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MOTION CONTROL ANALYSIS OF A MOBILE ROBOT

by
Johann Borenstein and Yoram Kofen

ABSTRACT

A computer-controlled vehicle that is part of a mobile nursing robot system is described. The
vehicle applies a motion control strategy that attempts to avoid slippage amizenposition
errors. A cross-coupling control algorithm that guseas a zero stdg-date orientation reor
(assuming no slippage) is proposed and alsgyadgnalysis of the control system is presented.
Results of experiments performed on a prototype vehicle verify the theoretical analysis.
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Nomenclature

b = Distance between the drive wheels

c = Proportionality constant [rad/pulse]

D, = Torque disturbance in logp[Nm]

AD = Difference between torque disturbances

d = Nominal diameter of the drive wheels

E = Position difference between both motors [pulses]
E' = Orientation eror [radians]

F; = Encoder frequency in logdpulses/s]

H = Encoder gain

K = Open-loop gain

K. = Digital-to-analog converter (DAC) gain
K, = Motor constant including the gain of the power amplifier
K. = Integral gain

K, = Proportional gain

L = Distance travelet = Corection variable
P, = Position of the motor in logdpulses]

R = Required velocity in loop

r = Repeataibty distance [cm]

T = Sampling time

U, = Velocity error in loog

u = Difference in diameter of both wheels
Xo = Initial X-coordinate

X = Final X-coordinate

Yo = Initial Y-coordinate

y; = Final Y-coordinate

Ax = Translatory motion per encoder pulse
« = Disturbancedctor

[ = Direction flag

B8, = Initial orientation

B; = Final orientation

8., = First/second tation
AO = Orientation gor [rad]

p = Radius of the curved path due to different wheel dians

Tt = Loaded motor time constant

® = Slope of straight line connecting initial and final positions
w; = Angular velocity in loop [rev/s]



1. Introduction

This paper discusses the control of an autonomous vehicle that is part of a nursing robot system,
developed at the Technion. The nursing robot is intended to be an aid for the bedridden, who
require constant assistance for the most elementary needs satdhamfa glass of water,
operating electrical appliances, or replacing a cassette in a videdeec

A prototype of the nursing robot is shown in
Fig. 1. It comprises two main components: A
vehicle that houses the computers amdtebnic
hardware, and a commercially available five
degree-of-freedom manipulator. The vehicle mo
to a target location and subsequently the
manipulator performs its task (e.getdhing a
book). Then the vehicle moves again to comple
the instruction.

Most of the design considerations of the nursi
robot are also applicable to household robots,
which may be practicable by the end of this dec
[1]. Mobile robots are also canditesfor mining
and farming applications, as wellfas transpor-
tation in nuclear planf®] and factories [3].
Therefore, the nursing robotlle discussed
throughout this paper as a general mobile robot

2. Design Considerations for Mobile
Robots

A design frequently used for computer-control
vehicles consists of two drive wheels, each with . _
own controlled DC motor or stepping motor [4-10F-1: The Technion's N”rs'”g Robot.

One or two free-wheeling castors provide #itgbSuch a design was chostr the vehicle of

the nursing robot, as shown in Fig. 2. Two DC motors, with built-in reduction gears and
incremental encoders, drive two wheels constituting the front axle of the vehicle. The resolution
of the encoders is such that one pulse represents 2 mm of tangential travel of the drive wheel.
The motors are coupled to the wheel shafts through a 65.5:1 gear ratio. In the rear, there is one
free-wheeling castor. Although castors have been said to cause slipping dectigrdchanges

[11], it has been proven that this is may not always occur [12].

A more complicated design that allows thE¥@F-motion in the plane and is based on three
wheel-pair assemblies was presented in [13,14]. However, this vehicle has been found to be very
difficult to control [15] and no satiattory solution has been found yet [16].
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Figure 2: Diagram of the mobile platform.
In mobile robots it is desirable toggle the two drive wheels as far apart as poss$di¢he
following reasons:

1. The stability of the vehicle is pnoved.

2. The effect of the encoder resolution on the orientatiar ef the vehicle is decreased. In
the worst case, the orientatioma AQ is given approxirately by

86 = - ®

As seen from Eq. (1), the oriation eror AQ is reduced by increasing the distance
between the drive wheels)(

3. During straight-line motion, mechanical disturbances might cause the motors to run
temporarily at different angular speeds, resulting in a temporarily curved path. It can be
shown by trigonometry that the radius of the curved pathastlinproportional to the
wheel separation distanbe

4. Differences in the two wheel diametenl also cause awved path with a radius
proportional to the distande

On the other hand, an exagaged base width Wadversely aféct the moliity within a room.
In the present design the distance between the two drive wheels is 600 mm.

The position and the orientation of the mobiesing robot in a room isetermined by two
alternate sensing nedds; incremental and absolute. When the vehicle is in motion, its position
is measured by the incremental encoders attached to the wheels. The incremental position is
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accumulated by the control computer, which iarm determines the position and the orientation

of the robot in the room. When the vehicle is at rest, an absolute position measuring system is
employed to compensatter the iraccuracies of the incremental method. It comprises three light
sources attached to theom's walls and a tating light-detecting sensor located on the first joint

of the robot. This approach periodically apels the absolute position and orientation of the
vehicle, and therefor requires the vehicle's posdiocuracy while traveling to be relatively high
(e.g., a deviation of 1 cm for 1 m traveling distance). Therefore, the avoidance of wheel slippage
is extremely important.

Wheel slippage occurs mainly during two types of motionsad¢egleration and deceleration,
and (b) during non-straight-line motions where centrifugal forces catesallslippage. The
latter effect is mimized by limitingnon-straight-line motions to "on-the-spottaton, where
both drive wheels run at the same speed but in opposadialirs. In this case, and with
symmetric weight distribution, natieralforces occur at the wheels. Slippage during the
acceleration and deceleration phases is reduced by employing low acceleration and deceleration
rates (the maximum speeddi7 m/s).

Another approach to mmize the eféct of slippage is to mount the encoders on two additional
freely rotating wheels driven by the vehicle's motiBy dividing the tasks of driving the vehicle
and providing feedback information between two sets of wheat$) wheel set may be
approprately designefbr its task. The additional wheels were not included in our vehicle, since
the experimental results obtained with the encoders mounted directly on the drive wheels are
satisfactory for the nursing robot purposes. However, for@gns in which more accurate
positioning of the vehicle is required, the two feedback wheels should be added.

3. Motion Control

Motion control means the strategy by which the vehipfg@aches a desiredclation and the
implementation of this strategy.

Motion Types

The nursing robot vehicle is designed to perform only two distinct kinds of motion: straight-line
motion, where both motors are running at the same speed and in the smtimndand reation
about the vehicle's center-point, where both motors are running at the same speed but in opposite
directions. This pproach is advantageous for several reasons:

1. Wheel slippage is minimizecbause of the simultaneous action or rest of both wheels and
because of theoh-the-spot” rtation actiorfor turns.

2. Arrelatively simple control system may be used, since in either case the only task of the
controller is to maintain equal angular velocities,



3. The vehicle path is always predictable, unlike other motion strategies which smooth sharp
corners by an unprextably arved path (e.g., [17]). A predable path is advantageous
when global path planning, to avoid obstacles, is employed.

4. The vehicle always travels through the shortest possible distance (straight-line or "on-the-
spot” rotatbn).

The Control Algorithm

In order to represent the vehicle }¥
location relative to a fixed
coordirate system, three values
must be given: the X and Y
coordimates of the centpoint, C,
and the angl@, between the
vehicle's longitudinal axis and the
X-axis.

If the vehicle has to travel from a
known presen_t lcation &, Yo, 80 -
to a new locationx, v;, 6;), as
illustrated in Fig. 3, the following Fig.3: Procedure for traveling to a new location.
procedure is performed t@términe a trajeoty. First, the distancke and the slope of the
straight line connecting the present and final locations are calculated:

b = arctar_20 (2)
X~ %o
L= /0 =%)2+ (% - ¥y)? 3)

The vehicle then turri¥; degrees about its centerpoint, which is caltad byd; = ¢ - 0, Next,
it travels along a straight line of the distamhcso that its centerpointilvbe at (%, y ). Finally,
the vehicle turn®, degrees about its centerpoint, whése 0; - ¢.

For each of these steps the number of pulses that each motqroauste in order to
complete the command is calculated. This number is always feq@th motors. However,
during vehicle rtation both motors rotate mpposite diections, andluring straight-line motion
they rotate in the same diremti The calculations of lgy, 6, and©, are performed before the
vehicle begins to move, and therefore they do netcathe sampling rate of the contr@bp.



4. Control System Analysis

A conventional controller for a mobile robot consists of two independent control loops, one for
each madr. A smilar approach is sometimes used to drive the worktable of @NDg
machines or Cartesian robots [18,19]. Motion coordination in these systems is achieved by
adjusting the reference velocities of the control loops, but the loop of oneeeigas no
information regarding the other. Any load disturbance in one of the axes causes an error that is
corrected only by its owrobp, while the other loop carries on as before. This lack of
coordination causes an error in the resultant path. An improvement in trecpathcy can be
achieved by providing cross-coupling, whereby an error in either agistathe controblops of
both axes. A cross-coupling method was applied to a Japanese mobile robot [20], ieashich
loop used the position error of the other loop, but a signal proportional to the resultant path error
was not generated. A control analysis is not provided in [20] and experimental results are not
reported.

The controller used here, applies an approauwitas to the cross-@upled controller, which has
been found to be advantageous for two-axis NC and CNC systems [21]. In this design the path
error is calcwdted and fed as awection signal to botlobps. The main differences between the
present design and the one used in CNC systems are that here the absolute reference velocities to
both axes are always equal and the controller always maintains the maximum allowable speed of
the motors, thus enabling the use of smaller motors since they are utilized at their maximum per-
formance level.

The vehicle controller consists of a dedicated microcomputer and the peripheral hardware that
is seen in Fig. 4. It is designed to issue an 8-bit binary speed commasaiiomadr. The
command is converted by a digital-to-analog converter (DAC) into an analog signal, amplified,
and used to drive the motor. The encoder produces tivo 90 phase-shifted pulse trains that are fed
into a directional sensing circuit (8% which issues an approgte pulse train to a 4-bit
up-down counter. The counter also serves as a buffer, since the encoder pulses atetransmi
faster than can be sampled. An inhibit signal is provided by the DSC in order to avoid the counter
reading at the instant when its state is changed. At each itef@dions), the contents of both
counters are simultaneously sampled and added to associated softwdaersc Subsequently,
the hardware counter is reset. Thus, each softwaneter holds a number that represents the
total number of pulses generated since the beginning of a certaimntomparison between
the absolute values of both software counters produces the error signal E

E(N) =1P() ] - [PAI) | (4)

A non-zerck indicates that one motor has beenning faster than the other, and the sign of E
identifies that motor. The error signal geatess a orrection variabléV that is used to reduce the
speed of the faster motor, and thereby the velocities of both motors are equalized. Absolute
values ofP, andP,are used in Eq. (4) in order a@count for réational moton, in which both
motors run in opposite @ictions.
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Figure. 4 : The control loops of the mobile platform.

Any temporary disturbance of theeady-sate velocities vil be successfully corrected by a
proportional (P) controller. However, in order to emtra contiuous disturbance, as might be
caused by different friction forces in the bearings (e.g., due to an asymmetric load distribution on
the vehicle), an integral (§ction is required as well. The Pl-controlgovides not only equal
velocities but also an equal overall pulse count from the beginngaocbf motn. Therefore,
this controller guarantees a zero sgaate orientation or of the vehicle for any constant
continuous disturbance (except for slippage).

The equations of the Pl-controller are
1) =1-1) +E(l) )
M(I) = KSI) + K E(I) (6)

whereK_. is the integration gain ari, is the proportional gain. The rangek@fandK, that
guarantee stdltly of the system have beemrrmined as described in the following table:

H = 3 pulses/rev
K, = 0.02 volt/pulse
K, =18.4rev/volt

K. =1sed

K, =12
T=0.04 sec

¢ = 1.0 volt/Nm
T =0.2sec



The block diagram of the entire control loop is shown in Fig. 5. The motor is apatedtias
first-order lag which in Lajplce notation (including the encoder) is

GD[
R + L} T | Kgi{l-e*}] + K uhy
5 tsv -
H
M
+
Rz + L T | Kgll-e~*T) Kb wa
5 I+sT
aDy

Figure. 5: Block diagram of the control system.

HK, _
FJ. (9 = (VJ. - ocDj) j=1,2 (7)
1+st

In the DAC the signal is held constant during the intefyaind therefore its transfer function is
that of a zero-order hold (ZOH):

TR 8)

Substituting Eqg. (8) into (7) yields

HK, KU, (1-e™) HKaD,
S(1 +s1) (1 +s)

F.(9 = (9)

Performing the Z-transform on Eq. (9) yields



Z0
(z-r)

F@ = k2D y@ - Hk,

@ «D;(2) (10)

whereK is the open-loop gain given by=K,K, H=0.02- 18.4- 3 = 1.1 pulses/(svolt) andr
andw are defines as

T 0.0
r= exp(—;) = exp(—0—24) = 0.82

1. 5571

) = —
T

The software control algorithm may be represented with the aid of the Z-transform as

P@ = 5F@ =12 (11)
EQ@ = P,(9-P,2 = ;Zl(a@ -F,(2) (12)
M@ = (K, +K—2)EQ (13)
Ui(2 = Ry(2) +B:M(2) (14a)
Ux(2) = R(2) +M(2 (14b)

where [3; = 0 andp, = 1, for negativevi
and [3; =1 andji, = 0, for positiveM
Substituting Egs. (13) and (14) into Eqg. (10) gives

Fi(@) = KEDIR@ K, K S)E@] - HIY(ED)eD,@ (15a)
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F,(2 = K(g)[Rz(z)m(K;KC;Zl)E(z)] - HIK( )b, (15b)

For straight-line motiomR, = R, and therefore the difference between these two signals is
B 1-r Z Zw
F.@-F,2 = _K(;) (Kp + Kcz)E(Z) + HKb(;)A D@ (16)

where
AD(2) = aDy(2) - «D4(2)

Substituting Eg. (16) into Eq. (12) gives the solutioi@)
1_
E@ = —Z[-KE DK, +K-2)E@ + HK(Z)AD()] (17)
z-1 z-r z-1 z-r

The corresponding transfer function is

EQ Z*(z-1)HK

AD@  (z-1)(z-1) + Az-1)KK (1-1) + 22KK (1-T) (18)
with the characteristic equation
Q2 = z3+[K(1—r)(Kp+Kc)—(2+r)]z2 t [1+2r-K(@1-rK]z - r (19)
We define
Q@ = az’+az® + az - a, (20)
where

a;=1

a, = K(1-1)(K, + KJ) - (2+)
a,=1+2-KK, (1)
8=

Jury's staltity criterion [22] requires that the following four conditions are satisfied:
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1. Qz=1)>0
This condition yields

Ke>0

2. Qz=-1)<0

which gives
KC < w = 2K
K(1-r) P
or, by substituting the values firandr

K.<36- X,

3. |a|<ag

This condition is always satisfied and adds no information.

4. |bg|>b,

where

boaoaa] bzaoall
a4 4 & a

namely

112> | -(14%) + K(1) K, - K(1-r)rK, |
Equation (27) contains two cases:
a. b,<1-r?

which yields

_r 2

K >K(@&-1) - 280
Py K(1-r)r

12

(21)

(22)

(23)

(24a)

(24Db)

(25)

(26)

(27)

(28a)



and after substitution &€ andr

Ke>0.2K,- 4 (28b)
b. b,>-(1+%

which yields
K. < K5 -1) (292)

and by substituting
K.<0.2X, (29Db)

The three inequalities (22), (24), and (29) define a range K thkK, plane in which stability is
guaranteed. in order to verify the analysis, the prototype vehicle was tested with several gain
values. The results (stable = '+', unstable = -) have been plotted in Fig. 6, and most of them fit
the theoretical analysis. Figure 7 shows typical experimental results of th& es@r response
to a step input in the Disturbanbefor K, = 12 and thre& gain values. FoK. = 3 the system is
unstable. it is undesirable to et gains that are too close to thmundaries in Fig. 6 (e.g., the
left zone in whiclK, < 9 or the upper zone in whi¢h > 2). We sedcted the valuels, = 12 and
K. = 1 for the nursing robot vehicle.

KPO.22 Kp~4

Figure. 6. Allowable range for the gains K, and K, with experimental
results. (+ = stable, - = unstable)

in order to show that theesady state orientationrer E',,due to a continuous disturbantB,
is zero, one musecall that the orientatiorrmr E' is directlyproportional to the difference
between the accumulated pulsaints of both motors, such that

E'=c(P,-P,) =cE (30)

Substituting the difference in disturbing torques
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AD(@) = ?Zlgoo

and Eq. (18) into Eq. (31) yields

2(z-1)HK 0—2-AD,
E@ - ¢ 271

(z-1)%(z-r) + 2(z- KK (1-1) + z°KK (1-1)

(31)

(32)

L 1l300)

gl -

tisec)

E
Applying the final value theorem shows that the 8
steady-tate orientation i€or is zero: .
2t
Es= ImE1E@=0 (33)
as was claimed above.
E
5. Experimental Results 4
N
The vehicle shown in Fig. 1 was tested. Experimentsz;
have shown that the position errors recorded by the

control system are very small, on the order of -4
magnitude of 10 mm per 10 m straight travel [12].

In one test the vehicle was programmed to travel alopfig
a figure-eight path with an overall length of about 13 #

m. The path, as recorded by the control system, is 3| =

¥

shown in Fig. 8a. After returning to the original startingg;

|o

location, the vehicle's calcatled path positionreor (E) [
was less than 10 mm lateral and less tifarofational. -af
This error does not include mechanically induced
accuracies. Theeal position error, including

£

T

mechanical inaccuracies aadtually measured on theFigure. 7: Experimental response to a step

floor (external to the robot), was 6 catdral and 1~ disturbance with K,=12 and
a)K,=1 b)K,=2 c)K,=3

rotational. These results compargdeably to the
results of a similar experiment describediliri]. A plot

of one of the results in [17] has been reproduced here (Fig. 8b) for comparison. However, the
vehicle used in [17] was faster, heavier, and did not halt at the corners of the programmed path.
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't another experiment aimed at

~. _1/

Figure. 8: Actual trajectory for the figure
eight shape path.

a) The Nursing Robot

b) Robot in [17].

Figure. 9: Repeatability for a 2 m by 2 m square shape path.

determining the vehicle's

repeataliity, the vehicle waprogrammed to follow a 2 x 2 m square path, such that its final
location(position and orietation) should be identical to the initial one. Ten tests were performed
and in each of them the vehicle's actual positiieon completing the square path wagtpld on

the floor, as indiated by the small circles in Fig. 9. For this experiment, the nrearnveas 5.11

cm and the repeatéity was r =2.7 cm, where is defined as the radius of the smallest circle
surrounding all end points [23].

6. Conclusions and Discussion

A cross-coupling control scheme for mobile robots was presented. The controlletepsean
zero steadyitate orientation or despite continuous torque disturbances. An analysis that
provides boundary conditions for siigip was presented. Experimental verdtion on a
prototype mobile robot was demoragtrd, and the resultant position errors are significantly
small.

The position accuracy of our mobile robot is mainlyeféd by mechanical disbances, the
most severe of which are discussed below.

1. In order to mimize slip, the cotact sirface between wheels anddl should have a high

friction coefficient, so rubber wheels are used. However, it is difficult to obtain rubber
wheels with exactly the same diameter. In addjtunequally distributed loadslIhslightly
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compress one wheel more than the other, thus changing its rolling radius. Wheels with
different diameters cause the vehicle to travel along an arc, rather than along a straight
line, even if the motors are running at equal speeds. A rigid wheel design [7] is therefore
preferable. In our vehiclaccuratelymilled wheels with a 2-mm coating ("tire") were
utilized.

2. There is a contact area, rather than a contact point, between the wheel aut.tfbif
causes an uncertainty about thesefive distance between the drive wheels, creating
inaccuracies when turning.

3. Another major mechanical disturbance is caused by the misalignment of the drive wheels.
This effect vill produce aateral dragorce resulting in a curved path even when both
wheels are exactly of the same diameter and are rotating at the same angular velocity.
Although it is difficult to analytically calcake the magnitude of this disbance, it can be
easily determined experimentally. This diftance, along with the one mentioned in item
1, can be compensatémt by employing a coaction factor in the controller algorithm.

The correction factor multiplies the number of pulses arriirmig one wheel. In our case

the vehicle path, when loaded symmetrically, was always slightly curved to the left. There-
fore, the number of pulses sampled from the left wheel is multiplied by 0.992, an
experimentally determineduorection facbr. This corection factor causes the controller to
slightly increase the left wheel speed (here by about 0.8%). In our experiments, this
measure was found to substantially increase the vehicle's absolute @usitioacy.

Finally, it is worthwhile to note that the nursing robot employs a system of navigaticoris
in order to periodically upatte the vehicle's absolute pawmiti Because of the high accuracy of

the vehicle, the absolute updating is necessary only at the beginning and at the end of a specific
task, namely, when the vehicle is at rest awaiting a new task.
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