects.
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Chapter 9

Someresults

9.1 Intr oduction

In this chapterwe will focuson theresultsobtainedby thesystemdescribedin thepreviouschapter. First
somemoreresultson3D reconstructionfrom photographsaregiven.Thenthe�e xibility of ourapproachis
shown by reconstructinganamphitheaterfrom old �lm footage.Finally severalapplicationsin archaeology
arediscussed.Theapplicationof oursystemto theconstructionof avirtual copy of thearchaeologicalsite
of Sagalassos(Turkey) –a virtualizedSagalassos–is described.Somemorespeci�c applicationsin the
�eld of archaeologyarealsodiscussed.

9.2 Acquisition of 3D modelsfr om photographs

The main applicationfor our systemis the generationof 3D modelsfrom images. Oneof the simplest
methodsto obtaina 3D modelof a sceneis thereforeto usea photocameraandto shoota few picturesof
thescenefrom differentviewpoints.Realistic3D modelscanalreadybeobtainedwith a restrictednumber
of images.This is illustratedin this sectionwith a detailedmodelof apartof a Jaintemplein India.

A Jain Templein Ranakpur

Theseimagesweretakenduringatouristtrip afterICCV'98 in India. A sequenceof imageswastakenof a
highly decoratedpartof oneof thesmallerJaintemplesatRanakpur, India. Theseimagesweretakenwith a
standardNikonF50photocameraandthenscanned.All theimageswhichwereusedfor thereconstruction
canbe seenin Figure9.1. Figure9.2 shows the reconstructedinterestpointstogetherwith theestimated
poseandcalibrationof thecamerafor thedifferentviewpoints.Notethatonly 5 imageswereusedandthat
theglobal changein viewpoint betweenthesedifferentimagesis relatively small. In Figure9.3 a global
view of thereconstructionis given. In thelower partof theimagethetexturehasbeenleft out sothat the
recoveredgeometryis visible. Note the recoveredshapeof thestatuesanddetailsof the templewall. In
Figure9.4two detailviews from verydifferentanglesaregiven.Thevisualquality of theseimagesis still
veryhigh. Thisshowsthattherecoveredmodelsallow to extrapolateviewpointsto someextent.Sinceit is
dif�cult to give animpressionof 3D shapethroughimageswe have put threeviews of thesamepart–but
slightly rotatedeachtime–in Figure9.5. This reconstructionshows that theproposedapproachis ableto
recover realistic3D modelsof complex shapes.To achieve this no calibrationnor prior knowledgeabout
thescenewasrequired.
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Figure9.1: Photographswhichwereusedto generatea3D modelof adetailof a Jaintempleof Ranakpur.

Figure9.2: Reconstructionof interestpointsandcameras.Thesystemcouldautomaticallyreconstructa
realistic3D modelof this complex scenewithout any additionalinformation.
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Figure9.3: Reconstructionof a partof a Jaintemplein Ranakpur(India). Both textured(top) andshaded
(bottom)viewsaregivento giveanimpressionof thevisualqualityandthedetailsof therecoveredshape.
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Figure9.4: Two detailviewsof thereconstructedmodel.

Figure9.5: Threerotatedviewsof a detailof thereconstructedmodel.
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Figure9.6: View of theBéguinagesof Leuven

The Béguinagesof Leuven

Having university buildings on the UNESCOWorld Heritagelist, we couldn't resistapplying our 3D
modelingtechniquesto it. In Figure9.6a view of theBéguinagesof Leuvenis given. Narrow streetsare
not veryeasyto model.Usingthepresentedtechniquewe wereableto reconstruct3D modelsfrom video
sequencesacquiredwith a digital videocamera.This wasonly madepossiblethroughtheuseof thepolar
recti�cation sincetheepipoleswerealwayslocatedin the image.An exampleof a recti�ed imagepair is
givenin Figure9.7. Notethat thetop partof therecti�ed imagescorrespondto theepipole.In Figure9.8
threeorthographicviews of thereconstructionobtainedfrom a singleimagepair areshown. Theseallow
to verify the metric quality of the reconstruction(e.g. orthogonalityandparallelism). To have a more
completemodelof the reconstructedstreetit is necessaryto combineresultsfrom morethanoneimage
pair. This could for examplebedoneusingthevolumetricapproachpresentedin Section8.2). A simpler
approachconsistsof loadingdifferentsurfacesat the sametime in the visualizationsoftware. Thereis
no needfor registrationsincethis wasautomaticallyperformedduringthestructureandmotionrecovery.
Figure9.9containsfour viewsof amodelconsistingof 7 independentlyreconstructed3D surfaces.

Figure9.7: Recti�ed imagepair (correspondingpixelsareverticallyaligned).
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Figure9.8: Orthographicviews of a reconstructionobtainedfrom a single imagepair: front (left), top
(middle)andside(right).

Figure9.9: Viewsof a reconstructionobtainedby combiningresultsfrom moreimages.
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Figure9.10:Thissequencewas�lmed from ahelicopterin 1990by acameramanof thebelgiantelevision
to illustrateaTV programonSagalassos(anarchaeologicalsitein Turkey).

9.3 Acquisition of 3D modelsfr om pre-existingimagesequences

Herethereconstructionof theancienttheaterof Sagalassosis shown. Sagalassosis anarchaeologicalsite
in Turkey. More resultsobtainedat this site arepresentedin Sections9.4 and9.5. Thereconstructionis
basedon a sequence�lmed by a cameramanfrom theBRTN (BelgischeRadioenTelevisie vandeNeder-
landstaligegemeenschap)in 1990.Thesequencewas�lmed to illustratea TV programaboutSagalassos.
Becauseof themotiononly �elds –andnot frames–couldbeused.Theresolutionof theimageswe could
usewasthusrestrictedto

� ���

� 


� �

. Thesequenceconsistedof abouthundredimages,every tenthimage
is shown in Figure9.10.We recordedapproximately3 imagespersecond.

In Figure9.11thereconstructionof interestpointsandcamerasis given.This showsthattheapproach
candealwith long imagesequences.

Densedepthmapswere generatedfrom this sequenceand a densetextured 3D surfacemodel was

Figure9.11:Thereconstructedinterestpointsandcameraposesrecoveredfrom theTV sequence.
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Figure9.12:Someviewsof thereconstructedmodelof theancienttheaterof Sagalassos.

constructedfrom this. Someviewsof this modelaregivenin Figure9.12.

9.4 Virtualizing archaeologicalsites

Virtual reality is a technologythatofferspromisingperspectivesfor archaeologists.It canhelp in many
ways.New insightscanbegainedby immersionin ancientworlds,unaccessiblesitescanbemadeavailable
to a globalpublic,coursescanbegiven“on-site” anddifferentperiodsor building phasescancoexist.

One of the main problemshowever is the generationof thesevirtual worlds. They requirea huge
amountof on-sitemeasurements.In additionthewholesitehasto bereproducedmanuallywith aCAD- or
3D modelingsystem.This requiresa lot of time. Moreover it is dif�cult to modelcomplex shapesandto
takeall thedetailsinto account.Obtainingrealisticsurfacetextureis alsoa critical issue.As aresultwalls
areoftenapproximatedby planarsurfaces,stonesoftenall get thesametexture,statuesareonly crudely
modeled,smalldetailsareleft out,etc.

An alternative approachconsistsof using imagesof the site. Somesoftwaretools exist, but require
a lot of humaninteraction[129] or preliminarymodels[34]. Our systemoffers uniquefeaturesin this
context. The �e xibility of acquisitioncanbe very importantfor �eld measurementswhich areoften re-
quiredon archaeologicalsites.Thefact thata simplephotocameracanbesuf�cient for acquisitionis an
importantadvantagecomparedto methodsbasedon theodolitesor otherexpensive hardware. Especially
in demandingweatherconditions(e.g.dust,wind, heat,humidity).

Theancientsiteof Sagalassos(south-westTurkey) wasusedasa testcaseto illustratethepotentialof
theapproachdevelopedin this work. Theimageswereobtainedwith a consumerphotocamera(digitized
onphotoCD)andwith aconsumerdigital videocamera.

9.4.1 Virtualizing scenes

The3D surfaceacquisitiontechniquethatwehavedevelopedcanbeappliedreadilyto archaeologicalsites.
Theon-siteacquisitionprocedureconsistsof recordinganimagesequenceof thescenethatonedesiresto
virtualize. To allow for thealgorithmsto yield goodresultsviewpointchangesbetweenconsecutiveimages
shouldnot exceed5 to 10 degrees.An exampleof sucha sequenceis givenin Figure9.13. Theresultfor
theimagesequenceunderconsiderationcanbeseenin Figure9.14.An importantadvantageis thatdetails
likemissingstones,notperfectlyplanarwallsor symmetricstructuresarepreserved.In additionthesurface
textureis directlyextractedfrom theimages.Thisdoesnotonly resultin amuchhigherdegreeof realism,
but is alsoimportantfor theauthenticityof thereconstruction.Thereforethereconstructionsobtainedwith
this systemcouldalsobeusedasa scalemodelon whichmeasurementscanbecarriedoutor asa tool for
planningrestorations.
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Figure9.13: Imagesequencewhichwasusedto build a3D modelof thecornerof theRomanbaths

Figure9.14:Virtualizedcornerof theRomanbaths,on theright somedetailsareshown

As asecondexample,thereconstructionof theremainsof anancientfountainis shown. In Figure9.15
threeof thesix imagesusedfor thereconstructionareshown. All imagesweretakenfrom thesameground
level. They were acquiredwith a digital camerawith a resolutionof approximately1500x1000. Half
resolutionimageswereusedfor the computationof the shape.The texture wasgeneratedfrom the full
resolutionimages.

Thereconstructioncanbeseenin Figure9.16,the left sideshows a view with texture,the right view
givesa shadedview of the modelwithout texture. In Figure9.17 two close-upshotsof the model are
shown.

9.4.2 Reconstructingan overview model

A �rst approachto obtaina virtual reality modelfor a wholesiteconsistsof takinga few overview pho-
tographsfrom thedistance.Sinceour techniqueis independentof scalethis yieldsanoverview modelof
thewholesite. The only differencewith themodelingof smallerobjectsis thedistanceneededbetween
two cameraposes.For mostactivetechniquesit is impossibleto copewith scenesof thissize.Theuseof a
stereorig would alsobevery hardsincea baselineof severaltensof meterswould berequired.Therefore
oneof thepromisingapplicationsof theproposedtechniqueis largescaleterrainmodeling.

In Figure9.18,3 of the9 imagestakenfrom a hillside neartheexcavationsiteareshown. Thesewere
usedto generatethe3D surfacemodelseenin Figure9.19. In additiononecanseefrom theright sideof
this �gure thatthis modelcouldbeusedto generatea Digital TerrainMap or anorthomapat low cost. In
thiscaseonly 3 referencemeasurements–GPSandaltitude–arenecessaryto localizeandorientthemodel
in theworld referenceframe.
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Figure9.15:Threeof thesix imagesof theFountainsequence

Figure9.16:Perspectiveviewsof thereconstructedfountainwith andwithout texture

Figure9.17:Close-upviewsof somedetailsof thereconstructedfountain
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Figure9.18:Someof theimagesof theSagalassosSitesequence

Figure 9.19: Perspective views of the 3D reconstructionof the Sagalassossite (left). Top view of the
reconstructionof theSagalassossite(right).
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Figure9.20: Integrationof modelsof differentscales:siteof Sagalassos,Romanbathsandcornerof the
Romanbaths.

9.4.3 Reconstructionsat different scales

Theproblemis thatthiskind of overview modelis toocoarseto beusedfor realisticwalk-throughsaround
thesiteor for looking at speci�c monuments.Thereforeit is necessaryto integratemoredetailedmodels
into this overview model. This canbe doneby taking additionalimagesequencesfor all the interesting
areason the site. Theseareusedto generatereconstructionsof the site at differentscales,going from a
globalreconstructionof thewholesiteto a detailedreconstructionfor everymonument.

Thesereconstructionsthusnaturally�ll in thedifferentlevelsof detailswhich shouldbeprovidedfor
optimalrendering.In Figure9.20anintegratedreconstructioncontainingreconstructionsat threedifferent
scalescanbeseen.

At thispointtheintegrationwasdoneby interactively positioningthelocalreconstructionsin theglobal
3D model.This is acumbersomeproceduresincethe7 degreesof freedomof thesimilarity ambiguityhave
to betakeninto account.Researchersareworking onmethodsto automatethis. Two differentapproaches
arepossible.The �rst approachis basedon matchingfeatureswhich arebasedon bothphotometricand
geometricproperties,thesecondon minimizing a globalalignmentmeasure.A combinationof bothap-
proacheswill probablyyield thebestresults.

9.4.4 Combination with other models

An interestingpossibility is the combinationof thesemodelswith othertype of models. In the caseof
Sagalassossomebuilding hypotheseswere translatedto CAD models. Thesewere integratedwith our
models.Theresultcanbeseenin Figure9.21. Also othermodelsobtainedwith different3D acquisition
techniquescouldeasilybeintegrated.

9.5 Mor eapplications in archaeology

Sincethese3D modelscanbegeneratedautomaticallyandtheon-siteacquisitiontimeis veryshort,several
new applicationscometo mind. In this sectiona few possibilitiesareillustrated.
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Figure9.21:Virtualizedlandscapeof Sagalassoscombinedwith CAD-modelsof reconstructedmonuments

Figure9.22:3D stratigraphy, theexcavationof aRomanvilla at two differentmoments.

9.5.1 3D stratigraphy

Archaeologyis oneof thescienceswereannotationsandprecisedocumentationaremostimportantbecause
evidenceis destroyedduringwork. An importantaspectof thisis thestratigraphy. Thisre�ects thedifferent
layersof soil thatcorrespondto differenttime periodsin anexcavatedsector. Dueto practicallimitations
this stratigraphyis oftenonly recordedfor someslices,not for thewholesector.

Our techniqueallowsamoreoptimalapproach.For every layera complete3D modelof theexcavated
sectorcanbe generated.Sincethis only involvestaking a seriesof picturesthis doesnot slow down the
progressof thearchaeologicalwork. In additionit is possibleto modelartifactsseparatelywhicharefound
in theselayersandto includethemodelsin the�nal 3D stratigraphy.

This conceptis illustratedin Figure9.22. The excavationsof an ancientRomanvilla at Sagalassos
wererecordedwith our technique.In the �gure a view of the3D modelof theexcavationis providedfor
two differentlayers.

9.5.2 Generatingand testingbuilding hypotheses

The techniquealsohasa lot to offer for generatingandtestingbuilding hypotheses.Due to the easeof
acquisitionand the obtainedlevel of detail, onecould reconstructevery building block separately. The
differentconstructionhypothesescantheninteractively beveri�ed on a virtual building site.Sometesting
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Figure 9.23: Two imagesof partsof broken pillars (top) and two orthographicviews of the matching
surfacesgeneratedfrom the3D models(bottom)

Figure9.24: Reconstructionof a partof thecathedralof Antwerp. Oneof theoriginal images(left), two
close-upviewsof theobtainedreconstruction(middle,right).

couldevenbeautomated.

Thematchingof the two partsof Figure9.23for examplecouldbeveri�ed througha standardregis-
trationalgorithm[22]. An automaticprocedurecanbeimportantwhendozensof brokenpartshave to be
matchedagainsteachother.

9.6 Applications in other areas

Besidesarchaeologyseveral otherareasrequire3D measurementsof existing structures.A few possible
applicationsarebrie�y describedhere.

9.6.1 Ar chitecture and heritageconservation

As anexamplea preliminary3D reconstructionof thecathedralof Antwerp is shown in Figure9.24. An
importantregistrationprojecthasrecentlystartedandthegoalis to obtaina3D modelof thecathedralthat
couldbeusedasa databasefor futurepreservationandrestorationprojects.For someof theseprojectsan
accuratetexture of the modelis crucial, sincethe level of stonedegradationcanbe deducedfrom it. In
this context themethodproposedin this work hasa lot to offer. An interestingapproachwould consistof
combiningtheexistingclose-rangephotogrammetrictechniqueswith our techniques.Thiscouldleadto an
importantincreasein productivity without giving in accuracy.
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9.6.2 Mars rover control

We areinvolved in the developmentof a prototypefor a Mars rover control system. The systemwould
consistof a rover, a landerandagroundstation.Thelanderhasa �x edstereorig mountedonapanandtilt
head.Oneof thetasksis to retrieve theexternalcalibrationof thestereoheadandthepanandtilt axes.It
is not feasibleto locateacalibrationobjectin front of thecamerasandthereforethenecessaryinformation
will beextractedfrom theMarsenvironmentitself. Anothertaskis to obtaina detailedreconstructionof
the environmentof the lander. Thesedifferenttasksarebeingsolved usingtechniquespresentedin this
text.

9.6.3 Other applications

The�e xibility of theproposedsystemsallowsapplicationsin many domains.In somecasesfurtherdevel-
opmentswould be requiredto do so, in othersthe system(or partsof it) could just be usedasis. Some
interestingareasare forensics(e.g.crime scenereconstruction),robotics(e.g.autonomousguidedvehi-
cles),augmentedreality (e.g.cameratracking)or post-production(e.g.generationof virtual sets).

9.7 Conclusion

In this chaptersomeresultswerepresentedin moredetail to illustrate the possibilitiesof this work. It
wasshown that realistic3D modelsof existing monumentscould be obtainedautomaticallyfrom a few
photographs.The�e xibility of thetechniqueallows it to beusedonexistingphotoor videomaterial.This
wasillustratedthroughthereconstructionof anancienttheaterfrom avideoextractedfrom thearchivesof
theBelgiantelevision.

The archaeologicalsite of Sagalassos(Turkey) wasusedasa testcasefor our system.Several parts
of the site weremodeled. Sinceour approachis independentof scaleit was also usedto obtain a 3D
modelof thewholesiteat once.Somepotentialapplicationsarealsoillustrated,i.e. 3D stratigraphyand
generating/testingbuilding hypotheses.A few otherpossibleapplicationswerealsobrie�y discussed.
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